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O ANHAMMNYIEeCKOM BOCCTaHOBJIEHMHN BO3MYIIEHUNSA CUCTEMBbI ypaBHeHI/Iﬁ
C pacliipede/JIeHHbIMU IIapaMeTpaMHn

Mapuuna Cepreesua BJIN30OPYKOBA, Badecaas UBanosuu MAKCUMOB
OI'BYH «UncturyTr maremaruku n mexanuku nM. H. H. Kpacosckoro»
Vpaasckoro otnenenus: Poccuiickoil akajgemMun HayK

620077, Poccuiickast @eneparnus, r. Exarepunbypr, yi. Codpwru Kosasesckoit, 16

Annoramus. PaccmarpuBaercst 3aja4a JIMHAMUYECKOI'O BOCCTAHOBJIEHUsI BO3MYIIEHUIA, Jeii-
CTBYIONINX Ha HEJUHEHHYIO CHCTEMY, COCTOLAILYIO M3 JBYX B3aMMOCBA3aHHBIX ypaBHEHUH Ila-
pabonmdeckoro Buja. B mpeamnosokeHnn, 9TO0 B IUCKPETHBIE MOMEHTHI BPEMEHU H3MEPSieTCS
(c ommubKoit) peleHne cUCTEMBI, YKA3bIBAETCs AJINOPUTM DeNleHHs yKa3aHHOH 3asjaqau. AJro-
PUTM, OCHOBAHHBII Ha MJIEOJIOI'HH TEOPUH YIPABJIEHUS ¢ OOPATHON CBA3BIO, SIBJISIETCH yCTONYIN-
BBIM K WH(OPMAIIMOHHBIM IIOMEXaM U IMOT'PEITHOCTSM Bbraucsenuii. [IpuBoaurces omenka cKopo-
CTU CXOJUMOCTHU aJITOPUTMA.

Kirouesnle ciioBa: cucreMa c pacnpeje/ieHHbIMUA ITapaMeTpaMi, JUHaMUIeCKOe BOCCTaHOBJIe-
HHUE BOSMYIIECHUA

Buaaromapuoctu: Pabora BbIloiHeHa B paMKax MCCJIEIOBAHUN, TPOBOAMMBIX B Y PAJILCKOM
MaTeMaTHIECKOM TIeHTpe Npu (PUHAHCOBOI mojiiep:kke MUHHCTEPCTBA HAYKU U BBICIIEN0 0Opa-
zoBanus Poccuiickoit @enepanun (cormarmenue Ne 075-02-2025-1549).

Jnsa mutupoBanusi: bausopykosa M.C., Maxcumos B.1. O nmuHaMU9IeCKOM BOCCTAHOBJIEHUU
BO3MYIIEHUSI CUCTEMBI YPaBHEHUII ¢ pacupejeieHHbIME Tapamerpamu // BecrHuk poccuitckux
yuusepcureroB. Maremaruka. 2025. T. 30. Ne 150. C. 97-109. https://doi.org/10.20310/2686-
9667-2025-30-150-97-109
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On dynamic reconstruction of a disturbances in distributed
parameter systems

Marina S. BLIZORUKOVA, Vyacheslav I. MAKSIMOV
N.N. Krasovskii Institute of Mathematics and Mechanics
of the Ural Branch of the Russian Academy of Sciences

16 S. Kovalevskaya St., Yekaterinburg 620077, Russian Federation

Abstract. The problem of dynamic reconstruction of disturbances acting on a nonlinear system
composed of two coupled parabolic-type equations is under consideration. Assuming that a
solution of the system is measured (with errors) at discrete times, an algorithm for solving the
problem is proposed. The algorithm, based on the principles of feedback control theory, is shown
to be robust with respect to informational noises and computational inaccuracies. An estimate
of the convergence rate of the algorithm is provided.

Keywords: distributed parameter system, dynamic disturbance reconstruction
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BBenenue

Uccrenyerest 3a/1ada BOCCTAHOBJICHUST PACIIPE/IEICHHBIX BXOIHBIX BO3jeicTBUiT (BO3MYIIE-
HUI) CUCTEeMBbl yPAaBHEHUI ¢ paclpejie/IeHHbIMU [apaMeTpaMi 110 Pe3y/IbTaTaM HEeTOYHbIX H3-
Mepenwuit pertennd. [Ipemmnosaraercs, 9To Ha 3aJJaAHHOM KOHEYHOM BPEMEHHOM MHTEpPBaJE Pac-
CMaTpUBAETCA HeJUHENHHAs CUCTeMa, COCTOAIIAS U3 JBYX B3aUMOCBA3aHHBIX yPABHEHUI Tapa-
bonmmueckoro tumna. Ha cucremy neiicrByer HemspecTHoe Bo3Mytenue. Heobxoaumo mocTpoutnb
AJITOPUTM BOCCTAHOBJIEHUSI 9TOIO BO3MYIIeHus. [Ipr 9T0M B JEICKpeTHBbIE (JOCTATOTHO YacThie)
MOMEHTBHI BPEMEHU DPeIIeHre CHCTEMbI U3MepsieTcs: ¢ OMmoOKoil. TouHOoe BOCCTAHOBJIEHHWE COOT-
BETCTBYIOIIETO BO3MYIIEHUSI, BOOOIIE TOBOPs, HEBO3MOXKHO B CHUJIY IMOT'PENIHOCTU M3MEPEHUH.
[TosToMy MBI TIpejosaraeM MOCTPOUTH HEKOTOPYIO €ro armporcumanuio. [lorpedyem, 4ToObI
AIMPOKCUMAIUs ObLJIA CKOJIb YIOIHO OJIM3Ka K BOCCTAHABINBAEMOMY BXO/Ly IIPU YCJIOBUU JIOCTA-
TOYHON MAJIOCTH U3MEPUTEILHBIX OIMMMOOK U PACCTOAHUS MEXKJIy MOMEHTaMU U3MepPEeHUil perie-
nug. Onrcannas 3a/1a9a OTHOCUTCSA K KJIacCy OOPATHBIX 3389 JIMHAMUKN yIIPABJISIEMBIX CHCTEM
u, B OoJjiee 0OIIEM KOHTEKCTE, BKJIAJBIBACTCS B MPOOJIEMATUKY TEOPUU HEKOPPEKTHBIX 3a/1ad.
CyThb pa3BuBaeMoii B JJaHHOI pabOTe METONKNA COCTOUT B TOM, ITO aJTOPUTM BOCCTAHOBJIEHUSI
IIPEJICTABISETCS B BHUJE aJlOPUTMa yIPaBJIEHUS HEKOTOPON BCIOMOTATETbHONU JIUHAMUYECKO
CHCTEMOI — MOJIETIBI0. YIIpaBJIeHNE B MOJIENN &/IalITUPYeTCs K Pe3yabTaTaM TeKyIIIX HaOoe-
HUI TaKUM 00pa30oM, 9TO €ro pean3alldsd BO BPEMEHH <«alIIPOKCHMUPYeT» HEN3BECTHBIA BXOJ.

1. IlocraHoBka 3ama4du

Sajtana cucrema JinddepeHImaIbHbIX yPaBHEHU
‘rt(ta 77) - DlA'r(ta 77) + klx(tu n)y(ta 77) - 07 (t7 T]) S QJ
ye(t,n) — DaAy(t, n) + kox(t, m)y(t,n) = v(t,n) + f(t,n), (t,n) € Q,

C KpaeBbIMU

(1.1)

Oyx(t,s) =0, 0Oy(t,s) =0, (t,s)€X,
U HAYAJILHBIMUI

z(0,n) = zo(n), y(0,n) =wo(n), ne,
yesoBusMu. 3ieck Q =T xQ, ¥ =T x 09, Q — orpanuuennas obsactb B R? ¢ joctaTodno
riazkoit rparuneit 02, T = [0,9], ¥ >0, v(t,n), (t,n) € Q — BO3MYyIIaOIIee BO3/IEHCTBIE,
Dy >0, Dy >0, kt >0, ky >0 — goHcTauThl, J, — IPOU3BOJHAs 10 BHEIIHEH HOPMAJIA K
rpanuie objgactu €.

Oynkinun x(+) 1 y(-) ONUCHIBAIOT KOHIIEHTpAIUIO ABYX cyOcranimit, Dy, Dy u ky, ko — Ko-

spbunmentsr quddysun n peakiun. Huxe noaraem, uto o = zo(n) € HY(Q), yo = yo(n) €
H'(Q) — neorpunarensnble bynKkimy, Bosmyienue v(t) npu n. B. ¢ € T IPUHAJIEKUT MHO-

2KECTBY
P ={ve Ly(Q):vi(n) <v(n) <wvan) wpmm s 7€}

rjae v1,v2 € Loo(Q), vi(n) < va(n) npu . B. n € Q. Oynkmuio f(-) € Lo(TH), H =
Lo (2), mpesmosiaraem u3BectHoit, a dyHkmuu v(-), v1(+), vo(-) HemsBecTHbIMEU. Takum 06pazom,
MHOZKECTBO OIDAaHUYEHUIT Ha BO3MYIIEHHE [IPEJIIOIAraeTCs HeM3BeCTHBIM. HensBecTHbI TakKe
nocrogauble ky u Dj, a takxke OyHKIW To(-).

O6osnaunm uepes H'(Q) u H?*(Q) npocrpancrsa Cobonesa. B nanbreiimem Ham moTpe-
Byercsi IPOCTPAHCTBO

W(T) = {x(-) € Lo(T; H*(Q)) : 2(") € Lo(T H)}
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C HOpMOit
; 9 9 1/2
ey = { [ (O + aa(t)f) )
0

Takum obpazom, W (T') oznauaer npocrpanctio dbynxuuit uz Ly(T; H2(S2)), obobuienmble npo-
U3BOJIHBIE KOTOPBIX ABJISIIOTCSI d/IeMeHTaMu ipoctpancTBa Lo(T; H). 3ameTun, 4To HpocTpaH-
crBo W(T) menpepsiBio u miorno Bioxeno B npocrpanctso C(T; HY(Q)) < C(T; L,(Q)),
1 < p < 400, HenpepblBHLIX GyHKIMil, geiicteyomux uz3 T B H'(Q). Tostomy naiigercs
KoHCcTaHTa ¢* > 0 Takas, aro jis Becex z(-) € W(T') BepHO HEpaBEHCTBO

() emm) < clz()|lw)-

IIpocrpancrso W (T') rakske Baoxkeno koMmuakTHo (cM. 1, ¢. 33]) B L,(Q), 1 <p < 4o0.
B nambreiinem mpemoaaraeM BbITOJTHEHHBIM

Yecanosue 1.1. 0<wv(n)+ f(t,n) npu . B. (t,n) € Q.

IToguepkuem, aro n3sectHa dbynknus f(-) u He n3pectHa GyHkIws v (-). OHaKo mosara-
eM, 9TO OHa TAKOBa, YTO BBIIOJHEHO ycioBue 1.1.
CnpaseymBa (cM. [2])

Teopema 1.1. ITycmo evinoaneno yceaosue 1.1. Toeda dan mobwx v(-) € P(-) = {0(:) €
Lo(T; H) : 0(t) € P npun. s. t € T} cywecmsyem eduncmeernnoe HeoOmpuyamesbHoe PeueHue
{z(-),y(-)} € W(T) x W(T) cucmemun (1.1), ydosaemsoparouwsee nepasercmey

‘x(')’%/[/(T) + ’y<')’12/V(T) <c(1+ ’$0|%{1(Q) + ’yo‘?ﬂ(Q) + ’v<')’%2(T;H) + ‘f(')‘%g(T;H)>7
ede ¢ > 0 xoncmanma, ne sasucawas om xo,yo,v(-) u f(-).

Beromy mHuke ucrnosb3ytorest obosHadenust: z(-) = z(+; xo, Yo, v(+)), y(-) = y(-; zo, Yo, v()) —
pemenuie cucremsl (1.1), mopoxaennoe BosmymenueMm o(-), Vr — rpajumeHT QyHKIUH T €
HY(Q), 1. e. Vo= {0x/0m,0x/0n}, n={m,m} €, |Vz|* =d%x/0ni + d*x/0n;. Hopma
B nipoctpanctee H'(Q) sanaercs cieayomum o6pazom

el = ([ e + Vot P} dn)
Q

Paccmarpusaemast B pabore 3a/a4a cocTout B cieiyoniem. Vimeercs cucrema (1.1) ¢ Hewns-
BecTHBIM BoamytieHueM v(-) C P(-). DTo Bo3MyIIeHHe, a TaKKe OTBEYAIONIee eMy DeIleHne
{z(-),y(-)} aupumopu ne usBectunl. B momenTol Bpemenu 7; € T, 741 =7;+0, i € [0:m — 1],
7, =0, 7, = 0, usmepsierca (c ommubKoii) perienne cucrembl (1.1); a UMEHHO BBIYHCIISIOTCS
sesmanabl €8 € Ly(Q) u Yl € Ly(Q) co croiicTamu:

\2(:) — &M < h,  |y(m) — e < h (1.2)

Baecy h € (0,1) Besmumna norperntaocTr u3Mepennii. Tpebyercs yka3aTh aJropuTM BBITHCIIE-
HUsI B «PeaJbHOM BpeMeHu» Bo3Mylenus v(-). Takoa comeprkaresibHas TOCTAHOBKA.

Takum obpazoM, 3ajata COCTOUT B MOCTPOSHUH AJITOPUTMA IPUOJINZKEHHOIO BOCCTAHOB/IE-
HIsI HEU3BECTHOTO Bo3MyTeHns v(-) (1o pesysibraTaM HETOYHBIX U3MEPEHUI PeIleHnst CHCTeMbI
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(1.1)), xoropsiit 06181871 ObI CBOHCTBAME JIMHAMUIHOCTH U ycToitunBocT. CBOHCTBO JMHAMMIY-
HOCTH aJTrOPUTMAa O3HAYAeT, YTO MOCTPOEHHBIC C €ro MOMOIIbIO MpubmKenus u'(-) Texymux
3HAYEHU BO3MYIeHUs v(+) BBIPAOATHIBAIOTCA B peajibHOM BpeMmeHu. CBOMCTBO yeTORYMBOCTH
AJITOPUTMa O3HAYAET, UTO IpubmzKenue u"(-) cKoJib yrojHo TOYHO, eC/IM TOYHOCThL U3MepeHHuil
JIOCTATOYHO BBICOKA (3HaueHHe h W PacCTOsSHWE MeKJly BpPeMeHAMU M3MePEHWsl 7; DerleHHsl
JIOCTATOTHO MAJIBI).

3ajiata OTHOCUTCA K KJIACCY 3aJad JUHAMHIECKOTO OOPAIEHHUs CUCTEM C BO3MYIICHHUEM;
HUCKOMBINl aJITOPUTM MOXKET OBITh KJIacCuUIMPOBAH KaK aJrOPUTM YCTONYUBOrO JUHAMUYE-
CKOro obparienusi (JIuHAMUYIECKON pery/spusanun). [lepBblii 13 aJropuTMoB JUHAMIYECKOTO
oOpallieHus, OCHOBaHHDINI HA M3BECTHOM B TCOPHUH TapaHTUPOBAHHOTO YIIPABJICHUS ITPUHITAIIC
9KCTpeMaJIbHOTO caBura (3], 6Lt npejioxken B pabore [4]. Brocsegcrsun JaHHbIR aaropuTm
6bL1 pa3BUT B psijie pabor (cM., Hampumep, MoHOrpadun |5, 6|, 0630opHyo 7] 1 KypHAJILHBIE
crarbu [8-10], a TakzKe MOC/IEHION 110 BpeMeHu myb/ukanuu crateio [11], B kKoTopoii paccmar-
puBajiach 3aja4a (aHamorudHas oOCYKIaeMoil B JaHHON paboTe) i JPYroii CHCTeMbI Tapa-
00JITYECKOTO THIAa. B COOTBETCTBUU C ONMUCAHHBIM B ITUTUPOBAHHBIX BBINIE PAbOTAX METOIOM
3a/1a9a BOCCTAHOBJIEHUsI HEM3BECTHOIO BOBMYIIEHUS 3aMEHsIeTCs HEKOTOPO JApyToii 3aadeii, a
MMEHHO, 3a/a4eil TIO3UIMOHHOTO yIIPABJIeHHsI BCIIOMOTaTeIbHON cucTeMoii (ypaBHeHneM ), Ha3bl-
BaeMoit Mojiesibio. [Ipu aToM 3a1a9a BOCCTAHOBJIEHUS CBOJUTCA K CJICIYIONIAM JIBYM 3a/1adaM:

a) 3aJjiavde BbIOOpa MoJIesn, PYHKIIMOHUPYIONIEH «CMHXPOHHO» C peaJIbHOI cucTeMoi (ypaB—
HEHVEeM) U

6) 3ajade BBIGOpaA 3aKOHA (POPMHUPOBAHUS YIIPABJIEHUS MOJIEJIBIO 110 IPUHIIUILY OOpaTHO
CBSI3W.

[Iepeiigem K cTpOroii MOCTAaHOBKE PacCMaTPUBAEMO 3a/1a91, BOCIIOIH30BABIINCDH T10/IX0JIOM,
pPa3BUTBHIM B padOTax, MUTUPOBAHHBIX BbIlIe. [IycTh dhukcupoBano cemeiicTBO pazdueHunii oTpes-
ka 1':

Ah = {Th,i}?gb, Th,o = 0, Thomy, = 19, 5(h) = Thi+1 — Th,i < 1.

O6o3HaYNM

y=¢ Y"t) =" mpum s t€d; mmcex i€[0:m—1].

7
Baech u Berogy Huke m = myp, 0 =0(h), 7 = Thi, 0 = [TiyTit1)-
B kauecrse Moge/n Bo3bMeM Hapabo/IMdecKoe ypaBHeHUe

wi(t,n) — DeAw”(t,n) + ko (8, )" (t,n) = u"(t,n) + f(t,m), (t,n)€Q,  (1.3)

¢ KpaeBbIM
o,w"(t,s) =0, (ts)€Y,
" HaYaJIbHBIM
w"(0,7) =yo(n), neQ,
yenosusmu. CylecTBoBaHue n eguHcTBeHHOCTDL permenns w’(-) € W (T) cremyer, Hampumep,

u3 [12, reopema 5.5]. Kpome Toro, u3 s1oit ke Teopembl ciiefyer, 4To npu Beex t € T umeer
MeCTO HEPABEHCTBO

t t t
WOl + [ ot ey ds+ [ 16 ds <O (14 e + [ 10" G ds). (1)
0 0 0

Postb yrpasienns B Mojesn urpaet dynxmnust u’(+).
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3aj1ava BOCCTaHOBJIEHUsI BO3MYIIEHUsI. 1 pebyercst yKazaTh TaKoil aJrOPUTM BBIYUC/IE-
Hus ynpasiennsa u(-) B mpasoit wactu ypasHennus (1.3) 1o npuHIEIy o6paTHON CBA3N

u(t) = ul(ry, €8 8, UM)) mpum . €8 wmmcex i€[0:m— 1], (1.5)
9TO UMEET MECTO CXOJUMOCTD
u"(-) = v(-) B Lo(T;H) npu h — 0.
Bnecy W' € H — pesynbraTsl HeTouHBIX W3Mepennit cocroguauit wh(r;) = w'(7;; 2o, ul(+))
WP —wh(m)|g <h, i€[l:m—1], m=my, (1.6)

Uh =y, w"(:) = w'(;;y0,u(-)) — pemenne ypasuenus (1.3), NOPOXKJIEHHOE yIPABICHHEM
u"(+), bopmupyembIM 10 TIpUHIEITY 06paTHOI cBazu (1.5).

[Ipexkie yeMm nepeiTu K OINKUCAHUIO aJIlOPUTMA PeIleHHs, 3aMeTuM, 910 ¢ — §h(t)¢h(t) C
Ly(T; H). Kpome Toro, Kak HeTPYIHO BUJETH, it pemenus z(-) = x(-;xo, Yo, v()), y(-) =
y(+; 2o, yo,v(+)) cucrempr (1.1) paBaomepno mo Becem h € (0,1), § € (0,1), v(-) € P(:) cupa-
BEJIJIMBO HEPABEHCTBO

9
/ 2 (B)y(t) — (1), dt < co(h? +5), (1.7)

e IIOCTOAHHad Cp HEe 3aBHUCUT OT h u 0.

2. AJroputMm pelieHus

Bosbmem mekoropyio dyskmmio a = a(h) : (0,1) — (0,1) rakyio, uro «(h) — 0 mnpm
h — 0.

o nagasa paboThl aaropurMa (GpUKCHPYEM BEIMUMHY IOIPENIHOCTH u3Mepenusa h. Bmecre
¢ Heit pukcupyiorcst uncio o« = «(h) u pasouenne A = A,. Pabora anropurma pasbuBaercs
Ha m — 1 (m = my ) uaeHTnaHbIX maroB. [Ipu ocyriecTBaeHNn i-ro IMmara Ha TPOMEXKYTKe
0; = [T, Tix1) (7 = Th,; ) cHaYaA (B MOMEHT T; ) HAXOIUTCH JIEMEHT

uj = (73, 07, 07) = argmin {(U] — o, u) + gafulfy cu € Hy = a7 (9 — ). (2.1)

3/1ech 1 BCIOJY B JaJibHENIIeM CUMBOJI (-, ) O3HAYAET CKAJIAPHOE MIPOU3BEJIEHNE B THIHOEPTO-
BoM npoctpanctee H. Tlocse sToro npu t € §; na Bxoj ypaBhenus (1.3) mojaercs ynpasieHue

ut(t) = uf + it (2.2)

e uM = 2(yF — VM), B pesynprare meiicTBust 3TOrO yIpaBieHns Ha OTpesKe [T, Tiy1] pe-
amazyercas w"(t) — pemenne ypasnenust (1.3). Ha (i + 1)-m mare anajoruvumbie jeiicTsust
MOBTOPSIIOTCA. Pabora aaropurMa OCyIIECTBISIETCS 10 MOMEHTa, 1.

B nanbHeiinem HaM moTpebyercs AMCKPETHOE HEPABEHCTBO I'pomyosta.

Jlemma 2.1. Tycmo 0 < ¢5, 0 < f; npu j € [0:m] u f; < fjx1 npu j € [0:m—1].
Toz0a nepasencmea

J
Gi1 S cod Y di+ f, jE[Lim—1]
i=1
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BACKYM HEPABEHCNEA
qu—&-l S f] exp{cojé}, ] € [O m—= ]-]a
ecau cg = const > 0, ¢ < fo.

Teopema 2.1. IIycmv ynpasaenue u(-) 6 ypasrenuu (1.3) naxodumea no npasuny (2.1),
(2.2). Iyemv maxorce §(h)a=2(h) < 1 npu ecex h € (0,1). Toeda eeprv, nepaserncmea

et) <di(a+h*7"Y), teT, (2.3)

[@" (M Ly < WO Lo + dap(h, 6, 00). (2.4)

Bdecv u"(t) =ul npun.e. t €, i€[0:m—1], p(h,d,a)=a+h*(ad)t+da"2, a=alh),
6 =0(h),

t

1
c(t) = " OF + D2 [ [ Vi . dnar
0 Q

() = wh(t)—yt), {z(-),y()} v w() — pewenus cucmemwt (1.1) u ypasrenus (1.3) coom-

sememeenno, di u do nososcumenvrvie nocmoannvie, ne sasucauwue om v(-),u(-), z(+), y(+)
h

u w"(-).

,Z[ OKa3aTeJbCTBO. ,ZLHH J0Ka3aTeJIbCTBa TE€OPpEMbl OIICHUM M3MEHCHHNE BEJIMYINHDI

alt) ==(t) + 5o [ (@) - o)} ds.

Berarem Bropoe ypasrenne cucrembl (1.1) u3 ypashenusi (1.3) u yMHOXKHUM IMOJIYIEHHYTO
pasHocTh cKasapho (B H ) ma u"(t). B pesyabrare momyamm

de(t) _ 1dl" (1)
dt 2 dt

2

B b, [ 190 = T+ 1+ 1, 25
Q

rie

1Y, = =k (€M ()" (t) — 2 (t)y(t), u" (1)) = —kz/(ﬁh(t,n)wh(t,n) — a(t,n)y(t,n)u"(t,n) dn,

o= (a"(t) —v(t), u"(t), I =2(u"'(t), " (t)), u"'(t) =" npumu. .t

Hepr,ILHO BHUJIETh, 9YTO CIIpaBeI/JIMBO PaBEHCTBO
. DS
ault) = 2(0) + So{@" (O — p(@)}) mpums. el (2.6)

B cuy Teopemsr 2.1, wepasencts (1.7) u (1.4) npu Bcex t € T crnpaBe/inBa OlEHKA

Ty < Bl (00 (1) — wO0y(0) i (O)ir < a(6) + 51" (1), (2.7
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riue

Di(t) = SRIEN (0 () — 2(t)u(t)

Takzke HEC/I0’KHO 3aMEeTUTh, YTO IPH II. B. ¢ € §; CIpaBeIMBO HEPABEHCTBO
Iy, < (ah(t) — o(t), O — ) m + 0ilt, h). (2.8)
31ecn

0i(t, 1) = (1@ (8)] 11 + Jo(0)] )2 + / (16" (e + [9(r) 1} dr).

U3 (2.5), (2.8) u (2.6) BEITEKaeT BepHOE IPU II. B. t € §; HEPABEHCTBO

en(t) < (a"(1), Wi — 7)), + %a\a%)l% = (v(), 7 = ¥)
— SO+ ot h) + I + I, (2.9)
3aMeTuM, 4TO IIPH MOYTH BCeX © € J;
Ly = 2(¢7 = W7 u" (1) = 2047 — y(m), p"(8)) — 2097 — w"(7), 1" (2)) — 2(u" (), " (2))-

[Ipu sTom

=2(p" (1), 1" (1)) = =20 ()| + 2(u" (1) — p" (), 1" (1))
[TosTomy

| I| < 4h|p"(t)| 1 = 20" (O + 2| (u" (1) — 1" (), 1" (D).

HHanee, nmeem
1
Ah|p" (t)|m < 8h* + §|Mh(t)|%{7 2|(u"(t) — " (m), 1" (1))

—2|( [ ")~ o) ds. i (0)] <25 [(1" ) + i) ds + 40

7

Takum oOpa3oMm, Mpu MOITH Beex t € §;

t
. . 1
151 <25 [ (1" + 30} ds + 80 = St o) (210)

Ti

U1z (2.7) u (2.10) moxyunm upu ¢ € 0;

t
Iy + L5y < 8%+ () + 20 [ {0 (s)[5; + 9(s)|7} ds. (2.11)

Ti

B rakom ciayuae BBy (2.1), (2.2), (2.9) upu 1. B. t € §; nMeeT MeCTO HEPABEHCTBO

En(t) < pilt,h) + 10 + 1%
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Buauwnrt, B cuty (2.11) npu 1. B. t € §; BBIIOJTHEHO

t t

ealt) < eulr) + [ (18Ot o) a2+ (8 6) i+ Jin (9] n)sr + /{flswéfs}ds

t

< enlrs) + esh? + cga/{mh(s)ﬁ{ Fo(s)[3 }s + c45/{\wh(7)\§1 ) dr + /q)h(s) ds.

Ti Ti Ti

BocnosbzoBasimcs Teopemoit 2.1, pasencrsoM £,(0) = 0, a Takxke BrioderneM v(-) € Lo(T; H)
u HepaserncrBamu (1.7) u (1.4), noxyunm npu t € T

t t
en(t) < c5h2(5_1+066<1—|—/|ﬂh(s)|§{ds+/|uh1(s)|fqu>. (2.12)

Beuny (1.2), (1.6), a Taxske crocoba dopmuposanust ynpasiennit u! n u! (cm. (2.1)), nveem
iy < ex(lu (@)l + 1o, ful iy < 4{2 4 | () Y (2.13)

CrenoBarenbHo, yaurbiBas (2.13) u (2.12), a takxe (1.7) u mepaBencra «a(h) < 1, §(h) <1
OJLy IaeM

i—1
1" ()5 < esh®57" + cod + croe + e8> Y (B + |u(7)[7)
=0

<cppla+6+h*6 1 +h%6a?) + cnd’a Z " ()13

B cuty stlemmbr 2.1, a Takske nepasenctsa d(h)a~2(h) < const upu Beex h € (0,1) umeem
1" (1) < cis(a+ 267 exp{en?9da} < epu(h?5 +a), i €[0:m). (2.14)
Hepasenctsa (2.14) u (2.13) BIeKyT HEpaBeHCTBA

/\uhl (s)|3ds < 62 Z lul |2, < c156 max(h2 + ") F) < csd® (R0 + ), (2.15)

7=0

5 / s <53 iy < e mas (02 + 1) )

j=0 €lo4

<cigda?(R*5 Tt +a), ted (2.16)
B rakom ciyuae, u3 (2.15), (2.16) u (2.12) BeiBognM
e(t) < cro(h*6 ' + a). (2.17)
Hepasenctso (2.3) ciaemyer u3 (2.17). B cuny (2.12) u (2.16) Tak:ke BepHO HEPABEHCTBO
en(t) < cooh?0™ ! + coida 2(h?07 ! + a). (2.18)

Hepasenctso (2.4) Boitekaer u3 (2.18). O
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s ,H‘OKaBaHHOIL/’I TEOPEMBI BbITEKaECT OCHOBHOI1 pesyjibTraT pa6OTbI — CJIeJIyronrasd

Teopema 2.2. ITycmv a(h) — 0, 6(h) — 0, 6(h)a2(h) — 0, h*(a(h)d(h))™r = 0 npu
h — 0. Toeda umeem mecmo crodumocms

a"(:) = v(:) 6 Lyo(T; H) npu h — 0.

JlokazaresibcTBO 9TON TEOpEeMbl HPOBOJUTCS 10 CTAHIAAPTHOI cxeme (cM., Hampumep, (6],
JTOKa3aTebeTBO TeopeMbl 1.2.3 mwin [11], nokasaTeabeTBo TeopeMsr 8).

3. OieHKa CKOPOCTU CXOAMMOCTH aJIrOpUTMa

[Tpu HEKOTOPBIX JOMOJHATENBHBIX YCIOBUAX MOYKHO YKa3aTh OIEHKY CKOPOCTH CXOJUMOCTH
anroputMa (cM. TeopeMmy 3.1 HuXKe).
B jiasibHeiineM HaM noTpedyeTcs cliejiyromnas JeMma.

Jlemma 3.1. [6, c. 29| ITyemov V(1) € Loo(T;V*) w 0(-) € W(T,; V), T, = la,b),
—oco<a<b<+4oo,

‘/ ndr| <e. fillv <K vieT.
Tozda dan ecex t € T, cnpasedsuso HEPABEHCMEO
‘/ dr) < eu(K +var(T,;0(+))).

B sTom yrBepkaernn V' — 6aHAXOBO IIPOCTPAHCTBO ¢ HOPMOIA ||y, (-, ) — JABOCTBEHHOCTD
mexkiay V' on V*. Cumsoa var(7,;v(-)) osmadaer Bapumanuio dbyHKImn v(-) Ha orpeske T, a
cumpost W (T,; V) — muoxkecTBO dyHknuii y(-) : Ty — V' orpanudenHoil Bapuarym.

Teopema 3.1. ITycmo v(-) € W(T; H' () u nycmo evnoarenv, ycaosus meopemos 2.2.
Toeda umeem mecmo credyowas OUeHKa Ckopocmu CLOOUMOCINY GA2OPUMMA:

[0() = @" () ey < P2 (h) + h672(h)} + Dp(h, 6(h), alh)),
2de ¢ M) — yexomopuie nososrcumenvrle nocmosmmsie, e 3asucsuyue om h € (0,1), § u a.

HoxaszaTenasbcTso. Beuem JnHelHBIN HEIIPEPBIBHBIA OIepaTopD

A HY Q) — (HY(Q)", (Aw,wo)m = /le(n)ng(n) dn, wi,wy € HY(S).

Bnech (-, )1 osHauaer apoiicreennocth Mexky H'(Q) m (H'(Q))*.
Berarem Bropoe ypasaenue cucremsl (1.1) u3 (1.3) u yMHOXKEM TIOJTy9eHHYIO PA3HOCTH HA
¢ € H'(Q). Tlocae mATErpupOBaHus yCTAHABINBACM HEPABEHCTEO

</2{ah(7) - ”(T)}d7790>m‘ = zj: |5 ()], (3.1)
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cupasenBoe 1pu Becex 0 <ty <ty < 1J. 3mech

to

(o) = (W' (t2) — W' (), ), Jh(p) = D2/<Auh(t),w>m dt,

t1
to to

T3(p) = /(éh(T)@Dh(T) —a(n)y(1), ) dr,  Ji(p) = /(uhl(t)w)m dr.

U3 (3.1) coeyer HepaBeHCTBO
| [t oo < Gl @y + @) oy

DQ/IAuh(t)I(Hl(Q))* dt+/|w(t)y(t)—W(t)fh(t)l(m(m)* dt. (3.2)

O6ozHaYNM

wlye = [ IVe@Pdn we H'@).

3ameTum, 9TO
| Hey = |- |§{3(Q) + |- [
[TosTomy, Bocnosib3oBaBIUCh Teopemoit 2.2 (eMm. (2.3)), mosmydaem

to

t2
1/2
[ 14 Olanoyy at < Col [ It 0p ) < Colat s @)

t1

O6beaunus (1.7) ¢ (3.3), yuurbiBag HenpepsiBHOCTS Biaoxkenus H B (H'(2))*, a taxwxe nepa-
sercteo 0(h)a™2(h) < const, noayuum u3 (3.2)

(1) —v(r)}Ydr 4&1/2 —1/2y, )
| [ = myar] <O ns ) (3.4

Jastee, BOCIIO/IL30BABIINCH U3BECTHBIM CBOHCTBOM Tpoek [ebdania, a TakyKe HepaBeHCTBA-
u (2.4), (3.4) u emmoii 3.1, ycraHaBInBaeM HEPABEHCTBO

9
() = ) ooy < 1) o) — 2 / ) ds + o) B
0

9
< 2’ /(ﬁh(s) —v(s),v(8)) g ds’ + dap(h,a,d) < C’5{al/2 + h5_1/2} + dop(h, @, §). (3.5)

YTBepK/IeHHe TeopeMbl cieyeT u3 (3.5). O
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HokazarenbcrBo runore3bl Bpayspa (I'B)
JIJIs BceX IpapoB € 9MCJOM BEpPIIUH 7 > 1y B MPEIIIOJ0XKEHNN,
yro I'B BbIMOJIHSIETCH TIpu 1 < 1 AJd HeKoToporo ny < 10%

Buagumup Mapkosuy BJIMHOBCKUM! 2 | Jloan Jannbsua CIIEPAHCA?,
Anekcanap Hukomnaesuu ITUEJIMHIIEB?
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Amnnoranus. B paGore paccmarpusaeTcs mpobJiema MOCTPOCHH BepxXHeil OIeHKHU JIJIsi CyMMBbI
MaKCUMAJILHBIX COOCTBEHHBIX dmcesl Jjamiacuana rpada. Crarbs MOCBSINEHA JOKA3ATENIbCTBY
runoTessl Bpayspa, KoTopast COCTOMT B TOM, 9TO CyMMa { -MaKCHMAJIbHBIX COOCTBEHHBIX THCEJT
Jamiacuana rpada He Ipesblmaer yucaa pebep rpada mmoc (¢t + 1)t/2. Ormernm, 4TO MBI
JIOKAa3bIBAEM CIIPABEJIMBOCTL OOIIEH IUroTes3bl Bpayspa B NPEIIONIOKEHAN CIPABEIABOCTH

IUIIOTE3B! [l KOHEYHOro uuc/a rpados ¢ uncioM Bepima Menbme 1024

, T.€. IIOJTHOE JI0Ka3a-
TEeJILCTBO TUIIOTE3bl CBOJUTCH K YCTAHOBJIEHUIO €€ CIIPABEJINBOCTH JIJII KOHEYHOI'O YHUCJIa I'pa-
dos. /lokazaTesbCTBO JAHHOM I'MIIOTE3BI IIPUBJIEKAET UHTEPEC OOJIBIIIOrO YHCJIa CIEIUAJIICTOB.
Nmeercs psisi pe3ysibTaToB [jIsd CIIENUAIBHBIX I'PadOB U JI0KA3ATEILCTBO CIPABEIJIMBOCTH T'H-
MOTE3BI JIJIsI IOYTH BCEX CIIyYailHbIX TpadoB. PaccmaTpuBaemoe HaMU JTOKA3ATEIHCTBO UCITOThb-
3yeT MHJIYKTUBHBIN MeTOJl, MMeroIuii psi ocobenHocTeit. OpUruHaIbHBINA METOJ IIPEIII0/IaraeT
IIOCTPOEHNE PA3JINIHBIX OIEHOK It COOCTBEHHBIX UMCE] JAILIACHAHA, KOTOPBIN HUCIIOIB3YeTCs
JJIS TIOCTPOEHUS MMara WHAYKIUA. PaccMaTpuUBalOTCA HECKOJBKO BADUAHTOB METOJA B 3aBUCH-
MOCTHU OT BEJINYWH KOOPIMHAT COOCTBEHHBIX BEKTOPOB Jalliacuana. VICIob3yeTcs: n3BeCTHBIM

daKT SKBUBAJIEHTHOCTH CIIPABEJIMBOCTH THIIOTE3bI Bpayspa st camoro rpada u JIOTOoTHEHU S
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Introduction

Let A be n x n incidence matrix of simple undirected graph G :

S 1, iff (4,7) € G,
“ 1 0, otherwise.

Define the Laplacian L(G) of G as follows

where diagonal n X n matrix D has entries
di =j: (i,j) € G}.

We have ) .d; = 2m, were m is number of edges in G. Considering G as directed graph
with some choice of ordering of vertices in G define m x n matrix B :

1, if j heard vertex in edge 1,
b;j = —1, if j tail vertex in edge ¢,
0, otherwise.

Then L(G) = BTB and hence eigenvalues of matrix L(G) are nonnegative:
0 = 1n(L(G)) < o 1(L(G)) < ... < n(L(G)).

Brouwer’s Conjecture 1 (see [1]). For every graph G C ([Z]) and integer t € [n — 1], the
following inequality is valid:

S6) = m(L(@) < m+ (t ! 1), te fnl.

In this article we prove the validness of this conjecture under the assumption than it is true
for all n < ny where ny < 10%.
For convenience, we denote

26 = si6) - mie) - (1),
Whenever A;(G) <0, we say that G satisfy BC;.

It is known to be valid for trees 2], for k£ = 1,2, n—1,n, for unicyclic and bicyclic graphs 3],
for regular graphs [4], for n < 10 it was checked by A. Brouwer using a computer. In [5] was
proved that Brouwer’s conjecture holds asymptotically almost surely.

Before the proof of Brouwer‘s conjecture under above assumption (we call it below “Con-
jecture”) we introduce some consequences of its validity.

Define set of conjugate degrees

d(G) ={dy, ... dy}, di = [{j = dj =i}

We say that the set E of edges is compressed if from e = (i < j) € E it follows that
e=(iy <j1) € E, were i; < i, j; < j. V. Chatal and P. Hammer in [6] introduce the notion
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of threshold graph. It can be defined as a graph isomorphic (up to permutations on vertices
[n]) to a graph with compressed edge set.

Grone-Merris Conjecture |7], which was proved by Bai [§], we call it GMB, theorem says
that the following upper bound is valid

Zm(L(G)) < Zdi(G)‘ (0.1)

It is known [9] that for threshold graphs there is equality in the last relation.

Say that a graph G on n nodes with m = m(G) edges is spectrally threshold dominated [10]
if for each ¢ € [n] there is a threshold graph G having the same number of nodes and edges
satisfying

t t t
D m(L(@) <Y il L(G) = > di(L(G)).
i=1 i=1 i=1
In paper [10] Helmberg and Trevisan proved the following
Conjecture 1. Graph G is spectrally threshold dominated iff Conjecture for this graph is valid.

We introduce here their proof via construction of the set of conjugate degrees of optimal
threshold graphs.

We construct for arbitrary n, m = m(G), t threshold graph 7T that attains Brouwer’s
bound for the sum of eigenvalues. Denote by Tr(n,m) the set of threshold graphs with n
vertices and m edges. To each graph with degree sequence d; > d;; define Ferrers diagram
of n rows, s. t. the i-th row displays d; boxes aligned to the left.

Next we demonstrate for arbitrary t € [n] that

min ytn, m(G) +t(t+1)/2,2m(G); = max d;(T).
{tn,m(G) +t(t +1)/2,2m(G) } TeTl“(n,m); (1)

This together with (0.1) deliver the proof of Conjecture 1.

Depending on the relation between t,n and m(G), we consider the following cases:

Case 1: min{tn,m(G) + t(t + 1)/2,2m(G)} = tn. Consider the threshold graph T con-
structed by filling up the Ferrers diagram below the diagonal in column wise order (on and
above the diagonal in corresponding row wise order). The first ¢ columns below the diagonal
are fully filled because they require tn—t(t+1)/2 < m(G) boxes. Hence T satisfies df(T) =n
for i € [t] and Y_._, d!(T) = tn. This is the maximum attainable over all threshold graphs on
n nodes.

Case 2. min{tn,m(G) + t(t + 1)/2,2m(G)} = m(G) + t(t + 1)/2. In this case put h =
| ey ] <n and r =m(G) +t(t +1) — th < t. Note that this implies & > ¢+ 1. Define a

t
threshold graph 7' on n nodes with m(7) = m(G) edges of trace ¢t by the conjugate degrees

N _Jh+1, i<,
di(T)_{h, r<i<t,

then S0 N(T) = Y20, d(T) = m(T) + t(t + 1)/2. This value cannot be exceeded by any

i=1""

threshold graph on n nodes with m edges by the GMB theorem, because in the Ferrers diagram
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of the conjugate degrees up to column ¢ all boxes are used on and above the diagonal, while
all possible m boxes are included below the diagonal.

Case 3. min{tn,m(G) +t(t +1)/2,2m(G)} = 2m(G). Put h=max{h € [n]: h(h+1) <
2m(G)} <t and r = (2m(G) — h(h +1))/2 < h + 1, then the threshold graph T of trace h
with conjugate degrees

h+2, i<r,

h+1, r<i<h
“(T) = ’ =
4i(T) T, t=h+1,

0, h+1<1

satisfies S0 \i(T) = 3.0 d:(T) = 2m(T) and this is the maximum attainable over all threshold
graphs T with m(T) = m(G) edges.
Define Laplacian energy of graph as follows

n

LE(G)=>_

=1

2m(QG)

n

pi(L(G)) —

The main result of the paper [10] is the following

Theorem 0.1. For each spectrally threshold dominated graph G there exists a threshold
graph with the same number of nodes and edges whose Laplacian energy is at least as large as

that of G.

1. Preliminary remarks

Here we gather preliminary results that will be useful later.
Let G = ([72‘]) — G denote the complement of G. Then, [9]:

wi(L(G)) =n — ppio( L(G)), i=1,....n—1.

The following duality result will be key in our work. It follows directly from the proof
of [2, Theorem 6], by including A’s with proper indices in the calculation.

Theorem 1.1 (see [11]). For every graph G,
At(G) == An—t—l(é)~
In particular, G satisfies BC; if and only if G satisfies BCp_s_1.

On the other hand, once G satisfy BC;, the graph obtained by adding an isolated vertex,
G U {v}, trivially satisfy BC;. Then, from Theorem 1.1, we conclude that the graph G’ =
G J{v} obtained by adding a dominating vertex v satisfies BCy,;

A (G) = D (GU{}) = A1 (GU{v}) = A1 (G) = Ay(G). (1.1)

Given G C ([Z]), we define the threshold family of G, T(G), as the family of all graphs
obtained from G by adding complete or empty vertices. Note that the family of threshold
graphs defined in the Introduction coincides with 7(0). From Theorem 1.1 and equality (1.1)

we conclude that G satisfy Conjecture iff an element in 7(G) does so. From this fact it follows
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Lemma 1.1. Brouwer’s Conjecture is valid for every n and t provided that BCy holds

for every graph G with n' wvertices where t' = % if ' is odd or t' equal to either =2 or
%/ if n' is even.

2

We call the explicit #'s in Lemma 1.1 as the middle t ’s. In what follows we will consider
an inductive approach on n to prove that BC; holds for the middle ¢’s, whenever it holds for
middle t’s for graphs with fewer vertices. To this end, we remove one vertex of G and derive
a special basis of R™ where explicit bounds can be inferred. Recall the following formula for

L(G) :

(p9)EE

We have [12, Cor 4.3.18|

t

S(G) = max{ S (L@, ;)

i=1

T1y.o., Ty, (l"i,%') = (5ij}>

t
= max {tr(L(G)y)|V is a ¢ dimensional subspace of R"} = Z(L(G)zi, z)  (1.2)

i=1
for {z1,...,2,} an orthonormal set of eigenvectors corresponding to non-increasing eigenvalues
of L(G), and z, =z = (1/y/n,...,1/\/n).
From the last equality we conclude that
t
Si(G) = (L(G)x;, x;)
i=1
for any orthonormal basis {x1,...,2;} of span{zy,..., z}.
We have
t
S (G) = max L(G)x;, x;
(@) {h;, jelt]yeort(n,t) ;( © )
t t
< max (Dh“ hz) + max (Ahl, hl)

~ {hy, je[t}eort(n,t) {hy, jeltlyeort(nt) =

i=1

t n t t
Szdri‘ tz&%ﬁzdi—#\/ﬁﬁzdﬁ-n\/ﬁ, (1.3)
i=1 i=1 i=1 i=1

where «;, i € [n] are eigenvalues of A and ort(n,t) is the family of sets of ¢ orthonormal
vectors in R"™.

Lemma 1.2. There ezists an orthonormal basis {x1,...,x:} of span{z,...,z} and ortho-
normal basis {Tiy1,..., 201} of span{zii1,...,2n1} for any t € [n — 1] such that z; =
(07"'a07$i,i7xi,i+17---ami,n)y (NS [t]a Ty = (07'--707$i—t,iaxi—t—1,ia"'7xn,i)a (NS [t—l—lan_l]

We skip the usual proof of this Lemma, it contains the statement that one can choose the
basis of such form in arbitrary subspace of dimension ¢t and n —t¢ — 1.
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From now we fix a basis as in Lemma 1.2 and denote it by {x1,..., 2 Tii1,- -, Tno1}. It

. /n—1 ‘o no.2 _ . 1
is easy to see that 0 < xy1,741,1 < 4/ —. This is because Yoy r;; =1 and z,; = z; = N
n—1

We further assume 0 < 211, 244111 < “—, since the extremal cases are easily dealt with.
The existence of x; also allows our induction step. Let x1,...,x; be as in Lemma 1.2. Given
G C ([Z]), consider the subgraph G — {1} obtained by removing the first vertex of G, together
with its edges.

We have
SUG) = (@, L(G)a) = Y (a0, LG — {1})z) + Y Zx”, + (21, L(G)x:)
i=1 i=2 p;(1,p)€E i=2
S St_l(G — {1}) + w1 + (Il, L(G)$1)7
where

Z Z (zi1 — Tig)® Z Zmzq <d. (1.4)

¢:(1,9)€E =2 q:(1,9)€E i=2

In particular, if G — {1} satisfies BC;_;, then G satisfies BC; if
w1 + (Il, L(G)lj) S t+ dl. (15)

Equivalently, we can work with the complement graph, G, and show that BC; holds if G — {1}
satisfies BC;_; and
w1 + (I’t+1, L(G)l’t+1) S E"‘ dl. (16)

Here we take x;,1 as the only vector with (possibly) non-zero first coordinate, and

n—1 n—1
f:n—l—t, czlzn—l—dl, @1: Z Z(xi,l_'ri,q)Q: Z Zx?’qul. (17)

q:(L,q)€E i=t+2 ¢:(1,g)eE i=t+2

It is easy to see that we can choose arbitrary p € [n] instead of the first coordinate in above
consideration with substitution 1 <> p in the formulas, we use this consideration below several
times.

The key elements in the paper are the following bounds on (L(G)x,x1)

Proposition 1.1. Let x; be as in Lemma 1.2 and x1, > 0. Then,

1—x2 1
(21, L(G)m1) < [ (18)

d1
di+1°

n 132 9
x5 P11 <
Likewise,

_l _l 1 ‘T?H 1 2 d

1 172 =, 3%4.1 1 Z — )

_ x 5 di1+1
t+1,1

($t+1, L(G)$t+1) <

nd 7 dy \ langed d
Loy _d n—1"t+1,1 .ZUQ < 4
n—1 1 n—1 :):f_H 1 ) t+1,1 di+1°
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P roof By eventually replacing x; by —x;, we assume that z;; > 0.
We have
(1, L(G)z1)x1 1 = dyw1 g — Z Tpp < dix1 + ‘ Z T1p
p:(1,p)€E p:(1,p)EE
and
‘ Tip| = ‘ Z T1p + T1,1 S T1,1 + ‘ Z T1p|-
p:(1,p)eE p:(1,p)EE p:(1,p)EE
Using Jensen inequality we obtain:
‘ Z 1‘171, S dl.’L', ‘ l’lp \/dl 1—1’11 ),
p:(1,p)eE p:(1,p)EE
_ 2
where z =3 g1,
Therefore,
Z T1p| £ max, min {\/dlx, 11+ \/Jl(l — xil — x)}
p(Lp)CE xE[O,l—axlyl]
di(1 — a7, 1) riy > df-lu?
o ldl + \/ddl 2-22), otherwise.
The first bound on :17%71 is equivalent to
di(1—a3,) <,
making /di(1 —x7,) the solution to the maxmin problem. Otherwise, since
T \/Jl(l -}, — 1)
is decreasing, the maxmin is achieved when
\ dlﬂf =T11 + \/(il(l — 33'%71 — CC)
We manipulate this equation as follows:
(Vdix —211)* = di(1 - xil —x) & (n—1)x—2y/dny 1\/_+3:t1 dy(1— xfl)
Vd Vd 22 —dy(1—a?
@\/E: 11,1 4 ( =T11> 1,1 1( 1,1)
n—1 n—1 n—1
Vdizy dlxil —(n— 1>Ii1 + (n — 1)J1(1 - x%l)
= +
n—1 (n—1)2
Vi Czl(l _x%& n11x%1) Vdizy di no o,
n—1 n—1 n—1 n—1 n—1"
The result is concluded by multiplying the last expression by +/d;. O]
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Before proceeding, we remark the following inequality that follows from the last proof.

didy
p:(Lp)eE :Blvp| B V n—1-

P r oo f. In the proof of Proposition 1.1, we concluded that

xl,ldl dCZ1 n 9
‘ Z Tl Sn—1+\/n—1<1_n—1x1’1>'

p(Lp)eE
Proof follows from the observation that r.h.s. of last inequality is decreasing function of 1,
and hence achieved its maximum for z;; >0 at z;; =0. O

Lemma 1.3. Suppose a7, < ;%5. Then,

An extra inequalities are also needed.
Recall that 1,z are the only vectors in {zy,...,z,_1} with non-zero first coordinates.
To motivate the next inequality, we also recall that the first vertex is complete if and only if

the vector
( n—1 1 1 )
z = ,— N
n Vvn(n—1) Vn(n—1)
is in the span of {z1,...,z:}.

Next, we measure how much this vector does not belong to this ¢-subspace.
There exists 0 < A < 1 and a vector y = (0,y2...,4n), >0 oYy =0, >0 ,y; = 1 such
that

1 =2VA+V1— )y,
Tpi1 =2V/1-Xx—V\y.

Further denote:

1
B=SwLGw= > (m—u)
) ) ) p<q, (p,9)EE (1.9)
B =5y, L(G)y) = S (W)
p<q, (p.Q)€E

Then, using inequalities

‘ Z Yp| < m%uf mln{\/dlx \/d 1—x}
z€|

p:(1,p)€E
we have
(21, L(G)x1) = M, ﬁ S+ (1= VB - 2\//\( Z Uy
n p:(1,p)€E
d
<A 1 +(1—/\)B+2\/ n 1)\(1—>\)d1(1— ! 1);
n — n — n —
(1.10)
(@1, L)) = (1= N +AB =21 =N 3
p:(1,p)eE

SR 'n—1 \/nﬁl)\(l_k)czl(l_ncﬁl)

Optimization over A\ deliver the following bounds
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Proposition 1.2. Let x; be as above. Then,
di"5+ B 1\/ n d;
L T (d —B) i d(l— );
(@, L(G)m) < == PR R

(@411, L (G)xt+1)_w+l\/<d1nﬁ —B> +4 d1<1— 4 >

2 2 1 n—1

P r o o f. We maximize the expression in (1.10) for 0 < A < 1. To this aim, we analyze the
derivative of the expression with respect to A :

N _pgy)hd 1224 (1.11)

n—1 n—lm

Observe that the derivative goes to 400 and —oco as A goes to 0 and 1, respectively.
Therefore, we conclude that the maximum is in the interior. On the other hand setting

dy

expression (1.11) to zero gives:

1 (dl% - B) (n— 1)
A=+ =0, A=-~"1 .
4+ A2 Vdidin

The maximum is achieved at:

Ay = %(11\/%).

The proof is concluded by replacing A by Ay in (1.10), observing that Ay =1 — AL. O

Using Proposition 1.2 and conditions (1.5), we conclude that if graph G — {1} satisfies
BC,_; and

di"5+ B 1\/ n 2 dy
e S —B) Ad (1— ) <t+d, 1.12
> 3 <1n—1 R Y =it (1.12)
then graph G satisfies BC;. Simular using condition (1.6)
JlLl—I—B 1 - n _\2 - d; n N
el T2 (a - B) +4d,(1- —2=) 0 <f+d 1.13
2 2\/(1n—1 T Tt stra (1.13)

we conclude that if graph G — {1} satisfies BCy_;, then graph G satisfies BCy.

2. Proof of Conjecture

We describe the key steps in the proof.
First case. Using (1.8) and assuming condition 4’7%,1 > ddj—l or xt+11 > ddﬂ we make
inductive proof BC; for graph G or G assuming that BC,_; for G — {1} is valid.
Second case. We assume that there exists p € [n] s.t. w, <#(1—J). Because we can make
permutation p <> 1 vertices of graph in arbitrary way, w.l.o.g. we set p = 1. Assume also
9 2 1

11 > W, 5 >0 > 2n_1/3 (21)
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and ¢ — B > 2. At first we use inequality (1.5) which we reduce to (2.1) for one step inductive
proof BC; for graph G under the condition that BC;_; for graph G — {1} is true. Next we
consider the case B >t — 2. Then we come to contradiction to the condition (2.1).

Third case. w, > t(1 —9), g € [n]. Two situations are possible.

When

m(G) > (;) (1+36),

we prove BC,_; for graph G directly by using bound (1.2).

In the case
t

m(G) < <2> (1+ 34),

we first assume that there exist p € [n] s.t. t(146) > d,, d, > t(1 —6). Next we show that
there exist set R C [n] s.t. d, < Tné"*, g€ R,

o= 1= ot -85 (1= 1= )

By permutation of vertices of graph w.l.o.g. we can assume that R = [a]. We make a steps of
induction adding step by step [a] vertices to the graph G — [a] and for each step ¢ € [a] we
prove the BC;_; for the graph G — [i] under the assumption that BC;_; ; is valid for graph
G —[i+1], i € [a]. Choice of a in (2.11) allows to prove BC,_, directly by using bound (1.2).

In the last case assumption is d, > t(1+6) or d, < (1—146), ¢ € [n], BC,_; for G is
proved directly, using bound (1.2).

Next we use this scheme to demonstrate the proof in details.

We use induction on n to prove BC and assume that BC is true for n < 10**. One can
significantly improve this bound for n by following the proof in this article more carefully.

Let {x;, i € [n — 1]} be the set of eigenvectors of L(G). Considering Grassmannian frame
F with row set {z;, i € [t]} and complement frame F with row set {x;, i € [t + 1,n — 1]}.

Note, that

‘T%,l + xt2+1,1 = nT_l
W.lo.g. we can assume that z;; € (O, \/m) .
As a first step, we observe that the case xil > ﬁ (respectively, 2 111 2 % ), is easily
discarded.
Lemma 2.1. Suppose that either x7, > dldﬁ or TP, > %. Then, BC holds for G.
Proof. To prove BC for n and xil > dfﬁ, assuming that it is true for n — 1, it is

sufficient to prove the inequality

or
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Last inequality is trivial, since

. . 2 ch
The same consideration proves BC when zi,; > 775 [

Taking into account conditions 1.5, 1.6 and Proposition 1.1 together we conclude that BC;
holds for G if one of the following inequalities is true:

d1 dl I %I% 1
d (1 _ ) 171, <t 2.2
n_1+\/1 n—1 CC%’I +w < ( )
d - dy \1—L5af _
L+ (1 — ) n T Lo <L (2.3)
n—1 n—1 Tii1a
For the remaining of the paper, we consider ¢t = § when n =2t and t = ”T’l when n = 2t+1.
Assume at first that w; < t(1 — ).
Then using (2.2) we obtain the inequality
dy \1- %137% 1
d(1- ) < (1 - 1)?
! n—1 3 = )
or S ) p
9 s5(n — 1 -
> = =1—
S -1 T -1 ° °
The last inequality is satisfied if
2 1
2 e 4 —1/3
T > 52§ >0 >3n /7. (2.4)
It is left to consider the reverse condition:
2
2
< —.
T11 o2

In this case, we have:

di < wy + Z (ml,p — xl,l)z < dlxil + 24/ dlxl,l + 14wy

p:(1,p)EE
1 2 2 d ~1/3 -1
<§+5—|—1+w1<§+w1§t<1—1>, 3n <0 <107 (2:5)

Imposing condition (1.12) and using inequality w; < dj, we obtain stronger condition

di-"5 + B 1\/ n 2 d; n
_n- 4 — — < .
5 +2 (dln—l B) +4d1<1 n_1>n_1+d1_d1+t (2.6)

to prove that graph G satisfies BC; if G — {1} satisfies BC,_;.
Hence

n 2 dy n n
—B) 4 (1— ) <o — _B.
(dln—l +dd, n—1 S d 1

n — n —
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Assume that B <t — %, then

4d1<1-— d ) "< <2t——d1
n—1/n—-1 n

n 2 n 2
—B>—( —B>.
—1 P

Hence we need to prove inequality

d1 n
a(1-0) s (e

To satisfy last inequality it is sufficient to impose condition

Y-,

d1<t<1——§>, (2.7)

when § >3n~ '3 t— B> 2
AH%tﬁB>t——tMnB<n—t+6 242
From other side,

B> Z (Te411 — xt+1,p) > d, xt+1 1 — 2|24 di(1 - xt+1 1)
¢:(1,9)€E

S ) G )50 )
)
"8

—(2—1—5)(1 1>—§<1+é>>g+§, where é>5>3n_1/3. (2.8)

2
>24n
=2 52 8

This contradiction complete the proof in the case that exists p € [n], s.t. w, < t(1 —J). Here
in the third inequality we use relation

22 _n_l_xz
11 = 1,1
t+7 n b

and in the forth inequality in (2.8) we use the inequality

2/t a1+ 9) <21+

Next we assume that w, > t(1 —6), ¢ € [n]. Then d, > w, > t(1—6) and d, < t(1+6),
q € [n]. BCy, t=t,t—1 to be true for complement graph G it is sufficient to impose inequality

i (g, L(G)zy)) = i He(L(G)) < i dy + ny/n < (14 6) + ny/n <m(G) + (é)

q=t+1 q=t+1 qg=t+1

Here we use bound (1.3).
From the last inequality it follows that BCj is true for G if the number of edges m(G)
satisfies the inequality

m(G) > (2)(1 + 39).

Assume now that there exists p € [n] s.t. t(1+6) > d,, d, >t(1—29).
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Taking into account that w, > t(1 — ) we have

> szq<t—t1—5):t5.

q:(p,g)ek =1

Assuming uniform distribution on the set {q: (p,q) € E},

! t5 t5 5
E(;qu) =T, - 1-0

Using Markov inequality P(X > CE(X)) < L, C >0 and choosing C = 6~/2, we have

(Z% 1—o ><\/_

Hence .
Sz < Y0
— L

where ¢ € J for some set J C {q: (p,q) € E}, |J| > (1—+/0)(1—0)t. Note also that w, < t.
Hence for the arbitrary ¢ € J

SOl VRS DD I Db DENRES Dl prees

rrqEEzl ri(r,q)€E =1 ri(r,q)€E =1 ri(r,Q)€E 1=1

§t+dq1—\f55+2! > szq Zx2 <t+d, \/55+2d L

r:i(r,q)€E i=1 1-4
or ;
d, < <t(1+30Y%), qeJ, §>3n"13 (2.9)
1- Y0 9 /6
-5 -5
Because d, > w, > t(1 —§) > t(1 — 46'/1), p € [n], we have inequalities
t(1 —46Y%) < dp, dy < t(1 4+ 46YY), w,>t(1—6), g€ J.
Thus

Z dy < 2m(G) — (1 — 46V 13(1 — 6)(1 — V9)
q€[n]\

( ) (1430) — (1 — 46" £2(1 = 6)(1 — V/8) < 3n*V/3.

W.lo.g. we can assume |J| = [t(1 — 6)(1 —+/§)]. Assuming uniform distribution on the set
[n] \ J, we have

TN ZqG[n]\JJq 3%2\/3 n
E(d,) = IR n—t(l—é)(l—\/5_)<7 V.
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Using Markov inequality we have
P(d, > Tns"/*) < 64,

Thus there exists set I C [n)\J, |I| > n—t(1—06"*)(1=v3)(1—6) > t(1+5"4) s.t. d, < Tné"/4,
q € I and hence d, > n(1 —176Y4), g € I. W.lo.g. we can assume that [ = [¢(1+ %) and
it is sufficient here to assume that 76'/* < 1/10.

Last inequality and inequality 3n~'/3 < §, which is imposed in (2.4), (2.5), (2.8), (2.9) leads
to the condition 3n~'/% < § < (70)~*. Hence 3n~'/% < (70)~*. The last inequality to be true
it is sufficient to impose condition n > 10%*.

We consider a coordinates R from the set I. W.l.o.g. we can assume that R = [a], where

a= [n(l —851/4)(1 . \/1 - m)]

Justification of the choice of a we make later. When passing step i € [a — 1] we renumber
vertices of graph G — [i — 1] as follows ¢ — i — 1 skipping first ¢ — 1 positions in graphs

G —[i—1] and G — [i — 1]. On this way we redefine t(i) = t —i vectors Ty;1,...,2Tn, 1 as
follows i = (0,...,0, Zegiiy- - -y Tigin) = Teri = (Teits - - - Tetin—it1). Complement set of
orthonormal vectors of length n — i+ 1 we denote Zi,...,7;.

(O Starting point for the process, described below and implemented “a” times.

Using inequality (2.3) on 4 -th step and taking into account the inequalities @, < d; < Tnd'/4
and t(i) =t — i we obtain the inequality

B CZ 1— nfifli,2 ; 9
d1(1 — ) noi T o (t— 1 —i—7n(51/4> . (2.10)

— =2
n—1 Titin

Because i < a, we relax bound (2.10) to

y Tnét/4 7 14%51/4
Titin 2 5 =~ :
’ (34n — Tnét/4) n

Assume now, that the opposite inequality is valid 7?2 in < %. Then we repeat considerations

starting from equation (2.6) for d;(G —[i]) = di(G —[i—1]) < ™é*/*, t = t—i, B(G—[i]) —
B(G —[i —1]).
According the induction process, we impose the inequality (1.13)

=B 1 [ ion—i1 N2 - dy \n—i+1 _
LJré (dlu—B) +4d1<1— ! )n o <di+t—i. (2.11)

2 n—1 n-—1 n—1

Assume that B < t—i—1. Making transformations of the last inequality, and using inequality
w, < dy, we impose stronger inequality

(1= ) iy (- d ),

n—1 n—1 n-—21
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We strength last inequality and obtain the bound
Snd'/* < (t —i— B)(t —i — Tné"%)

or ”
_ 8nd
B<t—4——m—«——.
- S Tndl/4
Assume now the opposite inequality
_ 8no'/4
B>t—i— ———
T i~ TnoiA
or i
8nd
From other side we have d; > n(1 —76"*) and #}, > =L — 7'14251/4 >1—2 6 <(70)7*

At the end we show that inequality (2.12) could not be satisfied, and we come to contradiction:

B > Z (le — jl,p)2 > dljil — 2|f1’1’\/ dl

p:(1,p)€E(G—[i—1])

> n(l — 751/4)<1 - 2) - 2\/n(1 — 751/4) (1 - 3) > gt.

n n

Last inequality contradict to inequality (2.12) for n > 10%%.

Next we make above proof procedure (from sign () for graph G — [i — 1] and set of
orthonormal vectors @y, ..., &,_1. Step by step deleting vertex i € I from G on i-th step and
assuming by induction that BC;_;_; is true for graph G'—[i] and set of vectors @, i1, .., Tn1
of length n —i = 2t —i and as before proving that BC,_; is true for graph G — [i — 1] and set
of vectors xy i, ..., Tn_ 1.

We make a steps of this induction process and obtain from graph G —[a] and set of vectors
Tigaits- .- Tno1 Of length n—a =2t —a, graph G and set of vectors @y 1,...,o,_1 of length
n. The complement to graph G — [a] is graph G — [a] and complement set of orthonormal
vectors 1, ...,x; of length n —a. The BC,_,_; is true for G — [a] iff BC; is true for graph
G —[a].

Remind that we assume that

t

m(G) < <2>(1+35)

(#17)- () eco

BC, for G — [a] is obviously true if m(G — [a]) < (*}'). Because

or

dy>n—1—d,>n—1-"Tné"* > n(1 - 854,

we have

m(G —[a]) < m(G) —na(l —85"*) + (;>

< (Zt; 1) - (;) ~ na(1 — 85V + (‘2’) < (“;1). (2.13)



126 V.M. Blinovsky, L. D. Speranca, A.N. Pchelintsev

The last condition to be true it is sufficient to impose condition

a= [n(1 - 851/4)(1 - \/1 - m)] (2.14)

Note that |I| = [t(1 + V4)] > a.
Assume now that d, > t(1+6), i € [n]. Then d, < t(1—6). BC;_; is true if

im(L(G)) < ; T, +/2m(G)t < t(t — 1)(1 — 6) + \/nm(G)
<tt—1)(1—-6)+nvn <m(G)+ w,

t

which is true when m(G) > (;

the proof.

), otherwise BC,_; is trivially true for graph G. This completes

Note that this version of the article has the following additions compared to the preprint
published at [13]:

1. The formula (2.12) in the preprint was refined for the number a (in this article it became
the formula (2.14));

2. Before the formula (2.14), in the second inequality for (2.13), the refined estimate d, >
t(1—=9) for d, > n(1—76%) is used instead of the weaker one which allows us to obtain
a suitable estimate value for the number a;

3. According to the formulas on page 11 of the preprint, the terms 1/n have been removed:
taking its contribution is redundant and does not need to be taken into account;

4. The estimate for d; before formula (2.5) in the preprint (the inequality (2.7) in this
paper) is corrected to match the estimate after formula (2.4) in the preprint ((2.5) in this
article), so that the subsequent evaluation of B is transparent.
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Unifesp, Brazil. He would like to thank the Department of Mathematics and also colleagues for
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I'pynnoel u nmosis Iloitn B HEKOTOPBIX AeiiCTBUTEIbHBIX
OMKBaJPATUIHBIX YNCJIOBBIX MOJIAX

Caupg 9JIb MAJIPAPU
DaKy/IbTET €CTECTBEHHBIX HAYK W TEXHOJOTUI
Yuusepcurer Mynasa Mcmanna

Mapoxkko, r. dp-Parmmaus, I1.41. 509 Byramamun

Annoranus. [Iycrs K — unciiopoe none, a O — ero kobiio nessix ucedt. [yers [, (K) —
npousBejieHne Bcex mpocThix uiaeasioB O ¢ abcostorHOM HOpMOit q. ['pymma [oitn uncoBoro
nosist K — 3TO moArpymnma rpymisl KJaaccoB K, MOpoXkKIeHHast Kiaccamu | | q(K ). K aBngercs
noseM Iloiiu Torga u ToIbKO TOrIA, KOrma uaeasst | | q(K ) ABJSIOTCS [VIABHBIMU. B 9T0i1 cTarhe
MBI caeayeM Hamed padore [S. EL Madrari, “On the Pdélya fields of some real biquadratic fields”
Matematicki Vesnik, online 05.09.2024], B KoTOpO#i MBI H3y9ayu IPYIIIbL 1 1105151 [10iin B 9aCTHBIX
cayvasx. 31ech Mbl gaaaM rpynmsl [oiin K = Q(\/&l, \/Eg) Takwue, 910 di = Imy u do = Imo
SIBJIAIOTCA CBODOJHBIMU OT KBaJparToB HejbiMu uuciaamu ¢ | > 1 u HOI(mq,mq) = 1, a
[POCTOE YHUCIO 2 He IMOJHOCTBIO pasperBieHo B K/Q. A 3areM MBI OXapakTepusyeMm MOJIsI
[Toiin meiicTBUTENBHBIX OMKBAAPATHIHBIX TOJTel K.

Kuarouessbie caoBa: moss [loiin, rpymnmst [loiin, meficTBuTesbHbIE OMKBAIPATUTHDBIE IO, TIEP-
Basi KOTOMOJIOTUYECKAsl TPYIIIa €IUHMNIL, [I€JIOINCIEHHBIE MHOTOWIEHbI

Jnsa nutuposauusi: 9av Madpapu C. I'pymmsr u moss [loiin B HEKOTOPBIX JefiCTBUTETLHBIX O1-
KBAJPATUIHBIX YUCJIOBBIX 10J1AX // BectHuk poccuiickux ynusepcureroB. Maremaruka. 2025.

T. 30. Ne 150. C. 128-143. https://doi.org/10.20310/2686-9667-2025-30-150-128-143
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Introduction

Let K be a number field and Ok be its ring of integers. Let Int(Ox) = {R € K[X] |
R(Ok) C Ok} be the ring of integer-valued polynomials on Ok. According to Pélya in [1], a
basis (gn)nen of Int(Ok) is said to be a regular basis if the deg (g,) = n for each polynomial
gn- In 1919, G. Pdlya was interested whether the O -module Int(Of) has a regular basis.
Ostrowski [2| showed that the O -module Int(Of) admits a regular basis if and only if
the ideals [] (K) are principal, where [] (K) is the product of all prime ideals of O with
absolute norm ¢. In 1982, Zantema in [3] gave the name of Pélya field to any field K such that
the O -module Int(Ok) has a regular basis. In 1997, Cahen and Chabert in [4] introduced
the notion of Pélya group which is the group generated by the classes of ] (K).

Let K = Q(\/El, \/c_lg) such that d; = Im; and dy = Imy are square-free integers with
[ >1 and ged(my, my) = 1. The studies about the Pélya fields in the real biquadratic fields
started in 1982 by Zantema [3]. In 2011, A. Leriche in [5] gave some Pdlya fields of K by
using the capitulation. Otheres (see [6], [7], and [§]) determined some particular cases of Pélya
groups and Pdlya fields of K.

In this paper, we are going to determine H'(Gg, Fx) which is the first cohomology group
of units of K = Q(\/al, \/C_ZQ) such that d; =Im; and dy = lmy are square-free integers with
[ > 1 and ged(my,me) = 1 and the prime 2 is not totally ramified in K/Q. And then, we
give the Polya groups of K. Lastly, we give the Pdlya fields of the real biquadratic fields K.
This paper continues the study of [9].

1. Notations

In this work, we adopt the following notations:

[>1 and my; > 1 and my > 1 are square-free integers.

di =Imy and dy = Ilms and d3 = mi;ms are square-free integers.
K = Q(+/d1,+/dy) : areal biquadratic number field.

Ok : the ring of integers of K.

ki = Q(v/d;) : the quadratic subfields of K for i =1,2,3.

€ = 1; + y;v/d; : the fundamental unit of Q(v/d;), for i = 1,2,3.
N(n;) = Ni(n;) = Normy, o(n;) where n; € k;, for 1 =1,2,3.
Ek : the unit group of K over Q.

Ggk : the Galois group of K over Q.

e, : the ramification index of a prime number p in K/Q.

dy : the discriminant of K over Q.

t : the number of the prime divisors of d.

2. Preliminaries

Definition 2.1. Let [[, (L) be the product of all prime ideals of Op with norm
q > 2. The Pélya group Po(L) of a number field L is the subgroup of the class group of L
generated by the classes of the ideals [] (L).

In the real biquadratic number fields K, the prime 2 is the only prime can be totally
ramified in K/Q. When e; the ramification index of the prime 2 in K/Q is 4 = [K : Q],
in other words 2 is totally ramified in K/Q so we have (d;,dy) = (2,3) or (3,2) (mod 4),
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therefore Ne; #% Nes = Neg = 1, Ney # Neg = Neg = 1, or Neg = Negs = Neg = 1. When
ey # 4, 1. e., the prime 2 is not totally ramified in K/Q. So, we have either e; = 1, when
the prime 2 is not ramified in K/Q or e; = 2, when the prime 2 is ramified in K/Q. Thus,
we have the following possibilities (dy,ds) = (1,1),(1,2),(2,1),(1,3),(3,1),(3,3) (mod 4). Let
kj = @(\/d_j), j = 1,2 note that when d; = 1,2 (mod 4), then Ne; = £1, for j =1,2 and
when there exists a prime number =3 (mod 4) dividing d; then Ne; = +1, for j =1,2.

Let K = @(\/81, \/32) such that d; = Im; and dy = lmy are two square-free integers with
[ >1 and ged(my,ms) = 1. Let H'(Gg, Ex) be the first cohomology group of units of K.
Let ¢ = z; + y;1/d; be the fundamental unit of Q(y/d;), for i = 1,2,3. Recall that a; € Q
such that a; = N(e; +1) = 2(z; + 1) when Ne; =1 else a; = 1, for i = 1,2,3. Let H be
the subgroup of Q*/Q*? generated by the images of di,ds,ds,a1,a, and asz with d; = Imy,
dy = Imy, and ds = mymy. [a;] is the class of a; in Q*/Q*2, for i = 1,2,3 and [d;] is the
class of d; in Q*/Q*?, for 1 =1,2,3.

Theorem 2.1 (see [10]). H ~ H'(Gg, Ex), except for the next two cases in which H is
canonically isomorphic to a subgroup of index 2 of H'(Gk, Fr) :
1. the prime 2 is totally ramified in K/Q, and there exists integral z; € k;, 1 =1,2,3 such
that N1(z1) = Na(z9) = N3(z3) = +2,
2. all the quadratic subfields k; contain units of norm —1 and Ex = Ej, Ey, Ej,.

Remark 2.1. The theorem above was given by C. Bennett Setzer in [10]. It presents
the first cohomology group of units of the real biquadratic number fields K. For the proof of
the theorem above, the reader refers to see the proof in [10, Theorems 4,5,7]. Note that the
theorem above is mentioned by Zantema in [3, Section 4, p. 14,15], also it is mentioned in [6].

Now we give a well-known proposition in the notion of Pélya group and field (see |5,
Proposition 2.3]).

Proposition 2.1. The group Po(L) is trivial if and only if one of the following
assertions is satisfied:

1. the field L is a Pdlya field,
2. all the ideals T[,(L) are principal,
3. the Or -module Int(Op) has a regular basis.

Zantema gave the following proposition which connects the first cohomology group of units
of a number field L with the Pélya group of L in a Galois extension.

Proposition 22(see[3]). Let L/Q be a Galois extension and dy, be its discriminant.
Denote by e, the ramification index of a prime number p in L. Then, the following sequence
18 ezxact

1— Hl(GL, EL) — EBp‘dLZ/epZ — Po(L) — 1.

In particular, |H'(Gr, Ep)||Po(L)| = 1,4, €
Hence, we get the following result.

Corollary 2.1. L is a Pdlya field if and only if |H (G, Er)| = H ep-

pldr,
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Proposition 2.3 (see[l1]). Let K = Q(vdy,Vdy). Let ¢ be the fundamental unit
of Q(v/d;), i =1,2,3. Let Ex be the unit group of K over Q. So, we have the following
possibilities for a system of fundamental of units of Fi :

1. €€, €,

Vi, €, € with Ne; =1,
- V€, /€, €& such that Ne; = Nej =1,

L e

4. \J€€j, €5, €, such that Ne; = Nej =1,
5. \[€€j,\/€k,€; where Ne¢; = Nej = Ne =1,
6. /€€, €€k, \/ex€i where Ne; = Ne;j = Nep =1,

\/€i€€k, €5, €, where Ne; = Nej = Nep = 1,
E€i€k, €, € with Ne; = Ne; = Nep = —1, where {e;, ¢, e} = {€3, €1, €2}
Proposition 24 (see[11]). Let k = Q(v/d) such that Ne =1 and let A denote the

square-free part of the positive integer N(e +1). Then XA > 1, X divides the discriminant of
kE, X#d, and v )Xe € k.

o N

3. The Pdlya Groups of The Real Biquadratic Fields K = Q(y/lmq, vIms)

In this section, we are going to determine the Pélya groups of the fields K. Firstly, we need
to give the first cohomology group of units of K.

3.1. The structure of the first cohomology group of units of K = Q(vImy, Vims)
Proposition 3.1. Let K = @(\/31,\/32) such that dy = lm; and dy = lmsy are

square-free integers with | > 1 and gcd(my,me) = 1. Let €,€65 and e3 be the fundamental
unit of Q(v/dy), Q(vdy) and Q(v/ds) with ds = mymsy respectively, and let Ne; = Neg =
Nes = 1. Let A\, A\ and A3 be the square-free part of N(e; + 1), N(ea+1) and N(es+ 1)
respectively. Then, we have the following results:

1. (/&€& € K if and only if either [A\i o] = [lmy], [lms] or [mims], or Ay = Ay =1,

2. J&es € K for j =1 or 2 if and only if either [NjAs] = [Imy], [Ima] or [mimy], or

>\j = )\3 =1m;,
3. Jaees € K if and only if either [AXaAg] = [lma], [Ima] or [mims], or [AiXs] = [As].

Proof. Let k; = Q(\/d;) such that Ne; =1 for i =1,2,3 and let )\; be the square-free
part of the positive integer N(e¢; + 1) for ¢ = 1,2,3. Recall that [Im4], [lms] and [mima] is
the class of Imy,lms and mymsy in Q*/Q*? respectively. We start by the first equivalent.

1. (=), we use the contrapositive. We suppose that ([AjAa] # [Im4], [lms] and [myma]),
and (A # [ or Ay # ). We know that v/Ae; € k; and /Ayes € ky (see Proposition 2.4),
s0 VA1 hee162 € K and since ([AjAg] # [Imy], [Imso] and [myms]), and (\; # 1 or Xy # 1), so
Ve ¢ K. Reciprocally, we suppose either [A\j\o] = [Imq], [Ims] or [mims], or Ay = Ay =1,
and since we have /A€, € ki and A€y € ka. So, VAie1v/ aea € K and thus we get that
Ve € K.

2. As above the first assertion we get the second.

3. Lastely, ( = ) assuming that [AAoA3] # [lmy], [lme] and [myms], and [AjXs] #
[A3]. Since VA1 € ki, VAaeo € ko, and Azez € k3, 50 Ve aeaze3 € K. As we have
(A1 A2As] # [Imq], [lms] and [mams], and [AAo] # [As], so /e1&ze3 ¢ K. Now we suppose
either [A\Ao)3] = [Imy], [Ims] or [mimy], or [Mo] = [A3]. As Ve € by and v Ages € ko
and then v/)se3 € ks, thus we get that Veee € K. O
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Example 3.1. In the field K = Q(v/7-5,v/7-11), we have d; = 7-5 = 35, dy =
7-11 =77 and d3 = 5-11 = 55. The fundamental units are €; = 6 + /35, ¢, = %(9 +77),
€3 = 89 + 12¢/55 such that Ne; = Ney = Nes = 1. So, a; = 2(z; +1) =2(6 +1) =27,
az =2(x2+1) =2(2+1) =11, a3 =2(89+1) =2-90 = 22-3%-5. And thus we have \; =2-7,
A2 = 11, and then X3 = 5. By Proposition 2.4, we get that +/2-7e; € ki = Q(/7-5),
V1les € ky = Q(v/7-11) and /Bey € ks = Q(v/5-11). So, y/1leay/Bes = V11 -5 /6265 € K,
as we have AA3 = 11-5 = d3, then /6363 € K.

Remark 3.1. Let k3 = Q(y/mims) and €3 be the fundamental unit of k3 with
Nes =1. Let A3 be the square-free part of the positive integer N(e3 + 1). Since A3 > 1,
A; divides the discriminant of k3, A3 # mima, and Asez € ks = Q(\/mima), so /&3 ¢ K.
Similarly, we find that /e; ¢ K and \/e; ¢ K.

Let K = Q(\/&l,\/ag). We know that when we have either Ne; # Ney = Neg = 1,
Nes # Ney = Neg = 1, or Neg = Neg = Neg = 1 so we can have ey = 4 or ey # 4.
In the lemma below, we give H'(Gg, Ex) the first cohomology group of units of K such
that ey # 4, i. e., the prime 2 is not totally ramified in K/Q. We mention here that when
Ne; = Neg = Nes = —1, Neg = Neg = —1 # Neg = 1, Ne; # Ne;j = Neg = —1, with
j#1=1,2, and Ne; = Neg # Neg = —1, we always have ey # 4.

Lemma 3.1. Let K = Q(\/El,\/ag) such that dy = lmy and dy = Ilmy are square-free
integers with | > 1 and ged(my,mse) = 1. Then
1. HY Gk, FEx) ~ (Z/2Z)*, when Ne; = Nes = Nes = —1 and \/ejez€3 € K.
2. HY (G, Ex) ~ (Z/27)3, when
(a) Ney = Neg = Nes = —1 and \J/ei6ze3 ¢ K,
(b) Ney; = Ne; = —1, Nez =1,
(¢) Nej # Nep = Nes = —1, for j#ke{1,2},
(d) Nepx = Nea =1, Nes =—1 and \Jeie; € K, or
(e) Nep# Nej = Nes =1 and \Jeje5 € K, j#k € {1,2} such that ex # 4,
(f) Nepx = Ne; = Neg =1 and /e, € K and \Jejes € K and /éxe5 € K such that
ey # 4.
3. HY Gk, Fx) ~ (Z)2Z)*, when
(a) Nep = Nea =1, Nes =—1 and \Je16; ¢ K,
(b) Nep # Nej = Nes =1 and \Jejes ¢ K, j#k € {1,2} such that e; #4 or

(C) N61 = N€2 = N€3 =1 and \/€E1€2 € K, \/€E2€3 € K, \/€1€3 € K, or /€1€2€3 € K
such that ey # 4.

4. HY(Gk,Ex) ~ (Z/2Z)°, when Ne; = Ne; = Nez = 1 and \Jejea ¢ K, (Jeze3 ¢ K,
Veres ¢ K, and /éjezez ¢ K such that ey # 4.

P roof. Recall that A, Ay and A3 be the square-free part of N(e;+1)=ay, N(ex+1)=as
and N(es + 1) = a3 respectively, such that Ne; = Ney = Neg = 1. Let [a1], [az], and
las] be the class of aj,a; and a3z in Q*/Q*? respectively, so [ai] = [A\i], [as] = [Xo], and
las] = [A3] where Ne; = Nes = Nez = 1. We know that H is the subgroup of Q*/Q*?
generated by the images of dy,ds,ds,a;,as and az with dy = Imy, dy =Imy and ds = mims.
In the following we study in Q*/Q*? whether [Im4], [Ims], [mims], [a1], [as], and [as] are
linearly independents. Note that [mims] belongs to the subgroup generated by [lm;] and
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[Ims] in Q*/Q*2, in other words [mimy] € ([lm4],[lms]). We refer the reader to see the proof
of the theorems A, B,C, and D in [6] since in the following we do the same process to give
ik (GK, EK)

When Ne; = Neg = Neg = —1, we get that [a;] = [as] = [as] = 1. And thus, [Im]
and [lmy] are linearly independents, i. e., ([lmy], [lmy]) ~ (Z/2Z)*. As the three fundamental
units with negative norm. Then, by Kubota [11], we have either Ex = (—1,¢€1,€,€3) or Ex =
(—1,€1, €, \/€162€3) is the group of units of K. Thus, we will distinguish the two following
cases.

e When /€165 € K, which means that we have Ex = (—1,€1, €, /€162€63). So, by
Theorem 2.1, we get that H'(Gg, Ex) ~ H ~ (Z/27)>.

e Otherwise, i. e., /616265 ¢ K, then Ex = (—1,€1,€,€3). On the other hand, we know
that Ey, = (—1,€¢1), Ep, = (—1,€) and then FEjy, = (—1,€3). Therefore, Ex = Ex, Ey, E,.
So, using the Theorem 2.1, we get that H'(Gy, Ex) ~ H X Z/27 ~ (Z/27)3.

When Ne; = Nes = —1 and Neg = 1, then [a1] = [as] = 1. Now we have to check whether
[a3] belongs to the group generated by [lm;] and [lms]. By Proposition 2.4 we have A3 > 1 and
A3 # mimg = d3 and then A3 divides di,. Therefore, we get that [a3] = [A3] & ([Im], [Ima])
and thus H'(Gg, Ex) ~ H ~ (Z/27)>.

Assuming Ne¢; # Ne, = Nes = —1 such that j # k = 1,2. Then, [ay] = [as] = 1. As
above, the second assertion, we get that H'(Gy, Ex) ~ H ~ (Z/27Z)3.

When Ne; = Neg = 1 and Nes = —1, so [ag] = 1. Thence, we have to verify whether
[Im1], [Ims], [a1], and [ag] are linearly independents or not. As Ne; = Nes = 1. Then, we have
to distinguish the following cases.

e When /€163 € K (note that we have Ex = (=1, /€162, €2, €3) see Proposition 2.3). So,

according to Proposition 3.1, we have either ([a;] = [as] = [I]) or ([a1as] = [Im4], [Ims] or
[myms]). Note that, we have \; > 1, \; # Im;, and \; divides d;, for j = 1,2. So, we
get both [a1] = [A\1] and [as] = [Ao] are not in ([lmy], [lms]). Thus, we obtain that [a;] €

([lm1], [lms], [ax]) with j # k = 1,2. Then, by the Theorem 2.1, we get that H'(Gg, Fx) ~
H =~ (7)27.)%.

e Otherwise, i. e., \/eies ¢ K (note that here we have EFr = (—1,€1,¢€2,€3)), so we
have ([a1] # [I] or [ao] # [l]) and ([aras] # [lma],[lmo] and [myms]). Hence, [a;] ¢
([lmy], [Ilma), [ar]) for j #k=1,2. So, HY(Gk, Ex) ~ H ~ (Z/27)*.

Let Nep # Ne; = Neg =1, for j # k = 1,2 such that ey # 4. Then, [a;] =1 and thus
we have to see whether [lmy], [Imo], [a;], and [as] with j = 1,2 are linearly independents.
As above, the fourth case, we get that H'(Gk,Ex) ~ H ~ (Z/2Z)* when ,/€jés € K with
j = 1,2. Otherwise, we get that H'(Gg, Ex) ~ H ~ (Z/27)*.

Suppose Ne; = Nea = Neg = 1 such that ey # 4. Then, we have to check if [Im4], [Ims], [a1]
las] and [ag] are linearly independents. Therefore, we have to distinguish the following cases.

e When /616; € K. As above, (the fourth case) , we get that [a] € ([Im4], [Imo],[a;])
with j # k = 1,2. We know that [a3] = [As] & ([lma],[lma]). As we are in the case of
Vae € K, (i e, Ex = (—1, /a6, 6,¢€3) ) so (/63 ¢ K with j = 1,2. Hence, we get that
(laj]las] = [A\][As] # [Imy] and [mims]), and ([a;] # [m;] or [as] # [my]) for j =1,2. Asa
result, we have [a3] € ([lm4], [Ima), [a;]) and thus H' (G, Ex) ~ H ~ (Z/27)*.

e When /Gé; € K for j € {1,2}, as above, we get that H'(Gk, Ex) ~ H ~ (Z/27)*.

e When ,/eie3¢5 € K, (note that we have Ex = (—1,€1,€2, (/€1€263) see Proposition
2.3). So, we have either ([a1][as]as] = [M][A2][As] = [Imi], [Ima] or [mims]), or ([ai][az] =
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[M][A2] = [as] = [As]). We know that, [ai], [as][as] € ([Im4], [Ims]). Note that /ejes ¢ K and
€263 ¢ K (since Ex = (—1,€1, €, (/€162€3) ), s0 [ag] & ([lma], [Imo], [ag]) with k= 1,2, but
las] € {[Im1],[Ima],[a1], [a2]). So, HY Gk, Ex) ~ H ~ (Z/27)*.

o Otherwise, i. e., \Je16263 € K, Je162 ¢ K, \Jfe1e3 ¢ K, and /eze5 ¢ K in other words
Ex = (—1,e1,€9,€3). As a result, we get that [Im4], [lms], [a1], [a2] and [a3] are linearly
independents. So, H'(Gy, Ex) ~ H ~ (Z/27)°.

When Ne; = Ne; = Neg =1 and (/e16; € K and (/e1e3 € K and /e3e3 € K such that
es # 4 (here we have Ex = (—1, /€162, /€263, \/€1€3) see Proposition 2.3). Now we verify if
[Im1], [Ims], [a1], [as] and [as] are linearly independents. We know that when ,/e1€; € K, then
lax] € ([Ima], [Imy], [a;]) with j # k = 1,2 and when /€jé5 € K so [as] € ([Imi], [Imy], [a]),
j=1,2. Thus, H(Gk,Ex) ~ H ~ (Z/27)>. O

In the following we give some examples of H'(Gg, Ex) such that ey # 4.

Example 3.2. In this example we use the same field K = Q(\/7_5, \/W) of
the Example 3.1 (we recall that ey # 4). Since we have Ne; = Nes = Neg = 1, then
HYGg,Ex) ~ H ~ (Z/2Z)* or (Z/27)° (see the lemma above). As we have \; = 2 -7,
Ay = 11, and then A3 =5, and /ee3 € K (see the Example 3.1), then by the lemma above
we get that H'(Gy, Ex) ~ H ~ (Z/27)*.

Example 33 Let K =Q(3:-5-7,/3-5-11), where d; = 3-5-7 = 105, dy =
3:5-11 = 165, d3 = 7-11 = 77. Thus, we have & = 41 + 4105, e, = 1(13 + /165)
and then €3 = (9 + V/77) such that Ne; = Ne; = Neg = 1 and e, # 4. Hence, we have
4 =2 +1) =241 +1)=22-3-7, a3 =2(ws+1) =2(8 +1) =35, ag = a3+ 1) =
2(%+1) = 11. We have Ay =3-7, XAy = 3-5, and A3 = 11, thus we get that |/6e € K
(Aods =3-5-11 =dy). Then H'(Gx,Ex) = ([3-5-7),[3-5-11],[3 - 7], [3 - 5)) ~ (Z/2Z)*.

3.2. The Pdlya groups of the real biquadratic fields K = Q(v/Imq, v/Ims)

Theorem 3.1. Let K = Q(\/El,\/EQ) such that dy = lmy and dy = lms are square-free
integers with | > 1 and ged(my,my) = 1. Let t be the number of the prime divisors of dp.
So,

1. Po(K) >~ (Z/2Z)" 2, when Ne; = Ney = Neg = —1 and /16265 € K.

2. Po(K) ~ (Z/27)"3, when

(a) Ney = Neg = Ne3 = —1 and \Jereze3 ¢ K,

(b) Ney = Ne; = —1, Nez =1,

(¢) Nej # Nep = Neg = —1, for j#k e {1,2},

(d) Ney = Neg =1, Nes =—1 and \Jeje; € K, or

(e) Nep # Nej = Nes =1 and \Jeje5 € K, j#k € {1,2} such that ey # 4,

(f) Nepx = Nea = Nez =1 and (/6163 € K, \Je163 € K, \Jeze5 € K such that ey # 4.

3. Po(K) ~ E;_4, when

(a) Nex = Nea =1, Nes =—1 and /€163 ¢ K,
(b) Nep # Nej = Nes =1 and \Jeje5 ¢ K, j#k € {1,2} such that e # 4, or
(c) Net = Neg = Nes = 1 and \Jei6; € K, (Jee3 € K, \Jejes € K \Jere65 € K
such that ey # 4.
4. Po(K) ~ (Z/2Z)""°, when Ne; = Ne; = Neg = 1 and \Jej&a ¢ K, (Jfexe3 ¢ K,
Vee ¢ K and (Jereze5 & K such that ey # 4.
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Proof Wehave K = Q(\/El, \/32) such that d; = Imy; and dy = lmy are square-free
integers with [ > 1 and gcd(mq,ms) = 1. K is a Galois extension of Q with [K : Q] =4 and
dg is the discriminant K. We recall that e, is the ramification index of a prime number p in
K/Q and thus e; =1 when the prime 2 is not ramified in K/Q and e; = 2 when the prime 2
is ramified in K/Q. According to Proposition 2.2, we have |H'(Gk, Ex)||Po(K)| = 1,4, €-

Thus, |Po(K)| = m, where ¢ is the number of prime numbers dividing dx. Thence,
we have Po(K) ~ (Z/27)""% where s is satisfying (Z/27Z)* ~ H'(Gk, Ex). By the Lemma
3.1, we have when Ne; = Nes = Nes = —1 and \/e16z65 € K, then H' (G, Ex) ~ (Z/27)*.
Therefore, we get that Po(K) ~ (Z/27)" 2.

Similarly, as above, we deduce the other results of the theorem. O

4. The Pdlya Fields of The Real Biquadratic Fields K = Q(\/Imy, /Ims)

In this section, we aim to determine the Pélya fields of the real biquadratic fields of K =
@(\/31,\/32) such that d; = Imy; and dy = lmy are square-free integers with [ > 1 and
gcd(my,mg) = 1. Let p, p1,p2,p3, p4 and then p’ be the prime integers congruent to 1 (mod 4)
and let ¢, q1,q2,q3,qs and then ¢’ be the prime integers congruent to 3 (mod 4).

Since we are going to characterize the Pélya fields of K = Q(\/El, \/32) such that d; = lmy
and dy = Imsy. So, we need the discriminant of K over @Q which determined in [12] and [13]
by: di = (Imimsg)?, when (di,dz) = (1,1) (mod 4). And when (d;,d;) = (1,2), (1,3) or
(3,3) (mod 4) with ¢ # j € {1,2}, dx = (4lmymsy)?. In the following theorem we give the
Pélya fields of K in the cases of Ne; = Nes = Neg = —1, Neg = Neg = —1 # Neg =1, and
Ne; # Nej = Nes = —1, with j # i = 1,2. Note that in those cases we have ey # 4 and the
primes dividing d; = Im; and dy = Imsy are not congruent to 3 (mod 4). So, in the theorem
below [ must be congruent to 1 (mod 4).

Theorem 4.1. Let K = Q(\/gl, \/32) such that dy = lmy and dy = lms are square-free
integers with 1 > 1 and gcd(my,ma) =1 and put j # k € {1,2}.
We assume Ne; = Nes = Neg = —1. Then, K is a Polya field if and only if one of the
following assertions is satisfied:
1. d;i=1Ip1 and dj = lpy, with | = p,
2. d; =1Ilpy and d;j =21, with | = p.
Now we assume that Ney = Ne; = —1, Nez = 1. So, K is a Pdlya field if and only if one
of the following assertions is satisfied:
1. di =Ip1 and d; = lpy where | = p,
2. d; = Ip1 and d;j =21 where | = p.
We suppose that Ne; # Ne; = Nes = —1. So, K is a Polya field if and only if one of the
following assertions is satisfied:
1. di=Ip1 and d; = lp,,
2. d; =Ilp1 and d; = 21,
3. dj =Ip; and d; = 2l,
where in the three items above we have | = p.

P roof. Weknow that, K isa Pdlya field if and only if Po(K) is trivial. By the Theorem
3.1, we have the following cases.

(i) When Ne; = Ney = Neg = —1 and /1663 € K, then Po(K) ~ (Z/2Z)""* where t
is the number of prime divisors of dg, and thus K is a Pdlya field if and only if ¢ = 2. Note
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that this case can not occur because ¢ must be > 3. On the other hand, when ,/e16z¢5 ¢ K,
so Po(K) ~ (Z/27)"73. So, K is a Pélya field if and only if ¢ = 3. Hence

e We suppose (d;,d;) = (m;,m;) = (1,1) (mod 4), then by Williams [12] we have dy =
(Imyms)?. Thence, K is a Pélya field if and only if d; = lp; and d; = Ip, with [ =p =1
(mod 4).

e Now we suppose (d;,d;) = (m;,m;) = (1,2) (mod 4), then dr = (4dlmyms)?. So, K is
a Pélya field if and only if d; = lpy, d; =2l with [ = p.

(ii) When Ne; = Neg = —1 and Neg = 1, then Po(K) ~ (Z/27Z)"3. Thus, K is a Pélya
field if and only if ¢ = 3. When (d;,d;) = (m;,m;) = (1,1) (mod 4), we get the item 1, and
when (d;,d;) = (m;,m;) = (1,2) (mod 4), we have the item 2.

(iii) When Ne; # Ne; = Nes = —1 with ¢ # j € {1,2}, then Po(K) ~ (Z/2Z)" 3.
Hence, K is a Pélya field if and only if ¢t = 3. When (d;,d;) = (m;, m;) = (1,1) (mod 4), we
get the item 1 and when (d;,d;) = (m;,m;) = (1,2) (mod 4), we obtain 2. And then when
(dj,d;) = (mj,m;) = (1,2) (mod 4), we have 3. O

In the following theorem, we give the Pélya fields of K in the case of Ne; = Neg # Neg =
—1. We mention here that ey # 4.

Theorem 4.2. Let K = Q(\/El, \/82) such that dy = lmy and dy = lms are square-free
integers with | > 1 and ged(my,ma) =1 and put j # k € {1,2}. Let Ne; = Neg # Neg = —1.

We suppose \/eie; € K. Then, K is a Pdlya field if and only if one of the following
assertions is satisfied:

1. d; =Ilp1, d; = lpy, where | = p,

2. d; =lp1, dj =2l, where | =p.

Otherwise, i. e., \/eres € K. Then, K s a Polya field if and only if one of the following
assertions is satisfied:

1. d; = lpips, dj = lps, where | = p,

2. d; = lpipa, d;j =21, where | = p,

3. d;y = lp1, dj = 2lpy, where | = p,

4. di =1Ipy, dj =lpy, where | =pp',

<

5. d; =lpy d; =2l where | =pp'.

P roof By the Theorem 3.1, we have the following cases.

(i) When Ne; = Ney # Nes = —1 and (/163 € K, then Po(K) ~ (Z/2Z)"~* where t is
the number of prime divisors of dx. So, K is a Pdlya field if and only if we have either the
item 1, or 2.

(i) When Ne; = Ney # Neg = —1 and (/€163 ¢ K. Then, Po(K) ~ E;_4. So, K is a
Pdélya field if and only if t = 4.

e When (d;,d;) = (1,1) (mod 4). So, K is a Pélya field if and only if d; = Ipip> d; = lps
such that [ = p. When [ = pp/, we get the item 4.

e Now when (d;,d;) = (1,2) (mod 4), we get the other items of the theorem. O

Let K = Q(\Vdy,Vdy) , di = Im; and dy = Imy such that Ne; # Ne; = Neg = 1, for
i # 7 € {1,2}. Note that in this case we can have either e; =4 (since we can have (d;,ds) =
(2,3),(3,2) (mod 4)) or ey # 4 (since we can have (dy,d2) = (1,1),(1,2),(2,1),(1,3),(3,1)
(mod 4) ) note that (dy,ds) # (3,3) (mod 4) since Ne; # Nej, with ¢ # j € {1,2}. In the
following theorem we give the Pélya fields of K where e; # 4. As we have N¢;# Nej= Neg= 1,
for i # 5 € {1,2} and [ dividing d; and ds, then the divisors of [ are =1 (mod 4).
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Theorem 4.3. Let K = Q(\/El,\/ag) such that dy = lmy and dy = Ims are square-free
integers with | > 1 and gcd(my,me) = 1. Let Ne; # Nej = Nes =1, for i # j € {1,2} such
that e # 4.

Assuming \/fe€je3 € K, j=1,2. So, K is a Pdlya field if and only if one of the following
assertions is satisfied:

1. di=lpy, d; = Ilpo,

2. di =lIp, dj =2l

3. dj =lpy, d; =2I,

where in the three items above we have [ = p.

Otherwise. Then, K 1is a Polya field if and only if one of the following assertions is satisfied:
d; = lpip2 and d; = lps,

d; =Ipy and dj = Ipaps or lqiqe,
d; = Ipip2 and d; = 2,

d; = lpy and d; = 2lp, or 2lg,
d; = lpips or lqiqz and d; = 2,
d; = lp1 and d; = 2lp,,

NS T o =

di = lpl cmd dj = lql,
where in the items above we have [ = p,

o

d; = lpy and d; = lp,,
9. di=1Ipy and d; = 2,

10. dj =lpy and d; = 21,

such that 1 = pp'.

Proof We know that, when N¢; # Nej = Neg = 1 such that ey # 4, for i # j €
{1,2}, then we have (d;,d;) = (1,1),(1,2),(2,1),(1,3) (mod 4). By Theorem 3.1, we have the
following cases.

(i) When Ne; # Nej = Neg = 1, and /g3 € K such that ey # 4 with @ # j € {1,2}.
Then, Po(K) ~ (Z/2Z)"73. So, K is a Pdlya field if and only if ¢ = 3. Therefore, when
(di,d;) = (1,1) (mod 4) we get the item 1 and when (d;,d;) = (1,2) (mod 4) we have the
item 2, lastly when (d;,d;) = (1,2) (mod 4) we obtain the item 3.

(ii) When Ne; # Nej = Nez = 1 and | /gje3 ¢ K such that ey # 4 with @ # j € {1,2}.
Then, Po(K) =~ (Z/27)"=*. Thence, K is a Pélya field if and only if ¢ = 4.

e When (d;,d;) = (1,1) (mod 4), then dx = (Imymsy)*. When [ = p, so K is a Pdlya
field if and only if either d;= lp1ps, dj= lps or the item 2. When [= pp’, we have the item 8.

e We suppose that (d;,d;) = (1,2) (mod 4). If { =p thus K is a Pélya field if and only
if we have either the item 3, or 4. When [ = pp/, we get the item 9.

e When (d;,d;) = (1,2) (mod 4). When [ = p, we have either the item 5, or 6. And when
[ = pp/, we obtain the item 10.

e Lastly, when (d;,d;) = (1,3) (mod 4), we get the item 7. O

Consider K = Q(v/dy,V/dy), dy = Imy and dy = lmy such that Ne; = Ne; = Neg = 1.
Under the condition of the norm, we can have either ey # 4 or ey = 4. In the following
theorem we give the Pélya fields of K where Ne; = Ne; = Nez = 1 and /616, € K and
Vées € K and (Jejes € K (i e, Ex = (—1, /€162, /€263, \/€1€3) ) such that ey # 4. As we
have Ne; = Neg = Neg =1, so [ can be =1 (mod 4) or =3 (mod 4).
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Theorem 4.4. Let K = Q(\/El,\/ag) such that dy = Imy and dy = Imy are square-free
integers with 1 > 1 and ged(mi,my) = 1. Let Ne; = Ne; = Nez = 1 and \/e16; € K and
Vees € K and \/eres € K such that ey # 4. Then, K is a Polya field if and only if one of
the following assertions is satisfied:

1. d; = lp1, dj = lpy, where | = p,

2. d; =lq1, dj =lga, where | =g,

3. d;y = lp1, dj =2l, where | = p,

4. dj =lq, dy =2l, with | = q.

Proof As we have Ne; = Ne; = Nes = 1 and /ee; € K and /e3¢5 € K and
Veéies € K such that ey # 4, so by Theorem 3.1 we have Po(K) ~ (Z/2Z)'"*. Hence, K is
a Poélya field if and only if ¢ = 3. Therefore, when (d;,d;) = (1,1) (mod 4), we know that
dx = (Imimsy)? and thus we get the items 1, 2. And when (d;,d;) = (1,2) (mod 4), we have
dx = (4lmymsy)? and thus we get the items 3, 4. When (d;,d;) = (1,3) or (3,3) (mod 4),
i#j=1,2 s0 dg = (4lmimsy)? and since t = 3 we find that these cases can not occur. ]

Let K = @(\/81, \/32), dy = Im; and dy = lms. In the two following theorems, we give
the Pdlya fields of K such that Ne; = Nes = Neg = 1 and ey # 4. We recall that since
Ne; = Neg = Neg =1, so | can be =1 (mod 4) or =3 (mod 4).

Theorem 4.5. Let K = Q(\/El,\/EQ) such that dy = Imy and dy = Ims are square-free
integers with | > 1 and ged(my,mg) =1 and put j # k € {1,2}. Let Ne; = Neg = Neg =1

and \/e1e5 € K, \Jeze3 € K, Je1e3 € K or \[ejeses € K such that es # 4. Then, K is a
Polya field if and only if one of the following assertions is satisfied:

1. di = lpips or lgigx and d; = lps,
2. di = lpips or lqiqa and d; = 21,

co

d; = lpy and d; = 2lp, or 2lg,

~

di = lpl and dj = lql,

Ra

di = lql and dj = ZQQ,
where in the items above | = p,

S

d; = lpy and d; = lp,,
7. d; =Ipy and d; = 21,
where | = pp'.

8. di =lq1 and d; = lpgs,
9. di =lq and dj = lp,
10. d; = Ilp1q1 and d; = 2,
11. d; =gy and d; = 2lp or 2lq,,

12. d; = Ip1 and d; = lps,
such that | = q,

13. d; = lp1 and d; = lps,

14. d; =1Ipy and d; = 21,
where | = qq,

15. di =g and dj = lgo,

16. d; = lg and d; = 21,

where | = pq.
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P roof. According to the Theorem 3.1, we have when Ne; = Nes = Neg = 1 and (/e1e5 €
K, \Jee; € K, \Jere3 € K or \Jeezes € K such that ey # 4. Then, Po(K) ~ (Z/2Z)"*.
Hence, K is a Pdlya field if and only if ¢ = 4.

We suppose that (d;,d;) = (m;,m;) = (1,1) (mod 4), then we have dx = (Imymz)?. When
l = p, then K is a Pdlya field if and only if either d; = lp1p, or lqig> and d; = Ips. When
l=pp', then d; =1lpy, dj =Ipy. If I =q¢, so d; =1Ip1, dj =Ips.

When (d;,d;) = (1,1) (mod 4), (m;,m;) = (3,3) (mod 4). So, we get that d; = lgi,
d; = lpgs such that [ =¢q. When [ = pg, so we have d; = lq1, d; = lqgs.

Assuming (d;,d;) = (1,2) (mod 4), then dx = (4lmims)?.

e When [ =p and m; =2, then d; = lp1ps or lqiqa, d; = 2l. Now for m; = 2p,, 2¢2 so
d; = lp1, dj = 2lps, 2lq.

o We assume [ = pp/, so d; = Ilp;, d;j =2l. When [ = qq’, we get d; = Ip;, d; =2l. And
when [ = pg, we obtain d; = lq;, d; = 2l.

e When [ = ¢ and m; = 2, then d;, = Ip1q1, d; = 2l. For m; = 2p, 2q2, so d; = lq,
d; = 2lp, 2lgs.

We suppose that (d;,d;) = (1,3) (mod 4), then dy = (4lmymy)*. For [ = p, then d; =
Ipr dj =lqi. When [ =gq, so d; =1q d; =Ip:.

When (d;,d;) = (3,3) (mod 4), i # j € {1,2} then dy = (4lmyms)*. When [ = p, thus
di =g dj =lg. If | =¢q, so d; = lpy, d;j = lps. As we have ey # 4, then (d;,d;) not
congruent to (2,3) (mod 4) for i # j =1,2. O

Example 4.1. Let K = Q(/7-5,v/7-11). We have Ne; = Nes = Neg = 1, and
Vées € K and ey # 4 (se Example 3.1). We have | =7 =3 (mod 4) and 5 =1 (mod 4)
and 11 =3 (mod 4). So by the item 9 of the theorem above, we get that K is a Pdlya field.

Theorem 4.6. Let K = Q(\/al, \/32) such that dy = Imy and dy = lms are square-free
integers with | > 1 and ged(my,mq) = 1 and put j # k € {1,2}. Assuming Ne; = Ney =

Nes =1 and \Je16s ¢ K, \Jeaes € K, \Je1e3 ¢ K and \/e1ésez ¢ K such that ey # 4. Then,
K is a Polya field if and only if one of the following assertions is satisfied:

1. d; = Ipipy or lqiqe and d; = Ip3ps,

2. di=lpip> or lqiqe and dj = lgsqa,

3. di = Ipipaps or lqigepr and d; = lpj,
4. d;i = Ipipaps or lgigopr and d; = 21,

5. di = lpips or lgigs and d; = 2lp,,

6. di =Ipips or lgigs and dj = 2lgs,

7. di = lps and dj = 2lp1ps, 2Ip1q1, 21q1e,
8. d;=Ipiq1 and d; = lgs,

9. di =lq1q2 and d; = lgs,

10. d; = lpips and d; = lq,

~
~

. dy =Ip1 and d; = lpsq,
where in the items above we have | = p,
12. d; = lp1q1 and dj = lpaqo,
13. d; =lq1 and d; = Ip1p2qe, 1q2q3q4,
14. di =Ipip2 and d; = lps,
15. di = lq1q2 and d; = lpx,
16. d; = lqipr and d; = lps,
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17. d; = lq and d; = Ipip2, lq1qo,
18. d; = Ip1p2qu, lqiqeqs and d; = 21,
19. dz = lplql and dj = 2lp2, 2ZQQ,

20. di =lq1 and dj = 2Ipip2, 2Ip1q2, 2lq2qs,
where | = q,
21. d; =lq: and d; = g,
22. d; = Ipy and d; = lq,
23. d; =1Ipy and dj = Ipaps, lq1q2,
24. d; = lpy and d; = 2lp,, 2lq;,
25. d; = lpip2, lqiqe and d; = 21,
where | = pp/,
26. d; =lIpy and d; = lpaps, lq1q2,
27. d; = lpy and d; = 2lp,, 2lq;,
28. d; = lpip2, lq1qe and d; = 21,
29. d; = lq1 and d; = g,
30. d; = Ilpy and d; = lq,
where | = qq,
31. di = Ip1qy and d; = lqo,
32. d; = lpy and dj = Ip,,
33. d; = lq1 and d; = lp,
34. d; = lprqy and dj = 21,
35. d; =lq1 and d; = 2lqq, 21lp;,
such that | = pq,
36. d; = lpy and d; = Ip,,
37 d; = lpy and d; = 21,
such that | = pp'p},
38. d; = lpy and d; = Ip,,
39. d; = lpy and d; = 21,
where | = qq¢'p,
40. di =lq1 and dj = lqo,
41. di =lq1 and d; = 21,
where | = pp'q or q4'q;.
Proof. According to the Theorem 3.1, we have Po(K) ~ (Z/27)"5. Thence, K is a
Pélya field if and only if ¢ = 5.
We suppose (d;,d;) = (m;,m;) = (1,1) (mod 4).
e When [ = p. Hence, we have either d; = Ipips, lqiq2, d; = Ipsps or d; = Ipips, lq1qo,
dj = lq3qs or d; = lp1paps, lq1qapr, dj = Ip}.
If | =pp/, then d; =Ip1, d; = lpsps, lq1go.
When [ = qq’, so d; = lp1, dj = lpops, lq1¢e.
If | =pp'p), therefore d; =Ip1, d; = lp..
Now for [ = q¢'p, thus d; = lpy, d; = Ilp,.
When (d;,d;) = (1,1) (mod 4), (m;,m;) = (3,3) (mod 4).
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e When [ = ¢, so we get either d; = Ip1q1, dj = lpage or d; = lq1, dj = Ipip2q2, 1g2q3a.
If [ = pg, then we have d; = Ipiqi, d; = lge. If | = pp'q or qq'q}, we get that d; = lqi,
d; = lga.

Assuming (d;,d;) = (1,2) (mod 4), then dx = (4lmyms)*.

e When [ = p and m; = 2. So, K is a Pdlya field if and only if d; = Ipipaps, lq1qepa,
d; = 2l. For m; = 2p,, 2q2 we get either d; = Ipips, lqigs, d; = 2lpy or d; = Ipips, lq1gs,
d; = 2lgs. For m; = 2p1ps, 2p1qi, 2q1q2, we obtain d; = lps, d; = 2lpips2, 2lp1q1, 2lq1qo.

e We assume [ = pp’, then we get that either d; = Ip1, d; = 2lps, 2lgy or d; = Ip1p2, g1,
d; = 2l.

e When [ = ¢q¢, then we get either d; = lpy, d; = 2lps, 2lqy or d; = Ipipa, lq1ge, dj = 2L

o If [ =pp'p), then d;, =Ip,, d; =2l

e When [ = ¢q¢'p, thence, d; = Ilp;, d; =2l.

When [ = ¢ and m; = 2, so d; = Ipip2qu, lq1qaqs, d; = 21. For m; = 2p,, 2q2, we
get that d; = Ipiqn and d; = 2Ips, 2lqa. For m; = 2pips, 2p1q1, 2q1q2 so d; = lg; and
dj = 2lp1p2, 2lp1q2, 21q2qs.

e We assume [ = pg, then we get that either d; = Ip1qi, d; = 2l or d; = lq1, d;j =
2lqs, 2lp;.

e When [ = gpp’ or ¢¢'¢}, so d; =lq:, d; =2l.

We suppose that (d;,d;) = (3,3) (mod 4), then dr = (4lmims)?.

e When [ = p, thence d; = lp1q1, d; =1g2. When [ =pp’, we get d; =lg1, d; = lg.

e For [ =¢q, so di = Ipips, dj =lps or d; = lqiqe, d; = Ip1. If | = q¢/, then we get
d; = lq1, dj = lgo.

e When [ = pg, we get that d; = Ip;, d; = Ips.

We assume that (d;,d;) = (1,3) (mod 4). So, dx = (4lmyms)*.

e We put [ = p, thus we have either d; = lqiq2, d;j = lgz or d; = lpip2, dj = lq1 or
d; =1lp1, dj =Ilpaq;. When [ =pp', we get d; =Ip1, dj =lg.

o Welet [ =g, so d;=Iqp1, d;j =Ipy or d; =lq1, dj =Ip1p2, l1qo. If | = qq, then we
get d; = lp1, d;j =lq.

e When [ =pq, then d;, =lq, d; = Ilp:. n
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Amnnoramusa. B crarbe Berauciiena cTpykTypa saapa u kosapa 3agaqdn [sapra gisa J -anaan-
Tuyecknx YHKIWIA, 3a7aHHbX B sjumice D c rpamuneit I'. 3amaga [IIBapra cocrour B Ha-
XOXKJIEHUHN J -aHAJIUTUIECKON B 3jumuiice D (DyHKIUMU 110 M3BECTHOMY 3HAYEHUIO €€ PeasibHOM
qactn Ha I'. B maparpadax 1 m 2 mpuBeaeHa MOCTAaHOBKA 3aJa49M, a TaK»Ke M3YUEHO ee pe-
IIeHne T CIennaabHoM mpaBoit vactu. B maparpade 3 n3moxkeHbl He0OXOIUMBIE CBEICHUS U3
onnoii padorel A. II. Conparosa. B naparpade 4 mocrpoeno pemienne coro3Hoii 3amaun Isapia
JJIsT cUeluaJbHON npaBoil yactu. Ha ocHoBanmm 3TuX pe3ysbTaToB B naparpade 5 BbIUHCIIe-
HBI AP0 U Kosizipo 3amadn [IIBapra. CxemMa X BBIYUACIEHUS KPATKO ONMCAHA B HAYAJIE TSTOTO
maparpada. 3arem B TeopeMax 5.1-5.6 manHas cxema peajim3oBaHa. [Ipm 5TOM HCIOIB30BAHBI
BBEJIEHHBIE ABTOPOM IIOHSITUSI TEOPETUYECKON M aJTOPUTMUYECKON Pa3PEInMOCTH CIEIUAJb-
noii 3agaun [lIBapra. Takxke ncnosib3oBaH MeTo MaTeMaTndecKoil muAyKnun. [lokasano, aTo
Anpo u Kosapo 3agadn llIBapiia B 2/umMIICE COCTOSIT TOJBKO U3 BEKTOP-TTomHOMOB. Omnucana
CTPYKTYpAa siJpa U KOsiJ[pa B TEPMUHAX PAHIOB HEKOTOPBIX BEIECTBEHHBIX MATPWIL, 3aBUCSIIUX
ot marpuipl J u wiunca . B Konie crarbm npuBeneH npuMep BBIYHCIIEHUS SAPA 331a9H
[IBapma B ssuHIICe /TSt ABYMEPHONH MATPUIBI J € KPATHBIM COOCTBEHHBIM UHCJIOM.
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On the structure of the kernel of the Schwarz problem
in an ellipse in the general case
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Abstract. The paper calculates the structure of the kernel and co-kernel of the Schwartz
problem for J-analytic functions defined in the ellipse D with a boundary I'. The Schwartz
problem consists in finding a J-analytic function in the ellipse D by the known value of
its real part on I'. In paragraphs 1 and 2 the problem is formulated and its solution for
a special right part is studied. Paragraph 3 contains the necessary information from one paper
by A.P. Soldatov. Paragraph 4 constructs the solution of the Schwarz union problem for the
special right-hand side. On the basis of these results, paragraph 5 calculates the kernel and the
co-kernel of the Schwartz problem. The model of their calculation is briefly described at the
beginning of the fifth paragraph. Then in the theorems 5.1-5.6 this scheme is implemented. Here
the notions of theoretical and algorithmic solvability of the special Schwarz problem introduced
by the author are used. The method of mathematical induction is used as well. It is shown that
the kernel and co-kernel of the Schwarz problem in an ellipse consist only of vector polynomials.
The paper describes the structure of the kernel and co-kernel in terms of the ranks of some real
matrices depending on the matrix J and the ellipse I'. The paper concludes with an example
of calculating the kernel of the Schwarz problem in an ellipse for a two-dimensional matrix J
with multiple eigenvalue.
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BBenenue

UccnemoBanne KpaeBbIX 3aja4 JijIsl PA3JIMIHBIX KJIACCOB aHAJUTUIECKUX (DYHKIUH nMeer
JaBHIOK ucTopuio |1, 2] u B moc/egHre Tofbl PA3BUBAJIOCH B HECKOJBKUX HAIPABIEHUAX KAK
TEOPETHIECKOrO Xapakrepa [3,4], Tak ¥ ¢ TOUYKHN 3peHus UX NPUIOKEHUH K 3ajadam obredt
TeOpUH KpPaeBbIX 3aad Jiyid (1ceB o) anddepeHnuaabHbIX ypaBHenuii |5, 6].

Bazgata Pumana—T'misbepra |1, c. 264], |2, ¢. 140] o HaxoxieHnN aHAJIUTHYIECKOl B 061aCTH
D dyukmuu no 3ajiannomy Ha rpanuie [T 3T0it 06j1acTi 3HAYEHUIO ee BEleCTBEHHON dacTh
OTHOCHTCSA K OCHOBHBIM KpaeBbIM 3ajadaM. OJHUM U3 BO3MOXKHBIX €e 0000UIeHUil siBIsgeTcst
sagada [IBapra s anamuTudeckux 1o Jyrmmcy byHKOuil, crenpaabHblil caydail KoTopoii
paccMaTpuBaeTCs B HACTOsAIIEN pabore.

1. OcHOBHBIE ITOHATUS

Oupenmenenue 1.1 (em. [3]). [yers marpuna J € C™Y me umeer BerecTBeHHbIX
cobeTBenHbIX unces. Anamurudeckoil 1o lyrmucy (Avron Douglis), wim J-anamurudeckoit ¢
matpuiieit J HazbiBaeTcsd KomiulekcHad f-BekTop-byukima ¢ = ¢(z) € CH(D), ymoBiaeTBops-
tomasn B obsactu D C R? ypasuenuro

99 o9
——J - —=0, z=(v,y)€D. (1.1)
dy ox

Kaxk HerpyHO BujieTh, paBeHcTBO (1.1) ecTh KOMILIEKCHAS OHOPO/HAS crcTeMa uddepeH-
[UAJBHBIX YPABHEHUI B YACTHBIX MIPOM3BOJHBIX [IEPBOro mopsijika. B [3] mokazano, uto cucrema
(1.1) sBagteTcs smuntuaeckoii. OueBuIHBIM TpUMepOM QYHKINH, J -aHATUTHIECKO ¢ JTaHHOI

marpureit J, Gyaer eyt BEKTOP-MOJTMHOM CTEeHH 1 :
On(2) = (x4 JY) "+ (x+TyY) " tepr4 ...+ (x+Jy)cr+c, €CH k=n,...,1,0. (1.2)

Pacemorpum st cucremst (1.1) coemyroryto rparndnyio 3agady sapma [4,7,8].

ITycth Koneunas obnacts D C R? orpanudena riuajgkum kontypom I'. Tpebyercs naittu .J -
aHaUTHIeCKyto ¢ Marpureit J B obmactn D dbynkmmo ¢(z2) € C(D), a7 KOTOPOi BBITIOTHEHO
KpaeBoe YCJIOBHE

Rep(2)|, =¢(w), weT, (1.3)
rje rpaandHas {-BeKTop-dyHKIms 1) (w) :(wl (w),. .. ,wg(w)) € C(I') zanana.

Ounpenmenenne 1.2 (em. [4]). Bamaay [Bapra (1.3) 6yaem HasbBaTh 3ajadeii S.
Ecau 1(w) =0, To Gysem ropoputhb 06 ogHOpOHOMN 3a1a4e [TIBapia:
Re qﬁ(z)‘r = 0. (1.4)

Ouesnanabivu pemrennsavu 3aga9u (1.4) cayskar noctogunbie byakmma ¢(2) = ia, o € RY,
KOTOPbIE HA30BEM TPUBUAJIBHBIME PEIICHUSIMHU.

Onpenmenenune 1.3. dapom Ker S samaun IlIBapra S HasbiBaeTcsa JMHEHHOE IPO-
CTPAHCTBO pellleHuii OTHOPOHON 3ajaun (1.4).

Ho cymecTBytor Tak Ke M HENOCTOsIHHBIE PeleHusi o HOpoaHOo# 3agaqn (1.4). [Tpusemem
OJTMH TIpUMeEp TAKOTO PEIleHus], TOCTPOEHHBIN aBTOPOM.
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[ITpumep 1.1. Ilycts

J:(Ié 1.), ¢2<z>=< (952*992”). (1.5)

—i 722 + 9y? — 1 + 18zyi

Marpuna J B (1.5) umeer kparHoe cobcTBeHHOE YUCIO A = 3i. BeKTOP-TIOJIMHOM BTOPOii
creneHn ¢o(z) ecrb byHKIWs, J-aHaIuTHYeCKas ¢ JaHHON Marpuieir J — cormacuo (1.1).
Ipn stom Re ¢o(2)|. = 0 ma smmance T : 727 + 9y* = 1.

2. 3apaua IlIBapua B cnenuajbHOM BU/Ie

Onpegpgenenune 2.1. Bygem HasbBaTh 9JUIMIICOM KakK KpUBYI0 ' Ha IJIOCKOCTH, TaK
u obstactb D, orpanmdeHHy [', — B 3aBUCHMOCTH OT KOHTEKCTA.

Bagaay (1.3) 6ymem uzyuars B sumice ' = 0D ¢ nearpom B Hadase koopauuat. OH ompe-
JesisieTcst TpeMst mapamerpamu 1 > 0, 19 > 0, « € [0,27) u MoxkeT ObITh 3aJaH CIeyomeil
rapaMeTpusaIueii:

x(t) =rycosa-cost — rosina - sint =
(71 cos a + irg sin a) it 4 (1 cos v — irg sin «) it

.2 . 2 ’ (2.1)
y(t) =risina - cost +rocosa - sint =
_ (risina —227“2 oS v) it 4 (risina —erg COS v) it

B (2.1) ucnonnzosana dopmyita Ditnepa e = cost + isint.

, te[—mm).

Oupenmenenune 22 Beony ke gepes ¢, = ¢,(z) Oyuem obosnadarsh J -aHAJIUTH-
wecknii {-BekTop-nosmHOM creneHn n. Takxke ¢ yuerom (2.1) obosnatnm w(t) =(z(t),y(t)).

Paccmorpuwm 3as1auy IIBapia (1.3) B CJIEAYIOIEM CHelaJbHOM BHUE:
Re ¢n(2)]p = > r(w(t)) =Y vhult) = (1), (2.2)
k=1 k=1

Ve(t) = (w(t)) =(di1 coskt + djy sinkt, . .., dye cos kt + dj, sin k;t)T, (2.3)

riae dy,dy, € R. Pemenne 3amaau (2.2) 6ygeM ucKaTh B Buje BeKTOp-TosgnHOMa (1.2), mexos
U3 CJIEJLYIONIEr0 COOTHONICHHUS:

Re gbn(z)|F = Re [(x +Jy)"cn + ...+ (x+ Jy)o + CO’a:::v(t),y:y(t)i| = Z@Z)k(t) (2.4)
k=1

Oyukunn x = z(t), y=1y(t) B (2.4) ectb byuknun nepemennnix e, e~ B (2.1).

B pasencrse (2.4) HEM3BECTHBIMHU SABJIAIOTCA KOMILICKCHbIC BEKTOP-KOHCTaHTHI ¢ € CF,
k=mn,...,1,0. Jlusa ux onpesenenusi ¢ yaeToM (2.3) UMeeM CJIeIyIOIINe 8eUeCmEeHHvle AIred-
paudeckue 2¢ X 2{-CuCTeMbI:

Qn/c\n = Qp, Qn,l/c\n,l = Op—1y -y Qla = (, Re[co + C*} = O, Co, c* e (CZ’

(2.5)
Oék:(dkl,d;d,...,dkz, %K)E]R%, k=nn—1,...1.

B (2.5) uepes @ ob6osHavenb! BemiecTBenHble 20 X 20 -marpuiel, k = n,n —1,...1. Kpowme
toro, ¢, = (Recg, Im ck)T € R*, «a; € R*. IIpu 3ToM IpaBas 9acTh (v, KazKJIOH HOCIeIyIommei
cucreMbl B (2.5) 3aBUCHT OT PEIIEHUiT TIPEIBIIYIINX CUCTEM.



148 B.TI'. Hukomnaes

Sameuanue 2.1. Marputpr @k B (2.5) 3aBuCcAT 0T KO(DDUINEHTOB MATPUIBI J,
a TaKyKe OT IapaMeTpoB «, 71,7 jumica I'. Jlng amaronaam3mpyeMblx MaTpul J COOTBeET-
CTBYIOIIIME UM MATPHUIIHI @k BBIMCAHBI B siBHOM BuJIe B [7]. OHako B 06Iiem ciiydae CTpyKTypa
MaTPHI], @k O4YeHb CJIOKHA U He OyJIeT MCIOJIb30BaHA.

Takum 06pa3oM, ¢ yIeToM paBHOCHIHLHOCTH 33184 (2.4) 1 (2.2) 1 ¢ yueToM CBONCTB perreHuii
cucTeM ajarebpanydecKux ypaBHEHUN CIPABEJIMBBI CJACIYIONINE Ba YTBEPKICHUI.

Teopema 2.1. ITycms 6 (2.5) det @k #0, k=n,n—1,...1. Toeda 3adaua (2.2) umeem
pewenue 6 sude 6ekmop-noauroma ¢n(z) (1.2) das arwbot npasot wacmu h(t).

Teopema 2.2. [Tycmov 6 (2.5) det @m =0, 1o npu smom det @k #0, k< m. Toeda 00-
nopodnas 3adaua (2.2) Re (bm(z)}r =0 umeem 20 —rang Q,, AUHETHO HE3ABUCUMDBIL PEULEHUT
6 6ude 6eKMOP-NOAUHOMOS ¢m(z) (1.2) cmenenu m.

Sameuanue 2.2 Tor ciayuait, Korma Bce onpejennrenun det @k B (2.5) oramuHBL OT
HyJIsI, He Tpebyer momojHuTe bHOro m3ydenus. Oanako eciam det @m = 0 mpm HEKOTOpPOM
m < n, TO COBMECTHOCTb Bcex cucreM B (2.5) HeodeBmjHa. VIMEHHO Takue HeTpUBHAJbLHbBIE
CUTYAIIMU PAcCMOTPEHBI B maparpade b mpu BeIAucIeHnn sapa 3agadu [IBapia.

3. Hekoropsbie cBesienuns u3 pabors [4]

B nannom maparpadpe npusesnenst Boiaep:kkn u3 crarbu A. [1. Commarosa [4], Heobxonnmble
JId JTAJIBHERTINX ITOCTPOCHUN.

[Iycts mapamerpusanust w = w(t) smmunca [ = 0D rtakosa, uro objaacts D ocraercs
caeBa npu t € [—m, 7). 3amernM, uTo mapamerpusais (2.1) obagaer stumM coiicTBoM. Takoi
sumne I’ Ha30BeM HOJI0KATEILHO OPHEHTUPOBAHHLIM 1 obozHadum ['F. Ilycrs

e(w) =e1(w) +ieg(w), werl (3.1)

— eJIMHUYHBII KacaTeIbHBIN BeKTOP K ajutuiicy [' B ToUKe w, HaNpaBJIEHHBIH CONIACHO JTAHHOIM
opuenTtaiu. B (3.1) depes e1(w), es(w) 0603HAUECHBI BEIIECTBEHHBIE CKAJIAPHbIE (DYHKITUN.

[Iycts E — epunmunag { X {-marpuna, J' — TpaHcnoHmposannad Marpuna J. B Toif e
obnactu D Bmecte ¢ J -anajuruueckumu dyukimamu (1.1) pacemorpum J7' -anamutudeckne
¢ -BeKTOp-PyHKIINN $ = 5(;:), YJIOBJIETBOPSIOINTIE YPABHEHIIO

90 1 09
——J - —=0 = D. 3.2
9 5y =0 2= (@Y€ (3.2)
C nomorpio ckassiproit dyukium (3.1) obpasyem ¢ X £ -mMaTpuiry-hyHKIHIO

eyr(w) =e (W) E+ey(w)-J', werT, (3.3)

KOTOpas 3aBUCUT OT IapaMeTpa w.
C zamaqeit S cBzkeM corosnyto sadaqy S. OHa COCTONT B HAXOMKICHUH Takoil J' -aHa/Iu-
traeckoit dyukmnu ¢(z) € H?(D) (3.2), 1 KOTOPOii BBIIOJHEHO TPAHIYIHOE YCIOBHE

Reesrd(w)]p = v(w), d(w) e H(T). (34)
CoorercrBenno, npu ¢ (w) =0 OyaeMm roBoputb 06 00HOPodHOU c0103HOU 3adave S

ReeJTg(w)‘F = 0. (3.5)
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Onpenenenne 3.1. Kogapom Ker§ sagaun [Bapua S (wmm sijpom 3a1a9m §)
Ha3bIBAETCSI JIMHEITHOE TPOCTPAHCTBO PENIeHNI OTHOPOIHON COI03HOM 3aga4un S (3.5).

(fi,--y fo), glw)=(g1,.-.,9¢), 3aTaHHBIX

s wenpepbiBHbIX £ -BeKTOP-DyHKIWHA f(Ww) =
Ha Kourype ', omnpenesum 6ununeiinyio dopmy (f, g) 1o npasuiy

)= § @) 9@l = § (Rt S99 ol (3.

rie |dw| osnagaer snement jyuHbl yru Kpusoit . C yderom ob6osnauenuit (3.6) cripasemimsa
CIIeJIyIOIas TeopeMa.

Teopema 3.1 (cm. [4]). ITycmwv 6ce cobemeenmvie wucaa mampuys, J aescam 6 eeprred
noaynaockocmu. Ilyemsv I' = 0D — aasunc. Cnpasedausol caedyroujue ymeeparcoeHus.

1) Badawu S, S Ppedzonvmoso paspewumvt 6 kaaccar gynruuti ¢(z) € H°(D) (m. e. adpo
U K0AOPO KOHEUHOMEDHDL).

2) Heodnopoonas 3adawa S (1.3) dasa dannoti gpynxuyuu P(w) € H(I) paspewuma 6

kaaccax Téavdepa ¢(z) € H?(D) mozada u moavko moezda, k0204 6uiNoANENDL YCAOBUA OPTMO2O-
HANDHOCTNU

<w(w), ImeJng(w» =0, wer,

2de gg(z) — npouseoavroe pewenue 00nopodnoti cosnot sadavu S (3.5).

3) Vmeepotcdernue nynxma 2) cnpasedisuso u 0af corosnoli 3a0a4u S. Boaee MoYHO0, Heoo-
Hopodnas coroanas 3adaua S (3.4) daa dannoti dyrryuu Y(w) € H(T') paspewuma 6 kaaccax
Iémvdepa ¢(z) € H7(D) moeda u moavko mozda, k020a 6unOANENVL YCAOGUA OPTNOZONANDHO-
cmu

(Y(w), Im¢(w)) =0, weT, (3.7)

ede ¢(z) — mpoussosvroe pewenue 00nopodnot sadavwu S (1.4).

4) Undexc Ind S zadawu Ileapuya S pasern Ind S = dim Ker S — dim Ker S = .
4. Coro3nag 3agaua IlIBapra B crienuajbHOM BUIE
Bermumiem ¢ yaerom (2.1), (3.1) u (3.3) caenyrontue dyHKIum:

eyr(t) = eyr(w(t)) :el(t)-E+eg(t)-JT:]% dZ—g)-E+dZ—(;)-JT :

da\’ dy\* 2 2 2 (a2
p(t) = I + ) = \/rl sin“t 4+ r3cos?t # 0, |dw| = |dw(t)| = p(t)dt.

Oynknuio p(t) B (4.1) 6yaem HazbBaTh BecoM (nam BecoBoil dbynkmumeit). Onpeaeanm ¢ yde-

(4.1)

oM obosHauenuit (4.1) cieryonryo Marpuily-QyHKIIO, KoTopas 6oJiee yIo0Ha JJisl U3y YeHHsI:

e(t) = plt) - eyr(t) = d”;l—f) B+ dl;—(tt) T (4.2)

Bameuanmue 4.1 Hecmoxno nokasars, uto dete’r(t) # 0 npnm Beex t € [—m, 7).

Onpenmenenne 4.1. Obosnaunm 4epes ¢,(z) JT -anamuruueckuii £-BeKTOP-IO/IH-
HoM crerenu n. ObozHaumM Takxke ¢y = ¢, ¢ € CL.
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Oupese M cneyuaivhyio corosnyo satady Hlpapua S*. VMeHHO, B OT/IMdHe OT 3aj1aun S
(3.4), B7Mecto marpunsl-bynkmun e r(t) (4.1) BosbMeM Marpuiy-bynkmuio e (t) (4.2):

Re € 1 Zwk = k() =(t),
< (4.3)
(1) :(d;ﬂ cos kt + d,€1 sinkt, ..., dgecoskt + dj, sin kt)T,

rae dy,dy, € R. Bamaay (4.3) Gymem permars anagorngno 3agade (2.2). Vmenno, £-BekTop-
HOJIMHOM ¢, —1(2) cremern (n — 1)

5,1_1(2) :(x + JTy)n_lcn_l +... +(a: + JTy)01 +cy, ¢, €C k=n—1,...,0, (4.4)

Oyner corsacuo (3.2) JT-amanmmruueckoit dbynkiueit. Pemenue sagaum (4.3) uimem B Buje
BEKTOP-IoJIMHOMa (4.4), UCXOJIsT U3 PABEHCTBA

Re ejTan,l(z) ‘F

—Recr (24 J7)" w4 T ol ] = Do Uk(D). (45)
k_

B (4.5) wepes x = z(t), y = y(t) obosnadennl byHkIuM nepemenubix e, e~ uz (2.1).
JLy1st onpejiesiennst HeM3BECTHBIX BeKTop-TiepeMenHbX ¢ € CY B (4.5) nmeem ¢ yuerowm (4.3)
creslyIompe sewecmeenivie anredpandeckue 20 X 2¢ -CucTeMbt:

Qn/c\n—l = Op, Qn—l/c\n—Q =0p—1, -, QI/C\O = Qq,

(4.6)
ak:(dkl,dﬁd,.. dkg, )ER% k:n,n—l,...,l.
B (4.6) gepes @k obo3HaueHbl BerecTBeHHble 20 X 20 -marpurnl, K = n,n — 1,...1. Kak u
Boie, 3uech ¢ = (Recg,Im ck)T € R¥ o4 € R*. Ilpu sroMm mpaBas 4acTb (v, KayKIOi
nocseyoneil cucreMbl B (4.6) 3aBUCHT OT pellleHWH HPeJbIYIUX CHcTeM. B urore cxema
anasiornaHa cxeme naparpada 2. Ho ecrb jiBa orimunsg ot 3agaqu (2.4).

Bo-1miepBbIxX, HHIEKCHI ¥ MATPHUIIBI @k, BEKTOPa (y, M BEKTOPA Cj_1 Pa3Hble. DTO CBAZAHO
¢ TeM, MaTPHIIA @k U BEKTODP (v COOTBETCTBYIOT KoddurmenTam repes cos kt, sin kt mpu
cocrajiernu cucrem (4.6). [Ipu sTom uneke Bekrop-kosddunuenra ¢;_; coorserctByer (4.4).

Bropoe orimame ot 3amaan (2.4) cocrout B npobaeme 3asepuenus anzopumma. JleficTBu-
TeJIbHO, HAWIEM IIEPEMEHHYIO C,_; u3 mepBoro pasenctBa B (4.6). Ilocie sroro mpemcrdsum
Coo1 € R?* B Buge ¢,y € CY wu nogcrasum ¢, ; B (4.5). Torga nomyuum zajgaay (4.5) c
npaBoit 9acThio ¥, 1(t) + ..., OTKyJa HAXOAUM TlepeMeHHyIo ¢, » € C’. Ilpomomkas 3ToT
poIiece, HaXoJMM Bce mepeMennbie ¢, B (4.5). Ho B mporecce takoro perenust B JieBOii 1a-
cti (4.5) MOYKET BOBHUKATh «JIHIMIHAS» KoHcTanTa ¢ € C| KOoTOpylo Hejb3s NPUPaBHATH K
Kakoii-ymbo nepemennoit cg. Ilpu pemennu cucrem (2.5) Takoil mpobJeMbl He BO3HUKAET.

Takum o6paz3oM, I CXOAMMOCTH aJrOPUTMa HY>KHO IIOKa3aThb, uTo Rec® = o/ = 0. «Or
OPOTUBHOTO»: IycTh o # (0 u mycrb Bee asrebpandeckue cucrembl B (4.6) coBmectabl. Toraa
COTJIACHO OIIMCAHHOMY BBIIlle ajroputmy u (4.5) paspemnma 3aja4da

Re €1 ¢p_1 ( Z¢k = (t) + o/, o €R" (4.7)
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Hemnst 0be gactn (4.7) ma BemectBennyio ¢yuknuio p(t) # 0, momydaem c yderom (4.2)
Pa3PEIIIMOCTD 3aatH

ORS
p@ e R". (4.8)

, o € RY — tpusmasinHOe pemenue oxHopoanoit 3amaun Ilsapna (1.4),

Re €JT$n71 (2) |p =

"

[ycts ¢(w) = ic
npudem ckassipaoe npoussegenne (o, ") # 0. Torma B cuy (3.7), (3.6) u (4.1) nmeem:

<¢(t) +
p(t)

Ho pasencrso (4.9) B cuity myHKTa 3) TeopeMbl 3.1 IPOTHBOPEYUT PA3PENIUMOCTH 3a/1a9H

1

, Imia”) = 0 (W(t) + o) - o - p(t)dt = /_: o -ddt =2n(a, ") #0. (4.9)

(4.8). Iomywennoe mpoTwBOpedne O3HAYAET, YTO BeKTOp-KOHCTaHTa o = Rec* = 0. Takum
06pa30M, OIMCAHHBII BBIIIEC aJTOPUTM pellenus 3ajaadn (4.5) peannsyem.
B cuy skBuBasienTHocTH 3a71a4 (4.5) u (4.3) cupasemiusa

Teopema 4.1. [Tycmv 6 (4.6) det Qx #0, k=n—1,...,1. Tozda 3adaua (4.3) umeem
pewenue 6 eude 8eKMOP-noAUHOMA On_1(2) (4.4) das mobot npasoti wacmu Y(t).

Onpenmenenne 4.2. dapom Ker S* zamaum S* Haz0oBeM JIMHEIHHOE MPOCTPAHCTBO
peleHnii OIHOPOIHON CIEeIuaIbHON COI03HOM 3amadau S™ (4.3).

Jlemma 4.1. Cnpasedauso mootcdecmeo
Ker S = Ker S*. (4.10)

Hoxaszarenanctso. Ilycrs ¢(2) ecTb pemenne OAHOPOIHON COIO3HOMN 3axaun S,
T e. Reeyrdp(z)]. = 0. Oynkums p = p(t) # 0 B (4.1) — Bemecrennas. [ostomy B cury (4.2)
nMeeM:

e =

Ree*JTa(z)| —Re(peJT)gb(z)}F p (ReeJngS )‘F 0.

CiietoBaTesibHO, Ta Ke camas DyHKIusS ¢(z) eCcTh pelrieHne OJHOPOHON CHelnaIbHOl Co-
103001 3aytadn S*. B obpaTHyo cTOpOHY J10Ka3aTe/bCTBO AHATOTUIHOE. O

Taxum o6pazom, ¢ yuerom (4.10) u cBoiicT pertenunii ajreGpandecKux CUCTEM CIIPABE/JINBA

Teopema 4.2. [Tycmov 6 (4.6) det Qm = 0, no npu amom det Qk %0, k< m. Toeda
odnopodnvie cotoznvie sadavu S* (4.3) u S (3.5) umerom 20 —rang Q,, AUNETINO HE3ABUCUMBLT
pewenuti 6 6ude 6eKmMOP-noUNOMOE Gm_1(2) (4.4) cmenenu (m — 1).

5. Beruuciaenue aapa 3agadm IIBapiia B ssurce

Beromy B sToM naparpade nmeem B Buty jgemmy 4.1 u popmysty (4.10), T. e. oTOKIeCTBISIEM
onHoponbie 3agadn S u S*. [laparpad mocTpoen 1o mpuBeIeHHON HUXKE CXEME:

(1) (2)

Teopembl 2.1, 2.2, 4.1, 4.2, 3.1 = nemmbl 5.1, 5.2 = Teopema 5.1;

-~

0a3a WHITYKITIN
WHLYKIIMOHHOE 1pejnoozkente (5.7), reopema 3.1 = reopembl 5.2, 5.3;

WH/IYKIIMOHHOE Tpejrookenue (5.7), teopemst 5.2, 5.3 HON reopema 5.4 (MHJI. 1Iepexoj);
yrBepzienue (5.7), Teopemsr 3.1, 5.2, 5.3 = rteopema 5.5;
yrBepxkienue (5.7), teopembr 5.5, 4.2, temma 5.1 = reopema 5.6.
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BameTnm, 9T0 B uMIUIKanuu (3) Teopemsbl 5.2, 5.3 UrpatoT Ty ¥Ke poJib, YTO U TeopeMbl 2.1,
2.2, 4.1, 4.2 B ummumkarmsx (1) u (2).

[Iycrs f(t) = (f1,..., fe), g(t) = (g91,...,9¢) — HEUpepBIBHBIE BeIeCTBEHHBIE {-BEKTOD-
dbyukiym, ¢t € [—m, 7). Onpenenum ux ckajsipHoe npoussejierue (f, g) 10 IpaBuiLy

(f,9) :/ﬂ(f191+---+fzge)dt- (5.1)

-

Takzke npuBeJeM OIlpe/ie/ieHns, HeoOXOAUMBbIe JIs JlajibHeiinmx nocrpoenuit. [lycrs p =
p(t) — BecoBas dyukiws (4.1).

Onpegencune 5.1 Ilyers Bexrop-nomuom ¢n_1(z) € Ker S. C yuerom (3.6), (4.1),
(4.2) u (5.1) obosuaumm U ¥ ¢n_1 (T. €. 1h, <HEOPTOTOHATCH> ¢y ), €y OUIHHEiHAS
dopma _ N

(U, Imejrd,_1) :(@bn,lme}Tgbn_l) # 0. (5.2)

Oupenmenenne 5.2 Ilycrs BekTop-iosmuoM ¢, (2) € Ker S. O6osnaunm 1, ¥ ¢,
ec/in OmymHeiiHast popma

Un,

<?, T 6, = (1, Tm ) # 0. (5.3)

Jutg masibHERIIX TTIOCTPOEHU IIPUBEIEM €Ille JIBa OIPEIeIeHU.

Ounpenenenne 53. 3amaay Hlsapa S (2.2) wim S* (4.3) HA30BEM Da3pEIINMON
AN2OPUMMUMECKU, €CITU €€ PEIIeHne MOXKHO ITOCTPOUTD 10 aJIFOPUTMY, OIIMCAHHOMY B I1aparpa-
dax 2 wian 4 coOOTBETCTBEHHO.

Ounpenenenune 5.4 Bamaay [sapra S (2.2) nm S (3.4) Ha30BeM paszpermmoii
meopemuyecku, ecaiu pasas 9acTb 1(w(t)) yI0BIETBOpPSET yCJIOBUSIM TeopeMbl 3.1.

Ha dbopmaibaoM pasiundnn MexK 1y TeOPEeTUIeCKOH U aJrOPUTMUIECKON PA3PEITUMOCTBIO 1
OCHOBAHO TIPUBEJIEHHOE HUKe BhIUncaeHue siypa 3agadu [IIsapma. CrnpaseauBa

Jlemma 5.1. Caedyrougue dea ycaosus pasrocusbHl:
1) det @m =0, det @k #0, k<ny; 2)det @nl =0, det Qs #£0, k<ng. (5.4)

HoxkazaTensbctso. «Or IPOTUBHOIO»: IyCTh BBIIOIHEHO 1), U myctb det @m =0,
m < ny. Ilpu sToMm m — MUHEMAJIbHOE TaKoe YHCJIO. Toriaa B CHIIy T€OpeMbl 4.2 CyIecTByeT
[IOJTTHOM $m_1(z) € Ker S. Tak xax det et (t) # 0, To Im €§T5m—1(2)‘F =, +.... Torna
JIst HeKoTopoit dyakmu ¢, umeeMm: (), ) # 0. 1. e. ¢ yaerom (5.2) ¢ ¥ am_l. [Tosromy
B cuity myHKTa 2) Teopembl 3.1 u dopmymsr (5.2) 3amada Re qu(z)}r = ! Hepaspermma
reoperuuecku. Ho B cuiy yesoBust 1), (5.4) u Teopembl 2.1 oHa pasperimma aJropuTMUIecKn.
[IporuBopeune o3nadaer, aro det @k #0, k< ny.

Homycrum tenepb, uro npu Beimoasenun 1), (5.4) numeem det @k # 0, k <ny. Torma co-
riacHo Teopeme 4.1 3anaua Re e’ r Oy —1(2) ‘r = 1)y, paspemuma (aaropuTMIIECKH) JIs JIF00OI

bynxmun ), (t). T. e. ¢ yuerom (4.2) TOT Ke caMblil BEKTOP-IOIMHOM ¢y, _1(2) €CThb penrenue
3a/1a91

Re €7 ¢n, _1(2) ‘F =1 /p(t).
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Ho B cuty Teopemsr 2.2 u 1), (5.4) cymmectByeT moimHoM ¢, (2) € Ker S. CrenoBareisHo,

Imgbnl(zﬂr =Un, + ...

Torma s mekoropoit dynkmum ), umeenm: (¢, ,Im ¢, ) = (¥,,,%n,) # 0, oTKyIa ¢ yueTom

!/ !/
(5.3) ¥y, ¥ ¢n,, T. €. yKazannas BbIIIe 3aj1a4a 41 DYHKIUT ), /p COLIACHO IIyHKTY 32 Teope-
Mbl 3.1 HepaspemniMa (Teoperndeck). [lomyduennoe nporusopeune osuadaer, uro det @), = 0.
AwnajiornanabiM 06pa3oM MozKeT ObITh JIOKa3aHa UMIUIAKAIust 2) = 1). [

Jlemma 5.2. Ilyemo svinoanensv ycaosua (5.4). Toeda rang @m = rang @m.

JlokaszaTenabcTso. ObosHauuM 7; = rang @nl, ry = rang @nl. Anpo zamaan S
coracHo Teopeme 4.2 CONEpXKUT IO KpaiiHeit Mepe 2¢ — 1] JIMHEHHO HE3aBUCHMBIX BEKTOD-
IIOJTMTHOMOB gnl_l(z). 910 o3Hauaer, 4To 3aja4da S Bujua Re gb(z)|F = 1,, paspemmMa He
Gostee wem Iist 7] JIMHE[HO He3aBHCHMBIX (YHKIMiL ¢y, (¢). VHawe nosywaem nporupopetine
nyHkTy 2) Teopembl 3.1. Orcioma ciemyer, aro 1 = rang @, < rj. AHajOrm4HO C yueTom
Teopembl 2.2 myHKTa 3) TeopeMmbl 3.1 mokaseiBaercs, aro 1) < ry. Takum obpasom, r; = 711,
9T0 U TpebOBaIOCh JI0KA3aTh. O

N3 nemm 5.1 n 5.2 BBITEKAECT

Teopema 5.1. ITycmv evinoaneno ycaosue 1) 6 (5.4). Obosnavwum 3 = rang @1. Tozda

1) o0 o2 e KerS; 2) o) 1, 0% € Ker S, (5.5)

ni—1 ny—1

NpuUYeM 6Ce GEKMOP-NOAUHOMBL A0Pa U KoAdpa 6 (5.5) Aunetino nezasucumoL.
3) Kpome mozo, nycmo paspeusuma ai2ebpauieckas cucmema Qp,Cn, = oy, 6 (2.5). Tozda
paspewuma u Heodnopodras 3adawa Re ¢n1(2)‘r = 1y, (1).

4) Coomeememeenno, nYcmov pa3petuma ar2ebpaunieckas cucmema Qn,Cn,—1 = Qp, 6
(4.6). Toeda paspewuma u neodnopodnas 3adava Re e*JTgbm_l(z)‘F = p, (1).

Hdoxkaszarennbctso. Yemosue 1), (5.5) — 9ro Teopema 2.2. Yeaosue 2), (5.5) ciaemyer
u3 jiemm 5.1, 5.2 u Teopembl 4.2. YrBepxkaenus 3) u 4) BBITEKAIOT U3 AJTOPUTMOB DEIICHUSI
TaKUX 33/1a49, OIUCAHHBIX B naparpadax 2 u 4. O

Hasee nemmbr 5.1, 5.2 u teopemy 5.1 Oyiaem paccmarpuBaTh Kak 6a3y undykuyuu. Ilyctsb
BBITIOJTHEHBI CJIE/TYTOIIIE YCIOBUS:

det@k =0, ke{ny,...,ny}; det@k #0, k¢ {n,...,ny}, k<n,. (5.6)
Ob6osnaduMm 1; = rang @nl, [=1,...,p. Ilycrb mokazaHo, 4TO:

det Q; = 0, ke{ni,....np}; det@k#(], k¢ {ny,....n.}, k<ny;
rang@k:rang@k, ke{ny,....ny},

%11),..., ;216_”), o ¢£}p>,..., 7(121012—@) € Ker S;

F L FE G ) e Ker 8,

ni—1» ni—1

[Tpu sToM B (5.7) BEKTOP-TIOJHMHOMBI sI7[pa U KOSAIpa JTUHEHHO HE3aBUCUMBI.
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HyCTb YHCI0 M > N, TaKoBO, 4To det Qk # 0 mpu n, < k < m. HpI/I 9TOM MOXKET OBITH
kak det Qm # 0, Tak u det Qm = 0. Takxke Bo3MOxkHa curyarus det anﬂ 0, B 3TOM
clIydae MOJIOKUM m = n, + 1. PaccmorpuMm ciemyiomuii ynpornenublit Bapuant 3agadu (2.3):

Re aﬁm(z)}r = U (t) =(dp1 cosmt + d,,,, sinmt, . .., dpe cosmt + d,,, sin mt)T, m > n,. (5.8)

Ounpemenenne 5.5 Oboznaunm uepes B, 2{-mepHoe JTUHEITHOE BEIIECTBEHHOE IIPO-
crpancTBo byHKIMA ¥, () (5.8) (wim, 9To TO Ke, HPOCTPAHCTBO KOIDDUIIEHTOR

U = (dp1, d. s A, ) € R

ml>

9TUX (DYHKIHUiT), TAKUX, 9TO ajJrebpandeckasi CHCTEMa @mEm = ay, B (2.5) paspemuma. Ana-
JIOTHYHO OIPEJIEINM [IPOCTPAHCTEO B, Kak IPOCTPAHCTBO (yHKIl Y (t) (mmm, 910 TO Ke,
IPOCTPAHCTBO UX KOI(DMUIMEHTOB (i, ), JIJIsI KOTOPBIX PA3PEIInMa CUCTEMa Q1 = QB
(4.6). Takum obpaszom, GygeM mHcaTh Y, Oy € By, 1100 Yy, oy € B,,

Teopema 5.2. I[Tycmwv npu ewnoanernuu (5.6) u (5.7) cosmecmna arzebpavueckan cucmema
@mEm =y, 6 (2.5). ITycmo dokasaro, wmo 1) zadaua (5.8) paspewuma (arzopummuvecku)
npu m < n,, ecau Py, € Bp,. Toeda paspewuma (arzopummuvecku) u 3adavwa (5.8) npu
m > n,, 6 mom wucie 00ropoonas (m. e. npu P, =0).

HoxkaszatTennctso. Yeiaosus (5.7) u myHKT 1) HacTOsAIIEH TEOPEMBI Oy/IEM PACCMaT-
pHUBaTh Kak uHIyKuuonnoe npednoaoscerue. Ilpu srom 6a30t undykyuu mis (5.7) cayxkar jiem-
Mol 5.1, 5.2 u Teopema 5.1. B mHux gokazano (5.7) misa k € {ny}. Bazoit unayknum mis myHKTa
1) macrosieil TeopeMbl CJIyzKaT IyHKT 3) TeopeMbl 5.1 u Teopema 2.1,

Hasee «or mporuBHOTO»: TycTh 33jada (5.8) Hepaspemuma ajaropurmudecku. CoryiacHo
cxeme maparpada 2 u (2.5) 910 03HAYAET, YTO HECOBMECTHA HEKOTOPasi CHCTEMA (:2\11’0}1 = oy,
rae 1y <mn,, det @h = 0. B sTom ciryuae no onpeiesiernio oy, , 1y, ¢ By, . Pacemorpum 3amaay

Re gbm{z)’p = m + QMN Ml» 0521 ¢ Bl17 wh + ¢21 € Bl17 Qg + (1/;1 S Bll' (59>

Droit 3a7aUe B Mporiecce MOCJIeI0BATEILHOTO pemenust cucreM (5.2) 6yeT coOTBETCTBOBATE
ajiredOpamdeckasi CHCTEMa, @llal = oy, + o7, KoTopag Gy/leT pa3permuma IIpH COOTBETCTBYTO-
mem noabope dynknun ) ¢ Bj,. Ho npn nampmeitmenm pemennn 3aga4u (5.9) MOKeT BO3HUK-
HYTh aHAJOTUYHAs CHUTYyalllsd, KOrja OyJIeT HepaspelnnMa CUCTeMa @12’@2 = qp,, e ly < Iy,
det @12 = 0. B oarom cayuae oy, 1, ¢ By, . Torga paccmorpum 3amady

Re ¢m(z)|r = ,Ivz}m + 'QDZI + 1/];27 wlll ¢ Bllv ¢Z2 ¢ Blz? @th + %,1 € Bllv ,lvblz + 1/Jl/2 S Blg- (51())

Bagaqe (5.10) B mporecce pernienusi cucreM (5.2) COOTBETCTBYET ajredpanmtdecKas CHCTEMa
Q1,C1, = au, + ), KoTopas OyJeT paspelmMa IPH COOTBETCTBYIomeM Hoabope GynKmun 1), ¢
By,. IIpogoszkas 3TOT Hpolecc JaJibllle, IIOIYYUM CJIEIYIONLyIO 3a/1a4y:

Re ¢ (2)| = m + 01, + 0, + . 4, = ¢, (5.11)
ls<lS,1<...<12<l1; wzk¢Blk7 ]{Z:L...,S. (512)

Hucno Iy > ny B (5.12) — MuHHMasIbHOE Takoe, 4TO cucreMa Q¢ = «;,, det@Q; =0
Hepaspermmma (1. e. oy ¢ By, ). Torma 3amada (5.11) 6yger 10 MOCTPOEHUIO PA3PEWUMA AN20-
PUMMUECKU.
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Hasee ucnonssyem unaykimonnoe npenoaoxenue (5.7). Tax xkak det e’r(t) # 0, 1o ¢ yue-
toM (5.7) u obosunadenuit (5.8) nmeem:

0 £ L K—TS e_"“s
mmesdt) ()= +., o Imend ™ ()] = T (5.13)

k k .
rje Bce QyHKINH wl(s) = wl(s)(t) B (5.13) snmueitno HezaBucuMbl. [Ipu 5TOM € ydueroM myHKTA
1) macrositmeit Teopembl (MHIYKIIMOHHOE EpegmonomeHHe) zasada [lIsapma Re gbls(z)}r = 1,
pasperuMa He MeHee 4eM JIid rs = rang (), JUHEeHHO He3aBUCUMbBIX GyHKIWt 1, € B, . lia
KasKJIO# M3 HUX COMIACHO MyHKTY 2) Teopembl 3.1 u (5.13) J0JIZKHO BBITOTHSITHCS CJIEyTOIIee
PaBEHCTBO:

(U, Imeyra” ) = (v, Imeied” ) = (i, 0) =0, ¢, € Ker S,

T. e. dyHKIMU ;. € Bj, m dbyHKINN wl(f) B (5.13) 06pasyioT jBa OPTOrOHAJIBHBIX OJIIPO-
crpanctsa B R, cymma pasmepHocTeit KOTOpBIX pasHa 2/.

Orcroma ciemyer, 4ro ecimu v ¢ Bj,, TO cKalfpHOe HPOU3BEICHHE (1/’257%(5)) # 0 nst
HEKOTOPO#l (byHKITUN z/zl(f) u3 (5.13). Ilosromy ¢ yderom (5.11) u MuHUMAIBHOCTH YUCHA g

(k) Ker S
IJIA 3JIEMEHTa KOsaapa ¢l5—1 € Ker S cunpaBenmBo COOTHOIIEHUE

W Tmesrdy ) =(, Imehed) ) =(m + ..+ U, 00 +..) = (W, ) £ 0.

CrenoBaresbHo, 3aj1a4a (5.11) cormacHo myHKTY 2) TeopeMbl 3.1 Hepaspewuma meopemusecku.

Urak, mycrs 3aja4a (5.8) HepaspenMa ajgropurymudecku. Torja mo Heii MOXKHO TIOCTPOUTD
sagady (5.11), koTopasi OymeT paspernMa aJropuTMUIeCKN, HO Hepas3peruMa, TeOPETHIeCKN.
[TostyuerHoe TPOTUBOPEYNE O3HAYAET AJTOPUTMHUIECKYIO PA3PemnMocThb 3a1a4u (5.8). [

Jlajiee mpuBeieM aHAJIOT TEOPEMBI H.2 «B OOPATHYIO CTOPOHY», — JIJIS KOSIJIPA.

Teopema 5.3. ITycmo npu swnoanenuu (5.6) u (5.7) cosmecmna anrzebpauseckan cucmema
QmCm—1 = a6 (4.6). Ilyemsv dokasano, wmo 3adava

Re 5 hm—1(2) | = Ym(?) (5.14)

paspewuma (arzopummunecku) npu m < n,, ecau Un, € By. Toeda paspewuma (anzopum-
muvecku) u 3adava (5.14) npu m > n,, 6 mom wucae odrnopodnas (m. e. npu Y, =0).

Jloka3zaTeabcTBO. 3/IeCb B TOUHOCTH HOBTOPSETCS CXeMa JI0Ka3aTe/IbCTBA Teope-
MBI 5.2. [IpuBOINTH 3Ty cXemy elre pa3 He umeeT cMmbiciia. [Ipu 9ToM ucosb3yercs onpeieieHne
5.5. Takke MCHOIB3YIOTCA ONpeJIeIeHusd 5.3 U 5.4 aJITOPUTMUYUECKON U TEOPEeTHIECKON pa3pe-
MIAMOCTH 337024 S, S*u S. O

SBameuganune 5.1. Breopemax 5.2 u 5.3 qoka3zaH He HHIyKIIMOHHBII IIepeXo/1 IpU Oas3e
unykimn (5.7), a HEKOTOpble yTBepKIeHusi. VHIyKIIMOHHbI TTlepexojt JT0Ka3aH HIKe.

N3 teopem 5.2, 5.3 u 3.1 BbITeKaeT

Teopema 5.4 (uHyKIMOHHBIT TIepexon). [Tycmo eunoanenv, coommowenua (5.6) u (5.7),
a makotce nycmo

Npt1 > Ny, det @np+1 =0, det @k #0, n, <k <np. (5.15)
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Obosnavum 1y = rang Q... Tozda cnpasedausv, caedyrougue coOmmoOweHU:

1) det énp-&-l =0; det @k #0, n, <k <mnpp1; 2) rang @np+1 = rang @np+1;

3) ¢\, o) € Ker S 4) oW gl e Ker S,

np41—1) npy1—1

(5.16)

npuem 6ce GeKMOP-NOAUHOMBL A0pa U koadpa 6 (5.16) aunetino nesasucumoL.
5) Kpome mozo, nycmo paspewuma arzebpauveckas cucmema Qp  Cn i = 0y 6 (2.5).
Tozda paspewuma (arzopummuvecku) u neodnopodnas 3adaua Re gzﬁnpﬂ(z)lr = Un,, (1)
6) Coomeemcmeenno, nyYCmo paspewume ar2edpauveckas cucmema Qn . Co 11 = Qi .,
6 (4.6). Tozda paspewsuma (arzopummunecku) u neodnopodnas sadava Ree’ron,,, —1(2)

¢np+l (t)

Hoxkaszarennctso. Jokaxkem nyHKT 1) «oT npotuHOros: myctb det @, = 0, e

|r:

ny < m < npiq. pusrom m — vuxnmanbhoe Takoe 1ucio. Torpa B cuiy TeopeMm 5.3 cyrie-
CTBYET IIOJIMHOM qﬁm,l( ) € Ker S. Tak Kak dete’r(t) # 0, To Im eJTgbm 1( ‘r = Uy +
[Tosromy jiytst HEKOTOpOI byHKIWN 1) umeem: (Y] 1) # 0. 1. e. ¢ yaerom (5.2) 9! ¥ QNSm,l.
[Tosromy B cuity myHkTa 2) Teopembl 3.1 3a1aua Re ¢, (2) ’F = 1)/ Hepa3peImMa TeOPEeTHIECKH.
Ho B cuy (5.15) u Teopembl 5.2 ona paspermMa ajaropurmudecku. [IporuBopedne o3navaer,
aro det Q # 0, ny < k < Npii.

[TycTs Temeps det @k #0, n, <k <nyyy. Cornacao Teopeme 5.3 3ama4a

Re ejij Qfganrl—l (Z> ‘F - ¢;Lp+1 (t)

pasperiMa (aaropuTMudIecku) s Jiroboit dyuxmuu 1), (t). C yderom (4.2) TOT Ke camblii

Np+1
BEKTOP-II0JITHOM gzﬁnp ..1-1(2) ecTb pernenue 3a1a4n

p(t)

Ho B cumy Teopemsr 5.2 u ycinosus (5.15) cymecrsyer nommnom ¢, (2) € Ker S. Creno-
BATEJIHHO,

Re eJT(Ean_l(zﬂF =

Im %H(z)]r =Yy (O + ...

. /
Torma 1t HEKOTOPOIt (byHKLu/H/I (8 .1 mmeeM: (1, oy MO, o) = ( npﬂ,@/znp ) # 0, or-
/
Kysa ¢ yuerom (5.3) ¢, . ¥ b, T e yKasauuas sblme sajada Jyia dynkmuu ¢y /p
COIJIACHO MYHKTY 3) TeopeMbl 3.1 Hepasperinma (Teoperndeckn). [IporuBopedne o3Hadaer, 4o

det Qp,,, =0

Taxkum 06pa3oM, cxeMa JJOKa3aTeIbCTBa IIYHKTA 1) ¢ TOYHOCTBIO 10 0603HAYECHHI COBIIAACT
C JI0Ka3aTeIbCTBOM UMILnKarmu 1) = 2) Bjemme 5.1. C Toii pasuurieii, 1o poJsib Teopem 2.1,
2.2 31ech urpaet Teopema H.2, a BMecto TeopeMbl 4.1, 4.2 ucnob3yercs Teopema 5.3. /lokaza-
TEJIbCTBA OCTAJLHBIX YTBEPKJICHUI HACTOAIIEH TEOPEMbI ITPOBOJIUTCA AHAJOTHIHBIM 00pa30M,
110 CXeMe JIEMMBI 5.2 U TeopeMbl 5.1. O

Bameuanue 5.2 B pesyrbrare mokasaresnbcra TeopeMbl 5.4 mnpesmosoxenue (5.7)
crasio yreepxaenueM (5.7).

[IpuBesieM JiBe 3aKJIIOYUTE/IHHBIE TEOPEMBI O CTPYKTYPE A/Ipa U KOAIPA.
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Teopema 5.5. [lycmv 6ce cobecmeennvie wucia mampuyst J aAexHcam 6 6eprHets noAYnA0C-
kocmu. Toeda adpo u xosadpo sadawu Ileapua 6 sarunce 6 kaaccar Pynkuyui ¢(z) € H(D)
COCNOAM MOALKO U3 BEKMOP-NONUHOMOS.

JJokaszaTeabcTBo. I3 Teopem 5.2, 5.3 u 3.1 ceayer, 4TO CyHmIeCTBYeT TOJBKO KO-
HEYHBIH HAOOD wmcena {niy,...,n,} Takoii, 410

det@k:(), ke{ny,....,ny}; det@k%o, k¢ {ny,....,np}. (5.17)

[eficTBUTEIBHO, B IPOTUBHOM CJiyudae sapo (uam Kosiyipo) 3aaaun [IIsapia 66w 661 GecKoHe -
HOMEPHBIMU, YTO IPOTUBOPEYUT IyHKTY 1) Teopembr 3.1.

Homycrum, aro mist Hekoropoii dyukinmu ¢(z) € Ker S nmeem: Im ¢(z ‘F = UYn(t) + ...,
rae m ¢ {ni,...,n,}. Iycers (¢, 1n) # 0. Torma cormacuo myukry 3) reopemsl 3.1 un (5.3)
COIO3Has 3a/1a9a

- Ui (1)
e = q
ReeJT¢ 1(’2)}1" p(t) (5 8)
nepaspermuma (Teoperuiecku). Ho mockonbky m ¢ {ni,...,n,}, To B cuny (5.17), (5.7) u

zamedanus 5.2 det Qm # 0. Ilosromy anrebpamdeckasi cucrema chm 1 = Qu, paspemnma
Jutst 110001 TpaBoit gactu. Torja cortacHo Teopeme 5.3 aJrOPUTMUYECKN pa3peIimMa U 3a/1a9a
(5.14) mus mroboit rparnaHont dyukIwu ), (t). Hems obe qactu (5.14) ma p(t) # 0, momyda-
eM paspermMocTtb 3aa4u (5.18). Tlosyuennoe mpoTuBoOpeyne 03HAYAET, YTO PA3JIOKEHUE B P/l
Qypbe Ha [ 1100010 HETPUBUAIBHOTO JIEMEeHTa siipa 3a1a4u [1IBapiia MoKeT cojiep:KaTh TOJIb-
ko dbyukunu Y(t), rme k € {ny,...,n,}. IlpoBong anamorndmsle paccysKIeHUs [T KOsIPa,
HOJIyYaeM TO JKe caMoe yTBepzK/JeHue u Jjisi Jiroboi dyukiun ¢(z) € Ker S.
Taxkum obpaszom, ¢ yaerom (5.17) mist 106010 s1eMeHTa s/ipa U KOSpa CIIPaBe/INBO Pa3-
JIOYKEHUE _
(=)= D k), ¢(z) EKerS, ¢(z) € KersS. (5.19)

ke{ny,...,np}

U3 (5.19) BBITEKAET B 9aCTHOCTH, YTO $/IpO M KOsiipo 3aja4n [IBapria B s/umrce B Kiaaccax
dbyukumit ¢(z) € H?(D) cocTosT TOJBKO U3 BEKTOP-IOJINHOMOB. O

Takum 06pa3oM, B ycJioBusIX TeopeMbl 5.5 cripaseiusbl hopmyiist (5.17) u (5.19).

Teopema 5.6. Ilycmv 6ce cobecmeervie wucaa mampuuys, J aestcam 6 eprueti NoAYniOC-
Kocmu u nyemo eunoanenv, yeaosus (5.17). Obosnavum r; = rang Qp,. Tozda 6asucv, adpa
u Koadpa 3adavwu Illeapua 6 sarunce 6 kaaccar dynwkyui ¢(z) € H7(D) umerom caedyrousud

6U0: ,
Ker S {wz nl,..., Sf"”l),...,gbﬁ}p),..., %—rp)}’ a € RS

T(20—r (1 (20—
Ker S ={o\) 1, ..., o000, o0y, o)

HoxkaszatTensbcTso. B cury 3amedanus 5.2 BeKTOp-osmHOMBI Bra (5.20) BXOAAT

(5.20)

B s7Ipo 1 B Kospo. [Ipu sTom, cormacuo Teopeme 5.5 Ker S; Ker S cocTogaT TOJIBKO U3 BEKTOP-
HOJMHOMOB. KpoMe Toro, B po BXOJAT BEKTOP-KOHCTAHTH ¢ = ic, o € R,

Cormacuo [3| yo6oit J -anajnTHIecKuii BEKTOP-IOJIHHOM ¢y, (2) npegcrasim B Buze (1.2).
[Tostomy, ecim ¢, (2) € Ker S, To on aBisgercs pemterneM ofaopo ol 3amaqu (2.4). Orcona
CIIEJLyeT, ITO ¢y, (Z) MOXKET MMeThb TOJBKO creneHb 7; € {ny,...,n,}. CoorBercrBeHHO, C
yaerom (5.17), (4.4) n (4.5) BEKTOP-IOJIMHOMBI KOsJpa MOIYT HMETH TOJBKO CTENCHH 7y €
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{ny —1,...,n, — 1}. Bexrop-nosmunomsr B (5.20) onpezemnens! Heognozna4dno. [Tokaxkem s
fJpa, 9TO 3TO JIeHCTBUTEJILHO ero Oas3uc.
O6osnaunm st byuknmit u3 (5.20): gbnl ‘F = @sz t), k=1,...,20 —r, tme 1 =

rang Q\nz' Torza ¢ y4eToMm aaropuTMa pereHust OJHOPOHOI 3amaun (2.4) mpu n = n; uMeeM:
O (2)|p = Ui (t) = ) () + -+ Qo UT(E), ax €R. (5:21)
U3 (5.21) caemyer, 910 BEKTOP-IOJIMHOM

O (2) = Gy (2) = [10}) (2) + .+ a2 00 ()] 1w <y (5.22)

npuHaiekuT Ker S u nmeer crenens m; < n;. eficrBuTesnbHO, B €ro paszjiokeHnn Ha 1' He
, k
Oyner dyHKIMiT BUIa 1/1,(”) (t). Takum obpasom, u3 (5.22) umeem:

O (2) = [0100 (2) + ...+ Qo O T(2)] + Oy (2), Ty <1y (5.23)

Jasee mpuMeHUM Ty 2Ke CXeMy PaCcCy’KIeHHU JJIs BEKTOD-LIOIMHOMA ¢y, (2) B (5.23). Ilo-
BTODsIs 9TO IPOIECC HEOOXOIUMOE KOJIMIECTBO pa3, HMOJYINM pasjiokeHne ¢, (z) mo basucy
(5.20), npuuem ¢ BemmecTBeHHBIME KO3 uUIMeHTaMu. AHAJOIHIHAST CXeMa IPUMEHSIeTCsT JIst
BEKTOP-TIOJITHOMOB KOSIJIPA.

Pacemorpum otnenbHO TOT ciy4ait, korma det @1 =0, . e. ny = 1. Corsacuo jemme 5.1
umeem det @1 = 0. Torma B KOAMPO BXOMAT BEKTOP-KOHCTAHTHI ¢n, 1 = ¢g = ¢, ¢ € CL
Pasmepnocts mommpocrpancta Fy = {¢§”, ceey fﬁ‘”)} € Ker S pasna 2¢ — ry. Hecmoxno
oKaz3aTh, 9To pasmepHoctn [} mHam nmoasvu R um C coBmagaroT, MOCKOIBKY JIEeMeHThl F; —
BEKTOD-IIOJIMHOMBI (IIepBOii crerneHn).

[Ipr sTOM TOMIIPOCTPAHCTBO Fy = {c1,... ¢} € Ker §, ¢y € CY cocronTt m3 KoM-
IJIEKCHBIX BEKTOP-KOHCTAHT, AUHEUHO He3asucumur Had noaem R. Tlockosbky Fy € Ker S ,
TO pa3MepPHOCTh ﬁo BBIUUC/ISIETC HaJL mojieM R. DTa pasmMepHOCTb corjiacHO Teopeme 4.2 u
nemmam 5.1, 5.2 Tak ke pasaa 20 — 1y (#0 Hay nosem C ona apyras). Ciyuait ny = 1 yxé
BryoueH B popmysibl (5.20). U3 (5.20) BeITEKAIOT ClIeIyOIe PABEHCTBA:

p

p
dimKer S = (2p+ 1)¢ — Zrang @\nk, dim Ker S = 2pl — Z rang @nk (5.24)

k=1 k=1

B cBoto ouepesp, u3 (5.24) caemnyer pasencrso Ind S = dim Ker S —dim Ker S = dimR? = ¢,
KOTOPOE COIIaCyeTcs ¢ MyHKTOM 4) Teopembl 3.1. [

B saxmouenne Bepuemcs K npumepy 1.1. B pa6ore [8] 6butu usyuenst marpunpt J € C**? ¢
KpaTHbIM coOCTBeHHBIM unciaoM A, rie Im A > 0. Ilokazano, 4To HETPUBHUAILHOE PO 3TN
[IBapria B /UIHIICE MOXKET COJIEPKATH TOJIBKO OJUH BeKTOp-TojnnoM. Ho mpu sToM ne 6bL10
JIOKA3aHO, 9TO B PO MOTYT BXOJUTH TOJIBKO BEKTOD-IIOJIMHOMBI. Teneph Ke Ha OCHOBAHUU
TEOpEMBI 5.5 MOXKHO YTBEDKJIATh, UTO JyIst (DYHKIWIA, aHaiuTHdeckux o Jlyraucy ¢ marpu-
neit J (1.5), KBaJApaTUIHBINH BEKTOP-TIOJIMHOM ¢o(z) (1.5) ecTb eIMHCTBEHHBIIT HeTPUBUATBHBILI
ssement sypa 3agaqan Isapra B smmmnce I : 722 + 9y% = 1.
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Annsoramusa. IlonsTre reoMeTpuyecKOro TPUIIOTEHTA SIBJISETCS OIHUM U3 KJIIOYEBBIX B TEOPUN
CWJIBHO I'PaHEBO CUMMETPUYHBIX IPOCTPAHCTB. B JanHoil craThe NCCaeayIoTcs: CBORCTBA reOMeT-
pudeckux TpunoreHToB. OnpeesieHbl HEOOXOIUMBIE U JIOCTATOYHBIE YCJIOBHS JJIsi TOTO, YTOOBI
9JIEMEHT C €IMHUYIHOII HOPMOH COIPS?KEHHOI'0 IIPOCTPAHCTBA JIeCTBUTEIBHOIO UJIN KOMILJIEKC-
HOT'O CHJIBHO I'DAHEBO CUMMETPHUYHOI'O IIPOCTPAHCTBA ABJIAICA T€OMETPUUYECKUM TPHUIIOTEHTOM.
JokazaHo, 4TO JIBa T€OMETPUIECKUX TPUIIOTEHTA B CHJIBHO I'DAHEBO CUMMETPUIHOM ITPOCTPAH-
CTBE€ B3aMMHO OPTOIOHAJIbHLI TOrJIa M TOJIBKO TOIJIa, KOIJa U HOPMa UX CYMMBbI, U HOpMa HUX
pa3HOCTH PaBHBI eguHuIle. Kpome TOro, moka3ano, 9TO MHOXKECTBA IKCTPEMAIbHBIX TOYEK €1~
HUYHOI'O IIapa U MAaKCHMAJbHBIX I€OMETPUYECKUX TPHUIIOTEHTOB COIPSIKEHHOI'O IIPOCTPAHCTBA
CUJILHO I'PAHEBO CUMMETPUTHOTO ITPOCTPAHCTBA COBIAIAIOT. B 3aK/TIoveHne, NCC/Ie/I0BaHbI CBA3M
Mezk Ty M-0pTOroHAJIBHOCTHIO M OPTOrOHAJIBHOCTHIO B COIPS2KEHHOM IIPOCTPAHCTBE KOMILIEKC-
HOI'O CHJIBHO I'DAHEBO CUMMETPHUYHOI'O ITPOCTPAHCTBA, a TaKKe JlaHa I'eoOMeTpUYecKas XapakKTe-
PUCTUKA T'€OMETPUYECKUX TPHUIIOTEHTOB.
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Introduction

In the early 1980s, the development of JB* -triple theory was initiated by Kaup, establishing
a framework that parallels the functional-analytic aspects of operator algebra theory [1,2].
These triples, distinguished by the holomorphic properties of their unit balls, constitute a
broad class of Banach spaces based on ternary algebraic structures, encompassing C* -algebras,
Hilbert spaces, and spaces of rectangular matrices. The axiomatic approach developed by
Alfsen and Schultz suggests the existence of unordered analogs of JB*-triples [3]. A significant
advancement in this direction was the introduction of facially symmetric spaces by Friedman
and Russo in [4, 5], motivated by the geometric characterization of predual spaces of Banach
spaces admitting an algebraic structure. Many of the properties required for such characteri-
zations arise naturally in state spaces of physical systems, making these spaces a compelling
geometric model for quantum mechanics.

In [6], it was established that the predual space of a complex von Neumann algebra, as
well as that of a general JB*-triple, forms a neutral strongly facially symmetric space. Further
developments in [7] demonstrated that the predual of the real part of a von Neumann algebra
is a strongly facially symmetric space if and only if the algebra is the direct sum of an Abelian
algebra and a type I algebra. A similar result was obtained for JBW -algebras in [8], where
it was shown that the predual space of a JBW -algebra is a strongly facially symmetric space
if and only if the algebra is the direct sum of an Abelian algebra and an algebra of type I .

Subsequent studies provided further geometric characterizations: in [9], a characterization
of complex Hilbert spaces and spin factors was given, while in [10], a description of atomic
facially symmetric spaces was presented, establishing that a neutral strongly facially symmetric
space is isometrically isomorphic to the predual of one of the Cartan factors of types 1-6.
Neal and Russo [11] identified geometric conditions under which a facially symmetric space is
isometric to the predual of a complex JBW™-triple. A complete description of strongly facially
symmetric spaces that are isometrically isomorphic to the predual of an atomic commutative von
Neumann algebra was obtained in [12]. In [13], a classification of finite dimensional real neutral
strongly facially symmetric spaces with property (JP) (joint Peirce decomposition property)
was proposed. It was shown that every real neutral strongly facially symmetric space with a
unitary tripotent is isometrically isomorphic to L1(€, 2, i), where (2, %, u) is a measure space
satisfying the direct sum property.

It is worth noting that the study of the relationship between M-orthogonality and orthogo-
nality in strongly facially symmetric spaces within their dual space was presented in [14],
where a geometric characterization of geometric tripotents in reflexive complex strongly facially
symmetric spaces was provided. In the present work, we establish necessary and sufficient
conditions under which an element of the dual space of a strongly facially symmetric space is
geometric tripotent.

1. Preliminaries

We present necessary information from the theory of facially symmetric spaces, [4,5]. Let
Z be a real or complex normed space, and let Z* denote its dual space. We say that elements
fi9 € Z are orthogonal and write fog if ||f+g| = |f —gll = [f|l + [lgll. We say subsets
S,T C Z are orthogonal and write S o T, if fog for all (f,g) € S xT. For a subset S of
Z, weput S®={fe€Z:VgeS fog}; the set S°® is called the orthogonal complement of
S. Recall that a face F' of a convex set K is a non-empty convex subset of K such that if
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g,h € K satisty A\g+ (1 —A\)h € F for some A € (0,1), then g, h € F.

A norm exposed face of the unit ball Z; = {f € Z : ||f]| < 1} of Z is a non-empty set
(necessarily # Z; ) of the form F, ={f € Z, : u(f) =1}, where u € Z* with ||ul| = 1. While
every norm exposed face is a face, the converse does not hold in general.

Example 1.1. Let the set Z; be the unit ball of the space Z = R? with respect to
some norm. A point f on this ball is a face, but not a norm exposed face, since there is no
hyperplane H such that HNZ; = {f} (see Fig. 1).

Fig. 1
An element u € Z* is called a projective unit if ||u]| =1 and u(g) =0 for all g € F?.

Definition 1.1. A norm exposed face F, in Z; is called a symmetric face if there
exists a linear isometry S, from Z to Z such that S? = I whose fixed point set coincides
with the topological direct sum of the closure spF,, of the linear hull of the face F, and its
orthogonal complement FY, i. e., with SpF, @ F}.

Definition 1.2. A space Z is said weakly facially symmetric (WFS) if each norm
exposed face in Z; is symmetric.

For each symmetric face F,, contractive projections (i. e., linear operator P : Z — Z such
that P? = P and ||P|| < 1) Py(u),k =0,1,2 on Z are defined as follows (see [5]). First,
Pi(u) = (I — S,)/2 is the projection on the eigenspace corresponding to the eigenvalue —1
of the symmetry S,. Next, Py(u) and Py(u) are defined as projections of Z onto SpF, and
F?, respectively; i. e., Po(u)+ Py(u) = (I+5,)/2. The projections Py(u) are called geometric
Peirce projections.

Example 12. Let A be a C*-algebra. If v is a partial isometry from A then
the elements [ = vv* and r = v*v are projections. For each partial isometry v, we define
projections E(v), F(v) and G(v) on the Banach space A. We put

Ew)z =ler, F)r=(1-0)z(1—-r), Gz =Ilz(l—r)+ (1 —1azxr.

We call E(v), F(v) and G(v) the Peirce projections corresponding to wv.
Let v is a partial isometry from a von Neumann algebra A and A, is a predual space of
A . Then the operator
S, = E(v) — G(v) + F(v)

defined in terms of the Peirce projections is a linear isometry from A, onto A, such that
S? = I and the set of fixed points coincides with E(v)A, ® F(v)A, (see [6, Lemma 2.8]).
Hence, A, is a weakly facially symmetric space (see [6]).
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Definition 1.3. A WFS-space Z is said to be strongly facially symmetric (SFS) if
for each norm exposed face F, of Z; and each y € Z* satisfying the conditions |ly|]| =1 and
F, C F,, we have S;y =y, where S, is the symmetry corresponding to Fj,.

A projective unit u € Z* is called geometric tripotent if F, is a symmetric face and
Siu = u for the symmetry S, corresponding to F),. It should be noted that some properties
of geometric tripotents were established in [15]. By GT7 and SF we denote the sets of all
geometric tripotents and symmetric faces, respectively; the correspondence GT > u+— F, € SF
is one-to-one [5, Proposition 1.6].

Geometric tripotents w and v are said to be orthogonal if u € Py(v)*Z* (which implies
v € Py(u)*Z*) or, equivalently, u£tv € GT (see [4, Lemma 2.5]). More generally, elements z
and y of Z* are said to be orthogonal, denoted z <y, if one of them belongs to Ps(u)*Z* and
the other belongs to FPy(u)*Z* for some geometric tripotent u. The orthogonal complement
X ofa X C Z* is defined as X°® = {y € Z* : Vo € X zoy}. For a singleton set {z} we
write z° instead of {z}°.

We present examples of SFS-spaces.

Example 1.3. Endowing R" with the norm ||z|| = |z1| + ... + |z,|, where z =
(x1,...,2,) € R™, we obtain a strongly facially symmetric space (see [13]).

Example 1.4. Every Hilbert space H is a SFS-space (see [13]). Each element v € H
with ||u|| =1 is a geometric tripotent and F,, = u. Moreover, the symmetry S, corresponding
to a face F,, is defined as follows:

Sy Mu+4z) = u—z, Iu+z€spudu-=H,
where ut is the orthocomplement of w in the Hilbert space H.

Example 1.5. The predual space of a von Neumann algebra A is a strongly facially
symmetric space. Notice that there exists a bijective correspondence between the set of geometric
tripotents and the set of nonzero partial isometries, (see [6, Theorem 2.11]). If v is a geometric
tripotent then the geometric Peirce projections corresponding to v are defined in terms of the
Peirce projections corresponding to v, i. e., we have

Py(v) = E(v), P (v)=G(u), PF(v)=F(v).

Example 1.6. The predual space of a JB*-triple U is a strongly facially symmetric
space in which the set of geometric tripotents coincides with the set of tripotents (see [6,
Theorem 3.1]).

2. Main results

Let Z be areal or complex normed space and = € Z*, ||z|| = 1. For x consider sets D;(z)
and Dy(z) defined as

Di(x) ={y € 2" :3a>0 |z + ay| = [lz — ayl| = 1},

Dy(z) ={y € Z" : VB € C ||z + By|| = max{L,||By }}.
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Theorem 2.1. Let Z be a real or complex strongly facially symmetric space and x € Z*
norm-one element. Then x is a geometric tripotent if and only if F, # 0 and D;(x) = Da(x).

P roof. Necessity. Let ©x € Z* be a geometric tripotent. Then we have already noted that
F, # 0. Let us assume that y € Dy(x), y # 0, and put a = ||y||~!. Then it follows from the
definition of the set Dy(z) that

[+ ayll = llz — ayll = 1.
This shows that Ds(z) C Dy(z).
Let now y € D;(x). Then for every g € F, we have
11+ ay(g)| =z £ ay)(g)| < llz+ayl| =1.

But this inequality is true only when y(g) = 0. Therefore, F,, C F,.4,. Then, by [4, Lemma 2.§],
we get
r+ay=x+ F(z) (x4 ay) =z + aBy(z)"y,
e., y = Py(z)*y. So, x{y. Then it follows from [4, Lemma 2.8(i)| that

[l + Byl = max{||z|, [|Byl[} = max{1, [|Py[|},

for every § € C. Therefore, Di(xz) C Do(x). Thus, if x is a geometric tripotent, then
Dy (x) = Do(z).

Sufficiency. Suppose that F, # () and D;(x) = Ds(x), but x is not a geometric tripotent.
Since Z is a strongly facially symmetric space, F), is a symmetric face. Consequently, by
[5, Proposition 1.6] there wu is a geometric tripotent such that F, = F,. Therefore, by
[4, Lemma 2.8] we have x = u + Py(u)*x.

= w) x| — & en emma it follows tha
Set y = (|| Po(u)*z|| 1)IIP() ik Then by [4, L 2.1(i)] it follows that
o o = [+ @) = 1) o | = ol 2 PuCael = 1} = 1.
— = ({|U ()* = max u =
||l’ y” - T T o e ||P( )* {H ||71} L.
So, y € D;(x).

On the other hand, again according to [4, Lemma 2.1(i)], the following equalities hold for
every € C

) Py(u)*z
[Po(w) ]|
(

a=llz+ Byl = |ju+ (I[Po(u)z|| + Bl Po(u)*z|| —

)|l = BllPo(w) x|l — B},

|

<

Bo(w)x

(u)z|| 8 — ﬁ)m

bzmwﬂwwwm}zmw{

(uyzll - B}
Since ||Po(u)*z|| > 0, then a # b. From here
[l + Byl # max{1, [[Byl|}.

This contradicts the assumption that D;(x) = Ds(z), hence z must be a geometric tripotent.
[l
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Corollary 2.1. Let Z be a reflexive SFS-space, and let x be a norm-one element of Z*.
Then x is a geometric tripotent if and only if Di(x) = Do(x).

The following corollary follows directly from the proof of necessity in Theorem 2.1.
Corollary 2.2. Let Z be a SFS-space and uw € GT. Then Py(u)*Z* = D;(u).
Corollary 2.3. Elements u,v € GT are orthogonal if and only if |ju£v|| = 1.
The geometric tripotent w is called maximal if Py(u) = 0.

Corollary 2.4. Let Z be a strongly facially symmetric space and x € Z*, ||z|] = 1,
F, # 0. Then the following statements are equivalent:

1) z is a mazimal geometric tripotent,

2) x 1is an extreme point in Z7,

3) Di(x) = {0}.

Two elements = and y of Z* are said to be M-orthogonal (see [16]) and denoted as zy
i o =yl = mac{|z]) lyl]}

The M-orthogonal complement (M-complement) HY of a subset H of Z* is defined as
HY ={y € Z*:Vx € H x0y}. For a singleton set {x} we write 2" instead of {z}".

For each element x € Z* with unit norm, the tangent disc S, is defined as

Sy ={yeZ :VaeCla<1=|z+ayl|=1}.

Theorem 2.2. Let Z is a complex strongly facially symmetric space and x € Z*, ||z| = 1,
FE, # 0. Then the following conditions are equivalent:
1) z €dT,
2) 2N Zr =2°nZ;,
3) 2"NZ; =i Nz,
4) S, =z°NZ;.

P r oo f. The implication 1) = 2) follows from [14, Lemma 3|.
1) = 3). Suppose x € GT and y € 2N Z; . Then, from |16, Lemma 2.2(i)], it follows that

"Nz ={yez":vte|[-1;1] ||z +ty|| = 1} C Dy(x).
Therefore, from Theorem 2.1, we have y € Do(z). Specifically,
liw £ yl| = llu F iyll = max{{|ul], liy[|} = max{[jul], [ly|}.

Thus, y € iz° N Z;, i. e, 22N Z; C ixP N Z;. The reverse implication follows from similar
reasoning. Hence, 22 N Z; =ia® N Z;.

1) = 4). Assume =z € GT and y € z°N Z}. From Corollary 2.2, y € D;(z), and from
Theorem 2.1, y € Dy(x). Therefore, for all a € C, |a| < 1, we have

[l + oyl = max{|], [layl[} = 1,

i.e, yes,.
Let x € GT and y € S,. Then y € Dy(z), and from Corollary 2.2, y € Py(z)*Z*, i. e.,
yex®NZ;. Thus, S, =2°NZ;.
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To prove the reverse implications, assume z is not a geometric tripotent, leading to a
contradiction with the problem’s conditions in each case. Since Z is strongly facially symmetric,
F, is a symmetric face. Therefore, by [5, Proposition 1.6|, there exists a geometric tripotent u
such that F, = F,. From [4, Lemma 2.8|, we have x = u+ Fy(u)*z

3) = 1). Suppose z” N Z; =iz” N Z; and

Py(u)*z

y=iV1 = [[Po(uw)allPrp
[ Po(w)* ]|

Since ||Py(u)*z|| <1, |ly|| <1. According to [4, Lemma 2.1(i)],

e £yl =

wt (1w el + iv/T = [ Polu ”)ﬁ‘

(w)a] +iy/T= [R(w)al?|} =1

:max{

Thus,

max{|z|, [ly[|} = max {1, V1= ||Po(U)*$|I2} =1=z+yl.
This means = and y are M-orthogonal. On the other hand, by [4, Lemma 2.1(i)|,

mase{ 2], ligl}} = mas{ 2], 1y} = max {1, /T= [Bou) 2l } = 1,

o — iyl = [[u+ (1Pl + VT = TPo(w)z]?)
— max {1, 1Py (u)*z]| + /T — ||P0(u)*x||2} > 1.

Thus, = and iy are not M-orthogonal, and y is not in iz".

2) = 1). Assume 22N Z; =2°NZ; and y = (1 — ||Po(u)*z]|)
1 —||Po(u)*z|| < 1. From [4, Lemma 2.1(i)],

Bo(u)

By Fhen |lyl| =
[[Po (w) ||

Py(u)*z ’
r—yl = lu+ 2||Po(u)*z|| — 1)————|| = max {||ul, |2||Py(u)*z| — 1|} =1,
o =l = |l (20 Py = R | = e . 2Py = 11
Py(u)*x
ool =+ o | = w13 = 1
|| FPo(u)*z|]

Thus,
max{ ||z, [y[l} = max{1,1 —[[Fy(u)"z[|} =1 = [lz £y

This shows x and y are M-orthogonal, i. e., y € 2 N Z;. Assume z oy. Then z ¢ ay for
every a € C. By [4, Lemma 2.1(i)],

|2 + ayl] = max{1, flay]|}. (2.1)
On the other hand, from [4, Lemma 2.1(i)|, for every « € C, we have

Po(u)*x '
|| Po(u) x|
= max{1, ||| Po(u)*z|| + a — a||Py(u)*=|||},

Iz + ayll = [|u+ ([ Po(w) =]l + o — o Po(w) )
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max(lel oy} = mox {1 e = all (el oy o

| Po(u)*|]
= max{1, |a — a||Py(u)*z|||}.

Hence, ||z + ay|| # max{1, |[ay||}, contradicting equality (2.1). Therefore, y is not in x°.

P *
4) = 1). Suppose S, = 2°NZ; and y = (1— Hm(@mﬂ)%. By [4, Lemma 2.1(i)],
o\u)"x
for each v € C, |a| <1,
Py(u)*x
[+ oyl = |lu+ (1Bo(w) 2| + o — al[Po(u) ]| 77— '
( TRy
= max{L, [[[Fo(u)"z|| + o — af[Po(u) x|} = 1.
Thus, y € S,. However, y is not in z° as in case 2) = 1). ]
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Amnnsorarus. Jl1a HeaBTOHOMHBIX UMD depeHNnaIbHBIX BKIOYEHN PACCMATPUBAIOTCS BOIIPO-
CBI TIPUTSKEHUS] W ACHMIITOTHIECKOTO MoBeJeHns pertennii. OCHOBOW HMCCIEIOBAHUIN CITYKUT
pPa3BUTHE METO/A IPEIEIbHbIX JuhdepeHnnalbHbIX YPABHEHUN B COYETAHUN C IIPSIMBIM METO-
oM JlsmyHoBa ¢ HecKoJbKUMHU (YyHKIUSIME JISIIyHOBa. DTO Ja€T BO3MOXKHOCTH 00JIee TOYHO
IIPOBOJIUTH JIOKATH3AIUIO M OMPEENATh CTPYKTYPY W -IPEIeTbHBIX MHOXKeCTB pemtennii. Oc-
HOBHBIMHU IIPOOJIEMAMU UCCJIEJIOBAHMI SIBJISIIOTCS OTCYTCTBUE CBOMCTB THUIIA HHBAPUAHTHOCTH W -
IIpeJIeIbHBIX MHOXKECTB HEABTOHOMHBIX CUCTEM U IIOCTPOEHIUE IIPEJIEIbHBIX M depeHITnaTbHbIX
coormortennit. OHN PemaoTCs ¢ UCHOIB30BAHIEM IIPEIEIbHBIX Tu(@EPEHINATLHBIX BKIIOYe-
HUIi, HOCTPOEHHBIX C UCIOJIH30BAHUEM CIABUIOB (TPAHCJANUI) MCXOMHBIX HuddepeHIUaATbHBIX
BKJfoueHuil. Pesyiprarsl nMeior dopmy 0600menuii npuanuna naBapuantaoctu Jla-Camrsa u
JIAIOT IIPEJIBAPUTE/IbHYIO NHQPOPMAIMIO O IIPeJIeIbHOM IoBeeHnn pentenuit. Habop monosxn-
TeJIbHBIX QyHKIM JIsSIIyHOBA [103BOJISIET YTOUHSTD 3TO [IOBEIEHNE U BBIJIE/IATH T€ TOUKHU U3 MHO-
JKecTBa HyJIeil IPOU3BOIHON ocHOBHON (hyHKImN JIgmyHnoBa, KOTOpbIE 3aBE/IOMO W -IIPEJIEIHLHBIM
MHOYKECTBaM He MPUHA IeKAT. Pe3ybTaThl WIIIOCTPUPYIOTCS Ha MPUMepe JIMHEWHOTO OCITHJI-
JISITOPA C CyXUM TDEHHEM.
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On the asymptotic behavior of solutions
of nonautonomous differential inclusions
with a set of several Lyapunov functions

Ivan A. FINOGENKO
V.M. Matrosov Institute of System Dynamics and Control Theory SB RAS

134 Lermontov St., Irkutsk 664033, Russian Federation

Abstract. For non-autonomous differential inclusions, the issues of attraction and asymptotic
behavior of solutions are considered. The basis of the research is the development of the method
of limit differential equations in combination with the direct Lyapunov method with several
Lyapunov functions. This makes it possible to more accurately localize and determine the
structure of w-limit sets of solutions. The main problems of the research are the absence of
properties of the invariance type of w -limit sets of non-autonomous systems and the construction
of limit differential relations. They are solved using limit differential inclusions constructed
using shifts (translations) of the main differential inclusions. The results have the form of
generalizations of the LaSalle invariance principle and provide preliminary information on the
limit behavior of solutions. A set of additional Lyapunov functions allows one to refine this
behavior and to single out those points from the set of zeros of the derivative of the main
Lyapunov function that obviously do not belong to the w -limit sets. The results are illustrated
by the example of a linear oscillator with dry friction.
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BBenenue

UccnenoBannst acCHMITOTUYECKON YCTORIMBOCTU cucTeM JuddepeHualbHbIX YpaBHEHU B
pPaMKaXx IIpAMOI'O ME€TO1a d)YHKHI/Iﬁ ﬂﬁHyHOBa CO SHAaKOIIOCTOAHHBIMHU ITPOU3BOAHBIMH BOCXOIAT
K U3BeCcTHBIM TeopemaM Bapbamnmmna—Kpacosekoro [1] fj1st aBTOHOMHBIX cucTeM

T = f(x), (0.1)

rie dyukmus [ — R" onpesesena na vexkoropoit obactu 2 C R™. Ilpu sTom TpeboBasics
anamm3 muoxectsa E = {x : V(z) = 0} mymeit nponssognoii dynximum Jlsnymosa V(z) Ha
HaJIM4Yue B HeM IeJbix Tpaekropuii ypasuenus (0.1). BrocieacTBun BbIBOIBI, KOTOPbIE BbITE-
KAaIOT JIUIIb U3 3HAKOIIOCTOSHCTBA MPOU3BOIHON (bynkimu JIsamynosa, 66 aKKyMYJTUPOBAHI
B Teopeme Jla-Casuig [2|, n3BecTHO! B HacTOsIIEEe BpeMsl, KAK [IPUHIIUIT HHBAPHAHTHOCTH.

DTH UCCIIe0BAHNS B TOM HJIM HHOM BHJI€ PACIPOCTPAHEHBI 1 HA JIPYTHE KJIACCHl ABTOHOMHBIX
CUCTEM, B 9aCTHOCTHU — Ha aBTOHOMHBIE ,Z[I/ICI)Cl)epeHHI/Ia.HbeIe BKJIIOYCHU .

[Ipu paccMoTpeHnn HEaBTOHOMHBIX T depeHITnaIbHBIX YPaBHEHUIT

T = f(t,x) (0.2)

Ha 3TOM IIyTH BO3HUKAET Pl TPYIHOCTEMH, CBI3aHHBIX ¢ OIIMCAHMEM MHOKECTBa HyJIeil 3HAKOIIO-
CTOSIHHOMN TIPOM3BOAHON (pyHKImMK JIsayHnoBa 1 ¢ OTCyTCTBHEM CBOMCTB THIIA MHBAPUAHTHOCTH
Y W -TIPeJIeIbHBIX MHOYKECTB PelleHnii HeABTOHOMHBIX CHCTEM.

[TonbITKM pacmpoCTpaHUTh TPUHIUI MHBAPUAHTHOCTH Ha cucreMbl (0.2) mpuBesn K pac-
cMorpenuto ¢aBuroB (tpaucismuit) f7(t,x) = f(t+ 7,x) dbyukuun f(¢, x). pu ycaosuu, aro
CYIIECTBYIOT B TOM WJIM HHOM cMbicJie npefenbl f'(t, x) mocaenoBarensrocreii suga f(t+tg, x),
t), — 00, aHAJOrW NMPUHIMIA WHBAPHMAHTHOCTU MCXOjHOH cucrembl (0.2) ObLIM MOJSyYeHb B
TePMUHAX NPEJEJbHBIX YPAaBHEHUH

i = f(t,x). (0.3)

Takoii I0X0/] B HACTOSIIEE BPeMs U3BECTEH KaK METO/I IIPEIEIbHBIX yPaBHEHUH, HAYaI0 KO-
Topomy noJiozkuin paborsr JIxk. Cesna [3,4] u 3. Aprimreiina [5] mo Tomosornveckoii tuHaMuke
HEaBTOHOMHBIX A DepeHInalbHbIX YPaBHECHHIL.

[Tpu paccMOTpeHnn HeaBTOHOMHBIX JuddepeHalbHbIX BKIIOYCHUIT

#(t) € F(t,z) (0.4)

I HeABTOHOMHBIX JnbhepeHInabHbIX YPABHEHNI ¢ Pa3PBhIBHON MTPABOil aCThIO, MPEJICTAB-
JIEHHBIX B bopme auddepeHnnaabHbIX BKIIOYEHN, BOSHUKAIOT elle Mpo0/eMbl, CBA3aHHBIE
C TIOCTPOEHUEM TIPeIe/IbHBIX M dEepPEeHInaATbLHBIX COOTHOIIEHIIT HA OCHOBE MOCJIEI0BATETHHO-
cTeil CJIBUTOB MHOT'O3HAYHBIX OTOOparKeHMil, TaK KakK HET IMOAXOJSIINX TeopeM MaTeMaThde-
CKOro (B TOM YHCJIe MHOTO3HAYHOIO) aHAJIN3a O CXOJMMOCTU BO3HUKAIOMINX (DYHKIIMOHATIHHBIX
nocJieioBaTesibHocTeil. Briepsble 3mn mpobsieMbl GbLIH PacCMOTpPEHBI B [6] U Jyisi pa3phIBHBIX
cucreM — B |7,8].

B macrositiiee Bpemsi NPUHIUMI MHBAPUAHTHOCTH U €ro 00DOOIIeHHUs ABJIAIOTCS 3hdeKTus-
HBIMU METOJAMU UCCJICOBAHUS aCUMIITOTUIECKON JTUHAMUKH Pa3IudIHbIX cucteM. [Ipm srom
JUTS JIOKAJTN3AIAN W -TIPEJIETbHBIX MHOXKECTB BO MHOXKECTBE HyJIeil Tpon3BoiHON dyHKImn JIs-
IIyHOBA MOI'YT HCIIOJIb30BAThCS Pa3/IMYHbIE CPEJICTBA, B TOM YHCJIE HADOPHI BCIIOMOIaTeIbHbBIX
dbyuxmmit JIsmynosa Vi(t, x).
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Wnes ucrionb3oBanusi B TEOPUU yCTOWYUBOCTH HECKOJILKUX (pyHkinii JIanynosa siBisercs
BeChbMa, COJIEPYKATEILHON U paccMaTpuBaJiach B paboTax MHOTUX aBTOPOB. Teopema 06 acumil-
TOTHYECKON YCTOWYMBOCTH HYJIEBOTO DPEIIeHWs HeaBTOHOMHON cucTeMbl JuddepeHna bHbIX
ypPaBHEHHUI ¢ UCHosib3oBanneM JByxX Gyukuuii JIsmynosa Buepssie qana B. M. Marpocosbim [9].

[esbi0 TAHHON CTATHU ABJIAECTCA UCIOJIH30BAHIE METO/IA MPEJIE/IbHBIX T depeHITnaTbHBIX
BKJIIOUEHUH 1 0000IIEeHNI IPUHIIATIA WHBAPUAHTHOCTU ¢ HAOOPOM BCIIOMOTATE/HHBIX (OYHKITUM
JlgamyHoBa i M3ydeHus aCUMITOTUYECKUX CBOMCTB peIleHril HeaBTOHOMHBIX i depeH -
aJIbHBIX BKJIIOYCHUII.

1. IlpenBaputesibHBbIE CBEIECHUS

ITycte R™ — n-mepnoe npocrpancTsBo ¢ HOpMOii || - ||. s sroboro memycroro MuozxkecTsa
A u Touku a u3 npocrpanctea R™ dwepes d(a, A) = infye4 ||b — a|| obosnauaercs paccrosaue
or Toukn a jo MHO)kectBa A, A= {x :d(x,A) < ¢} — e-okpecrHoCTH MHOXKecTBa A (e
€>0). Yepes A 0603HAMNM 3aMBIKaHIe MHOKECTBA A, CHMBOJIOM €0 A 0603HAMIM BBITYKIIYIO
060s10uKy MHOKecTBa A 1 conv R™ — COBOKYITHOCTH BCEX HEIYCTHIX BBITYKJIBIX KOMIIAKTHBIX
noMHOXKecTB n3 R™.

Jlnst Jir00BIX HEIyCTBIX ONPAHMYEHHBIX MOAMHOXKeCTB A m B u3 mpocrpanctBa R™ 0060-
sunadaercs p(B, A) = sup,ep d(b, A). OueBunno, uro snadenne p(B,A) He m3Menurcs, ecin
MHO)KeCTBO B mim A 3aMeHHUTH Ha €ro 3aMblKanue, a HepaBeHCTBO p(B; A) < € paBHOCHIBHO
Biaoxkennto B C A UYepes dist (A, B) = max{p(B, A), p(A, B)} B npocrpancree convR™
obo3HauaeTcss MeTpuka Xayciaopda.

Onpememenne 1.1 Ilycrb X — Merpmueckoe NpOCTPAHCTBO ¢ METPHKOI of-,-).
Orobpaxenue G : X — convR™ HasblBaeTCH NOAYHENPEPLIGHLIM CEEPTY B TOUKE Lo, €CJIH
s qoboro € > 0 cymecrByer 6 = d(e,xp) > 0 Takoe, 9TO JIsI BCEX &, YJOBJIETBODSIOIIAX
HepaBeHcTBY 0(z, o) < d, Bbimoansiercs G(x) C G(xy).

Bech u gasiee st MHOTO3HATHBIX OTOOpayKeHWH MCIoIb3yeM cuMBosl G¢(x) 1yist 0603Ha-

€

vqenus €-okpecrnocru (G(x))¢ muoxkecrsa G(x) B KaxK/0il TOUKe Z.

[MosyrenpepbiBHOCTH cBepxy o3Hadaet, uro lim p(G(x), G(xg)) = 0 u jyist OrpaHIYeHHOTO
Tr—xTQ

MHOT'O3HAYHOI'O OTOOpazKeHUs HEOOXOAUMBIM U JOCTATOYHBIM YCJIOBHEM IOJIyHEIIPEPBIBHOCTH
CBEpPXY ABJIACTCH 3aMKHYTOCTH Tpaduka (cm. |10, c. 35-40]).

Bynem paccmarpusars auddepentmanbaoe Briodenne (0.4) ¢ MHOrO3HAYHBIM OTOOpaKe-
mmeMm F: R! x R® — convR", s KOTOPOTO ¢ HOMOIIBIO MHOTO3HAMHOTO ONEPATOPA CIBUTA
F(t+ 7,x) BBOAMTCH JBa THIIA MHOIO3HAYHBIX OTOOPAZKEHHIA:

F'(t,x)= (oo |JF(t+tez), F(t,z)=()eo |JFt+72). (1.1)
n>1 k>n b>0 T>b

OHHI HA3BIBAIOTCS NPEJEALHHIM OMHOCUMENLHO nocaedosamenvrocmu {ty} 1, COOTBETCTBEHHO,
npedeavrvim. OKasbiBaercst, 9To orobparkenne F*(t,r) He 3aBUCHT OT TIEPEMEHHON ¢, MOTOMY
MOXKHO [0J1araTh, Hanpumep, 9ro F*(z) = F*(0,z) npu Bcex x € R". CooTBETCTBYIONIIE STUM
IpeJieJIbHBIM 0TOOparkeHusIM JuddepeHrabHble BKIIOUCHUS

i€ F'(t ) (1.2)

i € F*(z) (1.3)
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Oy/IeM Ha3BIBATD NPedeAbHbMU OUPHEPEHUUALOHOMY GKANOUEHUAMU.

Kak o6brano, Touka z € R™ HasbiBaercs w -1peJiesibHOI Jjist periennst (t), eciu CymecTBy-
eT IMOCJIeIOBATEIbHOCTh ty — +00, Takas, 910 x(ty) — z. MHOXKeCTBO BCeX w -TIpe/IesIbHBIX
TOYEK HA3BIBAETCS W -TIPEJIIbHBIM MHOYKECTBOM pemtenusi x(t) u obosnadaerca AT (x).

Crieyroniye cBOHCTBa W -IIPEJIEIbHBIX MHOXKECTB (cM., Hanpumep, |11, ¢. 98]) cupaseiusbt
Jutst moboit menpepsiBroit kKpusoit L (¢(t), to <t < +oo) B R™

1. MuoxecrBo AT (L) 3amkHYyTO 1

T'>0 t>71'

2. Muoxkecrso A1 (L) mycro Torga u Tosbko Toraa, koryua ||¢(t)]] — 400 npu t — +oo.

3. Muoxectso AT (L) orpanudeHo Torma u TOJIBKO TOra, Korga Kpusast AT (L) orpanude-
HA.

4. Ecim kpuBas L orpanmdena, 1o muoxkectso A1(L) HemycTo, KOMIIAKTHO, CBSI3HO U
d(o(t), AT (L)) = 0 npu t = +o0.

5. Eciin ¢(t) siBsiercst perernem udepeHuaaIbHOr0 BKITFOYEH st

i€ F(z) (1.4)

C TIOJIYHEIIPEPBIBHOM CBEPXY, BBIITYKJIO3HATHON U OrpaHMIeHHO MHOrO3HAaYHOM dyHkimed F (),
TO Uepe3 Kaxkywo TouKy z € AT(x) mpoxomur mesast Tpaekropusi perienns Brioderns (1.4)
(CBOMCTBO MHBAPUAHTHOCTH JIJIi ABTOHOMHBIX CHCTEM ).

Onpenemnenne 1.2. Bysem roopurs, aro muokecrso D C R™ noayunsapuarmmo
(K6a3uUUHBaPUAHMHO), ecu Jyist 060K Toukn y € D cymecrByer pemenue y(t) BKIIOUEHUs]
(1.3) (Brurouenus (1.2) ¢ HekoTOpBIM OTOOpazkennem F'(t,x) B mpaBoil yactu), Takoe, UTO
y(0) =y u y(t) € D ans Beex t > 0.

BamernM, 94TO CBOWCTBO KBa3MMHBAPUAHTHOCTHU BJICUET CBOWCTBO MOJIyUHBAPUAHTHOCTH JIJIsT
J06oro MHOKecTBa D, B TOM unciie — i MHOKecTBa AT ().

CdopmynupyeM obIIIHe yCJIOBUS, TTPU KOTOPBIX OyJIeT n3ydarbes JuddepeHiaabHoe BKIIO-
venue (0.4).

Al. Jlas xaotcowx (t,x) mmoorcecmso F(t,x) menycmo, 6unykio U KOMNAKMHO.

A2. Mnozosnaunoe omobpascenue (t,x) — F(t,x) noaynenpepvisho ceepry.

A3. Jlas 06020 Komnaxmmuozo muoocecmea K C R"™ wmnozosnawnoe omobpascenue F(t, )
oeparuneno na mnodicecmee RY x K, m. e. cywecmeyem xoncmanma M, maxas, wmo ora
mobwx (t,x) € R x K u v € F(t,x) evnoanaemes nepasencmeo ||v]| < M.

[Tpu Bermosenun yciaouit A1-A3 jyist JI0ObIX HAYAJBHBIX yCJIOBHUit (tg, Z() CyIIecTByer
JoKaabHoe pemtenue 3aadn Komu Briodenust (0.4), KOTOpoe MOXKeT ObITh MPOJIOJIZKEHO Ha
[PaBbIii MAKCHMAJIBHBIN [IPOMEXKYTOK CYIIeCTBOBAHUS [to,w), U JIEOOOE ONPAHUIEHHOE, HEIPO-
JIOJIZKUMOE BIIPABO PEIeHne OIPeJIEJIEHO Ha MMPOMERYTKe [tg, +00).

CdopmyupyeM JIOMOJHATEIBHOE YCIOBUE, HPH KOTOPOM OyIyT HM3ydaThCd IIPEJe/bHbIC
nuddepenimaibhbie BRiodenus (1.2) u (1.3).

Ad. Jlaa mobwxr x u € >0 cywecmeyrom wucaa 6 > 0 uw v, maxue, 4mo

F(t,2") C F(t,x)
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ons ecex t > u ||’ —z| < 9.

Ormernm, uro yenosue Ad osmavaer  lim  p(F(t,2'), F(t,r)) = 0. Ono sbimonngercd,
t—+o0, 2’ =z

ecsim orobpazkenue F'({,x) TOJyHENPEPBIBHO CBEPXY B KAXKJOil TOUKE T DPABHOMEPHO OTHOCH-
TeJIbHO 1.

[Iycrs x(t) — pemenne ritodenus (0.4). Ecau npu sHekoropwix ycsoBusix mpegen y(t)
nocsenosaressHocTy bynkuuit yi(t) = x(t + t;) saBagerca pemenueM auddbepeHuaIbLHOro
Brutodenus (1.2) mam (1.3), TO 9TO MO3BOJIAET YCTAHABJIUBATD JIf W -IIPEIEILHBIX MHOXKECTB
ucxoaoro Briodenns (0.4) cpoifcTBa THIIA MWHBAPUAHTHOCTH, KOTOPOE JIEXKUT B OCHOBE JIO-
Ka3aTeIbCTBA AHAJIOIOB IPUHIAIA HHBAPHAHTHOCTU I HEABTOHOMHBIX M depeHuaabHbIX
BKJIFOIEHMIA.

CrpapeyiuBa CJIeIyomnast

Teopema 1.1 (cm. [7]). ITyemob das mrozosnaumozo omobpasicenus F evinoanaomea ycio-
sus A1-A4. Tozda:

1. Jlna npedesvroir mrozo3naunvir omobpasicenud F* w F'| onpedesernnoir pasencmeamu
(1.1), svnoansromes ycaosua A1-A3.

2. Jluggeperyuarvroe sxarovernue (0.4) u npedeavhvie duddepenyuanvroe exaroverua (1.2),
(1.3) das a06wx Havwaroror dannor (g, o) umerom pewenus, u A1000€ UL 02PAHUMEHHOE
HENPOOOANCUMOE BNPABO PEUEHUE ONPEIEALHO HA NPABOM MAKCUMANLHOM NPOMENCYMKE CYULe-
cmeosanua [tg, +00).

3. Jhoboe pewenue exarouenus (1.2) asasemes odnospemerno pewenuem exarovenus (1.3).

4. Ecau x(t) — oepanuuennoe pewenue exmouenua (0.4) u y*(t) = z(t + t), mo daa
A10001 nocaedosamenvrocmu t, — +00 u das awbozo wucaa T > 0 us nocaedosamenrvrocmu
dynxyuti Yo (t) mooicno evidesums pasromepno crodawyrocs na ompeske 1 = [0,T] nodnocae-
dosamenvbrocmao.

5. Ilpeden y(t) w060t pasromepro cxodawetica na ompesxe I nocaedosamenvrocmu Pyrk-
yuti y*(t) aeasemea pewenuem exmouenua (1.2) ¢ npedeavrvim ommocumesvno nociedosa-
meavhocmu {t} mrozosdnaunvm omobpascenuem F'(t,x) 6 npasoti wacmu, U 6bnosHsemcs
nauaavrnoe yeaosue y(0) = lim x(ty).

k—4o00

6. s 06020 oeparunernnozo pewenus x(t) exaouenusn (0.4) mmoocecmeo AT (x) neny-
cmo, Komnakmmo, keazuunsapuanmmuo u d(x(t), AT (x)) — 0 npu t — +oo.

Jng npumenenus TeopeMbl 1.1 BayKHBIM $BJISIETCA BOIPOC O MOCTPOEHWN W O CBOMCTBaX
[peJIeIbHBIX MHOMO3HAYHBIX oTobpazkenuit £’ u F*. Jljst 3T0ro MoxKeT ObITh [OJIE3HBIM CJIe-

JIyIoIIee

YrBepxkaenune 1.1 (cm. [7]). [Tyemv x dukcuposano u mrozoznavmnoe omobpasicenue t —
F(t,x) ¢ sunykivimu KOMNAKMHOUMY 3HAYeHUAMY o2panuveno. Qbosnawum H(t) = F(t,x),
H* = F*(x) u daa nocaedosamenvrocmu mouek t, — +oo obosnavum H'(t) = F'(t,x).
Tozda cnpasediuswv, cAeoyOUUE YMBEPAHCICHUA.

1. Muooicecmsea H* uw H'(t) — nenycmuoie, unykavie, KOMNAGKMHbIE U CNPAGEONUGD, PAGEH-

cmea
: o o : Ny Sy
tBEloo dzst(COgH(s), H*) =0, nl_l&loo dzst(cog H(t+t)),H'(t)) = 0.
2. Fcau lim dist(H(t),P)) =0, mo H'(t) = H* = P daa aobozo omobpasicerus H'(t)

t——+oo
U daa a106020 t.
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3. Ecau lim dist(H(t+t,), P(t)) =0, mo H'(t) = P(t) daa mobozo t.

tn——+00
4. Ecau omobpascerue H(t) odnosnauno, mo omobpascenue H'(t) 6 obwem cayuae mro-

eosnawno. IIpu smom mmooicecmeo H* odnomouewno (coomeemcemeeno, muooicecmeo H'(t)
odHomoueuro) mozda u Mmoavko moezda, kozda cywecmsyem npedea lim H(t) = H* (coom-
t—+o00

GEMCMEENHO, M0204 U MOAbKO Mmo2da, Koz2da cyulecmeyem npeden . lirJrrl H(t+t,) =H'(t)).
n—>1+00

5. Ecau omobpasicenue H(t) odnosnawno u nenpepvisno, mo H* = [a,b], 2de a u b —
HUAHCHUL U, coomeememeenHo, eprrull npedesv, gynkyuu H(t) npu t — +o0.

6. Mnootcecmeo H* npedcmasasiem coboli 6oinykAy10 3aMKHYMYI0 000A04KY GCEX NPedest-
noix anavenuls gynkyud h(t) € H(t) npu yeaosuu, wmo t — +00.

7. Ipu mobom gurcuposarnom t mmoocecmeo H'(t) npedemasasem cobot evinykayio 3a-
MEHYMYI0 000A0UKY BCET NPEOEALHLLT MOouek nocaedosamenvrocmets 6ekmopos z, € H(t+t,),
2de {t,} — mocaedosamervrocmu, Komopas onpedessem omobpascenue H'(t).

IIycts V : R! x R® — R! — nenpepsisno quddepennupyemas dbynknua. O6o3Hadmm

Vi, z)= sup (V.V,y)+ Vi), V (t,x)= inf ((V.V,y)+V,),

yeF(t,x) yeF(t,x)

rie V.,V — rpajguent dyukiuun V 1o nepemenHoir x, V; — dacTHag Ipom3BOjHAd 10 1, a
(+,+) — 3HAK CKAJFPHOIO MIPOU3BE/ICHUS.

YrBepxkaenune 1.2. [lycmo x(t) — pewenue exarovernus (0.4), onpedeaenoe na nexomo-
pom npomesicymre [tg,t1). Tozda cnpasedausvl nepasercmaa

V7 (t2(1) < Doo(t) < D'o(t) < V(t,a(1)

oas ecex t € [tg,t1), 2de Dyv(t) u D*v(t) — npasoe nusichee u, coomeemcemeento, npasoe
sepxree npouzsodnvie wucaa Junu gynxyuu v(t) = V (¢, x(t)).

Yrepxkaenne 1.2 npejcraBiser co0Ooii epedOopMyIUPOBKY TeOpeMbl 3 j1jist PyHKITNOHATLHO-
b depeHImantbHbIX BKIIOYeHH 13 [8] npuMmenuTebHo K nuddepeHnnaabHOMY BKIIOIEHIIO
(0.4).

Yepes w : R x R® — RT Gynem 0603Ha9aTh M3MEPUMYIO IO ¢, HENPEPLIBHYIO 10 I H
OrpaHMYeHHYIO Ha KaxKJoM MHozkectBe R! x K neorpunarenbHyio (DyHKIMIO, IJle MHOXKECTBO
K C R" kommaxkTHOo. Berogy B jasbHelinmem OyaeM IIpejmoararb, 9To JJisd J00ro x cipa-
BEJIJTUBO PABEHCTBO

lim  |w(t,2') —w(t,z)] =0,

t—~o00, x' =z

KOTOpOE O3Ha4daeT, YTo JJist (DYHKIUU w BBINOJIHSAETCS yeaopue A4,
CdopmyaupyeM JiBe TeOPEMBbI, KOTOPBIE sIBIAIOTCA aHAJIOTaMU ITPUHITUIA WHBAPUAHTHOCTH
JIJIST HEABTOHOMHBIX JIn(bdepeHITNATbLHBIX BKIIOUYEHII 1 Oy/1yT UCIOIb30BATHCA B JIaIbHeHIIeM.

Teopema 1.2 (cm. [6]). [yemov das duddeperyuanvnozo 6KA0NEHUA BONONHAIOMCA YCAO-
sus A1-Ad u cywecmeyem nenpepuwero dudpepenyupyeman dynruus V(t, ), ozparuuenras
crusy na xasicdom mrosicecmee suda R x K, 2de K C R™ — xomnaxmmoe MHodicecmeo,
MAKAA, YMO BLINOAHAEMCA YCAOBUE

VIt x) < —w(t, ).
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Tozda dasn m06020 ozpanusenozo pewernus (t) exarouernus (0.4) muoocecmeo A (x) npu-
HAONEAHCUM HAUOOADLUIEMY KEASUUHEBADUGHIMHOMY NOOMHONCECTNEY MHOHCECTNEA

E,={x e R": a(x) =0}, (1.5)
ede axr) — muotcnut npedea dynwryuu t — w(t, ) npu t — +o00.

Ormernm, 9TO Jisi KasKI0ro (bUKCUPOBAHHOrO = 3HadeHue (pyHKImU () peanusyercs
Ha HEKOTOPO# mocsiefoBaTeabHoCTH w(ly, ) npu t, — +oo. [losromy dopmyste (1.5) mMoxkHO
IPUIATEL BHJL

E,={x € R": 3t — +o0, lim w(ty,x)=0}.
k——+o0

Teopema 1.3 (cm. [7]). [Tycmo dynryus V(t,x) ne 3asucum om nepemennot t u A6AA-
emces nenpepwvisto dudgepenyupyemoti. Beedem 0603namerus:

V*(z) = sup (VV,u), V'(t,z)= sup (VV,u)

ueF*(z) ueF'(t,x)

u wepes a(x) 0b03navum HudtcHul npedea npu PUKCUPOSAHHOM T HYHKUUU —V'(t,x) npu
t — +o0.

Tozda das ar06020 oeparuuentozo pewenus exaoverus (0.4) ¢ w -npedeavrvim MHOMCE-
cmeom AT (x) cnpasedausvr caedyrouue ymeeporcoeru.

L. s 060t mouwku y € AT (x) cywecmsyrom npedesvroe ommocumesvio Hexomopot
nocaedosamenvrnocmu {ty} omobpaoscenue F'(t,x) u pewenue y(t) exaouenus (1.2) ¢ na-
wasvohom yeaosuem y(0) =y, makue, WMo BbNONHAEMCA PABEHCMEO

V'(t,y(t)) =0
onan.e t>0.

2. Mmnooicecmeo AT (x) npunadaescum HAUGOADWEMY NOAYUHBAPUGHIMHOMY NOOMHOICE-
cmey muoocecmea E = {x € R": V*(x) = 0}.

2. Teopewmbl 0 IPUTAKEHUN

[Iycts Vj(x) — nenpepsisuo auddepenupyemsie dynkiun, j € {1,...,m}. Bsexem obo-
3HATCHUS:

Vit(t,z) = sup (VV,u), V'F(z)= sup (VV,u)

u€F’ (t,x) u€F*(x)

VIZ(t,z) = inf (VV, u), Vj*_(x): inf (VV,u).

J uEF! (t,x) uE€F*(z)

Teopewma 2.1. IIycmo svinosrsromcs ece ycaosus meopemo, 1.2, M C E,, — 3amxnymoe

MHOINCECTNBO, U CYwecmeyom nenpepueno duddepenyupyemoie gynkuyuu Vi(z), i=1,...,m,
maxue, wmo das moboeo x € E,\M wnatidemcs undexc j € {1,...,m} maxot, wmo
Vi(a) = 0, (2.1)

u das m0bo2o npedeavrozo omobpasicerusn F'(t,x) svinoanaemes 00no u3 ycaosul:

Vit(0,2) <0, V/7(0,2) >0 (2.2)
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ons ecex € E,\M.
Tozda das 06020 ozpanuuenmozo pewenus (t) exaovernus (0.4) ewnosnaemcs

A*(z) € M. (2.3)

JokaszaTeabcTso. [IpeaosoKuM, 9T0 yTBEPKICHAE TEOPEMbl HEBEPHO U CyIIe-
crByer Touka Yo € AT(z)\M. B coorsercrBun ¢ Teopemoii 1.2 muoxkecrso AT () kBasu-
unpapuanTHo. Torja cymecrsyer perienue y'(t) Briodenus (1.2) ¢ HaYaJbHBIM YCJIOBHEM
y*(0) = o, yaoBaersopsiomee cootnomenuio y'(t) € AT (x) s Becex t > 0. ITocKoibKy MHO-
xkectBo M 3amkmyTO, TO y'(t) € M nns Beex t € [0, hg) Ui HEKOTOPOTO JJOCTATOYHO MAJIOrO
ho > 0, a B cooTBercTBUM ¢ Teopemoii 1.2 poimosnserca y' € E, mnsa scex t > 0. Torma B
COOTBETCTBHU C HepaBeHCTBaMHU (2.2) U yTBepK/IeHHeM 1.2, IpUMEHEeHHBIM K BKJoYeHn o (1.2),
HaiinyTea dynkmua V; n jjocrarodno magoe unciao 0 < hy < hy Takme, 9TO

Vi(y'(0)) = 0, Vi, (y'(h1)) # 0, ' (h1) € AT (2)\M.

AHAJIOTIIHO BBIIECKA3aHHOMY, CYIIECTBYIOT pemenne y2(t) Brmodenust (1.2) ¢ HATATbHBIM
yenosuem 42(0) = y!(hy), ynosmersopstiomee coornomenuio y2(t) € AT(z) mua Beex t > 0,

qucyio hy > 0 u dysruus Vj,, ji # js, Takue, 9To

Via (" (h1)) = 0, Vi, (y*(h2)) # 0, y*(ha) € A" (2)\M.

Tak xak Vj, (y'(h1)) # 0, To uncao hy MOXKHO B3ATH HACTOJIBKO MaJibiM, 910 Vj, (y*(ha)) # 0.
IIpomosKast TOT POIECE, HOIYyYUM TOUKY R, Takyio, 910 Y(t,,)) € E,\M u V;(y(h,) # 0
st Beex j = 1,...,m. Ilocaeanee mporuBopedant ycsopuio (2.1) u Teopema jgoKa3aHa. O

Teopema 2.2. IIycmo svinosraromcs ece ycaosus meopemo, 1.2, M C E,, — 3amxnymoe
MHOACECTNBO U CYUECEYom Henpepuero duddeperyupyemvie gynryuu Vi(z), i =1,...,m,
maxue, ¥mo das moboeo x € E*\M ewvnoanaemes (2.1) u odno u3 yeaosui:

et o
ViT(0,2) <0, Vi(0,2) > 0. (2.4)
Tozda das 06020 ozpanuuentozo pewenus x(t) exmouwenus (0.4) ewnosnsemcs (2.3).

JloKazaTebCTBO MOBTOPSIET JIOKA3aTeIbCTBO TeopeMbl 2.1 ¢ 3amenoit npoussojubix V'™ (1, x)
= V' (t,x) ma V**(z) u V* (x), COOTBETCTBEHHO, 1 UCIIOIb30BAHUN HEPABEHCTB (2.4).

CaencrBue 2.1. B pamxax npednonootcenuti meopemo, 2.1 uasu meopemor 2.2 0asa 1106020
ozparuientozo pewerus dudpepenyuanvrozo exarouenus (0.4) evnoansemesn d(x(t), M)— M.

Ormernm, uto B TeopeMax 2.1 u 2.2 muoxkecTBo AT (x) MOXKHO 3aMeHHUTD Ha 1060 KBA3U-
MHBapUaHTHOE WX IOJyWHBapHAaHTHOEe MHOKecTBO D C ).

[Ipumep 2.1. YpaBHeHue JBUZKEHUs JTHMHEHHOTO OCIHUISATOPa (MATEPUATLHON TOYKH
eJIMHIYHON MAacChl) € CyXHM TPeHHeM Mo/l JeficTBrueM yupyroii cunbl F(z) = —kx (k> 0) Ha
rOPHU3OHTAILHOM mpamoii Ox umeeT BUJL,

&= —kx — f(t)Psgni. (2.5)

Brecb P = mg — Bec Tena, FL(t,2) = —f(t)Psgni — cuma cyxoro Tpenns Kysona mpu
yenouu & # 0, f(t) > 0 — xoaddunment Tpenusi, sgn i — QyHKIMs 3HAKA CKOPOCTH U = 7.
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Bajiaua cocTouT B HamboJIee TIOJTHOM OIMCAHUM MHOYKECTBa TOYEK, K KOTOPOMY CTPEMSTCSI
pertiernst ypasaenus (2.5) upu t — +00.

[TpocTeiinmee BHITYKJIOE IT0ONIPEEICHIE CHIbI TPeHus B Touke & = ( IpaBoil 9acTu ypas-
Herus (2.5) mo OuimnmoBy npuBoAUT K A GepeHIaIbHOMY BKIIOYEHUTO

i€ —kx+ FI"(t, 1), (2.6)

e FI7(t, @) = —f(t)Psgni npu yenopun @ # 0 u FI7(t,0) = [—f(t)P, f(t)P).
Oyukrust f(t) npeanoaraeTcesi HEIPEPHIBHOM U OrPaHUYEHHON HA BCEl YMCJIOBON TIPSIMOI
C yCJIOBAEM

lim — (f(t+&) — f() =0, (2.7)

{—+o00,t—40

KOTOpOe obecrieunBaeT BbIoHeHue jiist jud depernuaabHoro BriodeHust (2.6) yemaoust A4.
HepagsencrBo (2.7) BeimosHsiercs:, ecn, Hanpumep, dyHkiws f () paBHOMEPHO HepepbIBHA.
O6o3naunm
tggrnoo se(ltr,l—{oo) f(s) =a, tlg—noo se?tl,lfoo) f(s)=0. (2.8)
s mpomsBosIbHON mOCIEI0BAaTEIbHOCTH T, — 400 depe3 f'(t) obo3HAYMM HpejeIbHOe
(BOOGIIIE TOBOPsI, MHOTO3HAYHOE) oTOOpazkenue Jyist hyukuuu f(t), MOPOXKIEHHOE MOCJIEI0Ba~
TeJIbHOCTBIO TOUeK ). CormacHo yrBepxkaeHnio 1.1 muO)kecTtBo f'(t) B Kaxkmoi Touke t > 0
peJICTaB/IgeT COOOM BBITYKJIYIO 3aMKHYTYIO 000JI0UKY BCEX MTPEJIETbHBIX TOUYEK MOCIEI0BATE b
Hoctu 3Hadennit f(t +t;). Torma sHadenmem orobpaxkenus f'(t) B KaxI0il TOUKe ¢ ABIAETCS
HekoTopsIit orpesok f'(t) = [m/(t), M'(t)], n Bomomnserca a < m/(t) < M'(t) < b. Obosna-
qum f* = [a,b]. Torga npegenbubivMu quddepenipagibabMu BKIOUYeHugaMu Jyist (2.6) GyayT

mi € —kx + F'(t,x), mi € —kx + F*(&), (2.9)
e
[—M'(t)P,—m/(t)P], ecom & > 0, [—bP,aP], ecam & >0,
F'(t,z)=¢ [-M'(t)P,M'(t)P], ecomz =0, F*(t)=< [-bP,bP], ecmuz =0,
[m/(t)P, M'(t)P], ecan & < 0, l[aP,bP], ecmm & < 0.

Qyuknuio JIsamyHoBa Bo3bMeM B BHJIE
. Lo 2
V(z, &) = 5(1‘ + ka®).

Torma V*(t,z,4) = —f(t)P|2| < 0 u, nomaras w(t,z, &) = f(t)P|4|, u3 mepsoro pasencrsa
(2.8) mosryvaem

lim inf w(s,z, &)= aP|z|

t—+00 s€(t,400)

CrietaeM HEKOTOPBIE BBIBOJIBL.

1. Tak kak dyukius V(z,T) gBiagercs orpaHUYeHHON CHU3Y U GECKOHEYHO GOJIBIION Ipu
||(z,&)|| — 400, TO Bce permenus ypasuenus (2.5) orpanmdensl. IlosTomy B cooTBeTCTBHHI C
teopeMoii 2.1 w-npegesnbHoe MuOKecTBO AT (z, &) soboro pemenns (z(t),(t)) BRIIOYEHUS
(2.6) npuHasIEKUT HAMOOJIBIIIEMY KBA3UMHBAPUAHTHOMY TIOJIMHOYKECTBY MHOXKeCTBA [, .

2. Ecm a >0, ro AT(x, %) C {(x,%) : & = 0}.
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3. Hnst moboro pemennst (x(t), ©(t) Brmodenus (2.6) dyuknus t — V(x(t), £(t)) asagercs
HEBO3PACTAIONIEH W MMOTOMY MMeeT mpeien limy ., V(z(t),2(t)) = ¢ > 0. CrenoaresbHo,
At (z, %) npunayiexur junnu yposasi Gyukuuu Jlsnyrosa V(z, &) u asiagercsa mapabooii
npu & = 0. Hosromy AT (z,&) comepKut He GoJiee JABYX TOUEK, KOTOPBIE OIPEJIEISIOTC U3
ypaBHeHust kx? = ¢ U ABJIAIOTCA TOJIOMKEHUsIME PABHOBECUS TIPeJIeIbHBIX (D hepeHIuaibHbIX
BrJouenwit (2.9). Takum obpazom, muozkectBo A1 (z, &) cocrout us Tovek (x, ), i KOTOPBIX
lz| < M'(t) <b nsiBeex t <0 u & =0.

4. B cuny csznoctn muokecTBa AT (x,4) OHO BCerja COCTOUT JIUITH U3 OHON ToUKH (g, 0)
win (—xg,0). OueBrano, 310 Moxker ObITH TOUKa (0, 0).

5. CymectByer mocaegoarenbrocts ¢ — 400, takas, aro f(t") — a. Tpu sTom s
moboro t > 0 Bemosagercs (z(t + ty), (t + tg)) — (20,0) masa 060§ MOCTEI0BATEIBHOCTH
TaKol, UTO t), — 400 U B TOM |HCIe — st mocesoBareabrocti {ti }. Tlostomy BBIIOTHEHO
a=m'(0) = M'(0).

Pacemorpum Beomoraresbrayo dyukimo Jlsaynosa Vi(zr,4) = & u mHONKecTBO M =
{(z,2) : |z| <aP/k,  =0}. Torma Vi(z,0) = 0 u 1y mepBoro Brodenus u3 (2.9) BBIIOIHS-
erca VT (x,0) = —kx + aP mna moboro . ClienoBaresbHo, eciu oKazxeTcs, ato |z| > aP/k,
TO BBIOMHsICTCA oo w3 Hepasencts: V(T (z,0) < 0 mwm V{™(z),0) > 0, u Torma B cumiy
reopembl 2.1 Bormosasiercs AT (x, &) C M.

[TpoBeienHblii aHa/ M3 TOKA3bIBAaET, 4TO Tpu yciaosuu a > 0 jroboe pemenune (x(t), o(t))
ypaBrenus (2.5) crpemures K Touke (xg,0) Takoit, uro |ro| < aP/k, rae a — HuKHEI npeses
dbyukuun f(t) npu t — 4o00.

B curyanuu, korna b = a > 0, npenenbhble quddepenimanbabe BKIoYeHns (2.9) coBia-
Jarot, u joboe perrerne ypaBaenus (2.5) crpemurcst K Touke (x,0), KoTOopas yIOBIETBODSET
yeqosuio || < fP/k u gBiISeTCs OIOKEHNEM DABHOBECHST ABTOHOMHOI'O yPABHEHH

¥ = —kr — fsgni. (2.10)

MHoKecTBO BCeX TaKMX TOUYeK (HEM30JMPOBAHHBIX IOJIOKEHUiT paBHOBecus ypaHerus (2.10)
JIMHEHHOTO OCIIJLIATOPA € TOCTOAHHBIM Ko duimenTom Tpenust f = a = b) Ha3bIBaeTCHA
«30HOU 3aCTOA».

Eciau ke b = 0, To 30Ha& 3acTOsi OTCYTCTBYyeT, U Jit0boe perienne ypasHerus (2.5) crpe-
MUTCSA K KaKO-TM00 3aMKHYTON TPAeKTOPHUH IEPUOJIMIECKOIO pellleHns ypaBHeHus & = —kx
JMHENHOTIO MaTeMaTHUIeCKOI0 MasiTHUKA.

3. 3akJroyeHue

Teopembr 2.1 u 2.2 He TIO3BOJIAIOT B MOJIHON Mepe pemiaTh 3aJ1a9y MPUTIKEHUs /s BKJIIO-
genns (0.4), Tak Kak MHOKecTBO M 3apaHee HEM3BECTHO U MOXKET (DOPMUPOBATHCH, 110 CYTH,
JIIIb B XOJle aHa/IM3a MHOXKecTB F,, u V*. Habop Bcnomorarenbnbix dynknuit V; ne ogmHo-
3HAYEH, ¥ YeM OH OyJeT Oorade, TeM TOYHEE OIPEJIE/IAeTCd MPUTATUBAIoNee MHOXKeCTBO M.
OrmeruMm Tak:ke, 9T0 B Teopemax 2.1 u 2.2 Tpebyercss orpaHnIeHHOCTD pelrenuii auddepen-
rasbHoro Briodenns (0.4).

Teopust orpannvdeHHOCTH pelnrennit cucreM juddepeHImaabHbIX YPaBHEHU Ha OCHOBE Me-
toma dyukiwii JIsamyrosa passura B pabore T. Mocumzassr [12].

Paszinanble TUIBI OMPAHUYEHHOCTH PEIIeHUIl ¥ UX CPaBHUTENbHBIN aHan3 umeercs B [2].
B [9] k Teopun orpaHMYEHHOCTH PeIIeHnil TPUMEHAIOTCA METO/IbI BeKTOP-DyHKImii JIstiyHOoBA.
3/ech MbI ¢cHOPMYJIIPYEM JIUIIb OTHO IIPOCTOE 3aK/IUeHne: ecan s jirodoro dncaa A > 0
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cymectByer dnciao B > 0 rakoe, aro |V (t,x)] > A mua Bcex t > B, ||z|| > B, To moboe
pemenue Briodenus (0.4) orpanndeno.

Bonpoc o cupasegymBoctu Teopem 2.1 u 2.2 ocraercst OTKPBITBIM st HEOIDAHUYIEHHBIX
pemteruii. B sToii cuTyaiun MoXKeT 0Ka3aThCsl 1IOJIE3HO TeopHsi OrPAHMYIEHHOCTU PeIIeHuil 110
ITyaccomny, passuras B [13].

CrenaeM HECKOJIBKO 3aMeYaHil O MEXaHUIECKIX CHCTEMAX C KYJOHOBBIM TPEHHEM.

Bonpochkl npuTsizKeHust JiJIs MEXaHUYECKHX cucTeM B ¢opme ypashenuii Jlarpamka Bro-
pOro pojia ¢ WCIOJIb30BaHueM Habopa BCIOMOraTeabHbIX GyHKIuil JIAmyHoBa B aBTOHOMHOM
cIydae paccMOTpeHbl B [14]. 31ech HAMOOJIBINNI HHTEPEC MPECTABIISET BOIPOC HIPUTIZKCHUS
JIJIsl MHOXKECTBa [OJIOXKEeHUi paBHOBecus. Eciin K KadecTBe ocHOBHOI (dbyHKiuu JIsmyHoBa pac-
CMATPHUBATh IIOJHYIO SHEPTUIO CHCTEMBI, TO HCCJICIOBAHNS CBEJYTCSI K aHAJIN3Y MHOXKECTBa, Hy-
Jieit mponsBoHOM S10it dyHKIMU. B crarbe [15] 910 MHOXKECTBO y/Ia10Ch OIHCATH JOCTATOYHO
KOHCTPYKTHUBHO. Bompoc 0 ToM, cTpeMuTest Ji OrpaHHYIeHHOEe PEIeHne MCXOTHON CHCTEMbI K
KaKOMY-JIH00 KOHKPETHOMY IOJIO?KEHUIO PABHOBECHUS, OCTACTCS OTKPBLITHIM U Tpebyer JI0moJi-
HUTEJIBHOTO UCCIe0BaHus. /1T 9TOr0 MOTYT HCIIOIB30BATHCA KAKHE-IHOO0 MPE/IIOIOKEHIS 1
J00bIe TIOJIXOJISIIIIE JIJIsT 9TOf s CpeicTBa U (haKThl, CBOUCTBA W -TIPEJIEIbHBIX MHOXKECTB,
CTPYKTYPa MCXOJHBIX M HpeesbHbIX JauddepeHIaabibix BKIoYeHnii. B obimem Buje takne
HCCJIeIOBaHUS He BCETJ[a BO3MOXKHBI M BPsiJl JIM IiesiecoobpasHbl. B maHHOi cTarbe 9T0 mpo/ie-
JIAHO B IIpHMeEpe.

Haxkoner; ormernm, uro ecau F'(t,x) = f(t,x) — oanosHadHOE OTOGparKeHue, TO 0TOOPa-
xkeuuss F'(t,x) m F*(t,x) B obmem ciaydae MHOro3HadHBI. HO mpm 3TOM, €ciu mociienoBa-
TesbHOCTE [ (t, 1) CXOMUTCA MOTOYEUHO, TO ee pejeabHoe orobpaykenne [’ (¢, x) u3 npasoii
qactu ypasaerns (0.3) coBnagaer ¢ F'(t,x), a MHO)ecTBO F*(x) Jyis KazKaIoi TOYKH T IO
CYTHU SIBJISIETCSI W -TIPEJIEJBHBIM MHOYKECTBOM Jijis orobpaxkenust t — F(t, ). Takum obpaszom,
[peIaraeMblil TOJIX0/I MOXKeT OBITh UCIOIB30BaH B PaBHOIl cremern s TuddepeHInatbHbIX
ypasuenuii (0.2).
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Byxnapamerpudeckue (C(-TOJyTrPYIIIbI JUHEMHBIX OIIEPATOPOB
Ha JIOKAJIbHO BBIMYKJIbIX ITPOCTPAaHCTBaX
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xkasag 9TTAUDB
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Yuusepcurerckasi cpefass mkosa Komremka Xavmvana Anb—DaraBaku
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Awnnoranus. enbio JaHHON pabOThl sABJSETCS M3ydYeHUE JBYXIIAPAMETPUYECKUX (COOTBET-
CTBEHHO 7 -IAPAMETPUYECKUX ) SKCIIOHEHIMAIBLHO PABHOCTEIIEHHO HEIPEPLIBHBIX () ~II0JIyI'PYILIL
HEIIPEPBIBHBIX JINHEHHBIX ONEPATOPOB HA CEKBEHIINAJIBHO TOJHBIX JIOKAJBHO BBIMYKJIBIX Xay-
cOpOBBIX MPOCTPAHCTBAX. B ©aCTHOCTH, MBI JEMOHCTpHUPYeM Teopemy Xwujae—ocumnr jis
JIBYyXIAPAMETPUIECKUX (COOTBETCTBEHHO 7 -IAPAMETPUIECKHUX ) S9KCIIOHEHIMAJIBHO PABHOCTEIIEH-
HO HenpepbIBHBIX Cj -IIOJIYyTPYIIT HEIIPEPHIBHBIX JIMHEHHBIX OIIEPATOPOB Ha, CEKBEHINAJIBHO TI0JI-
HBIX JIOKAJIbHO BBIILYKJIBIX XayCIOP(MOBBIX IIpoCTpaHcTBax. KpoMme ToOro, msydarorcs 7 -mapa-
Merpudeckne C( -IOJTyTPYIIIbl HEIIPEPBIBHBIX JTMHEHHBIX OIIEPATOPOB Ha ODAHAXOBBIX MPOCTPAH-
CTBax.

Kutouessbie cioBa: () -IOJIyTPYIIIIbl HEIPEPBIBHBIX JIUHEHHBIX OIIEPATOPOB, ABYXIIaPAMETPH-
YeCKUe IMOJIyTPYIIIbI HEIIPEPBHIBHBIX JIMTHEHHBIX OIIEPATOPOB, JIOKAJIBHO BBIILYKJIbIE IIPOCTPAHCTBA

Hnsa nutupoBanusi: Immaii6 otc. JIByxunapamerpudeckue Cy -IOJIYTPYIIIbI JIMHEHHBIX OIle-
pPATOPOB Ha JIOKAJIBHO BBIILYKJIBIX IIpocTpaHcTBax // BecrHuk poccuiickux ynusepcureros. Ma-
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1. Introduction

Abdelaziz [1] obtained a criterion for commutativity of the semigroups in terms of the
generators and their domains. His criterion used to demonstrate the converse of a theorem of
Hille and Phillips related to n -parameter semigroups of continuous linear operators on a Banach
space. Recently, Al-Sharif and Khalil 2| gave a new definition of the infinitesimal generator
for two parameter semigroups that gave the results in Trotter [3] and Abdelaziz [1]| as special
cases.

Semigroups of continuous linear operators in locally convex spaces were studied by several
authors [4-7|. As an application of Cj-semigroups of continuous linear operators on sequentially
complete locally convex Hausdorff spaces is the abstract Cauchy problem for differential equa-
tions on a sequentially complete locally convex Hausdorff space X given by

du(t
%:Au(t), t€R+,

u(0) = =z,

where A : D(A) € X — X is a densely defined closed linear operator on a sequentially
complete locally convex Hausdorff space X and x € X.

Throughout this paper, X is a sequentially complete locally convex Hausdorff space over
the field of complex numbers C under the family of seminorms I'y and L£(X) denotes the
collection of continuous linear operators on X.

2. Preliminaries

In this section, we recall some preliminaries.

Definition 21. [8 p.116] Let X be a vector space over K(=R or C). A function
p: X — R, is called seminorm if

(i) For any = € X and for all A € K, p(Ax) = |\|p(x),
(i) For all z,y € X, p(x +vy) < p(z) + p(y).

Definition 2.2. [8, Definition 4.1.2] Let K=R or K= C. Let E be a subset of a
vector space X over K. Then

(i) E issaid to be balanced if \x € F for all x € E and for any A € K such that |\ <1,

(ii) E is said to be absorbent or absorbing if for all z € X, there is a positive number r
such that Az € E for all |A] <.

Definition 23. [8,(a)ofp.6] A topological vector space X is said to be Hausdorff if
for any two distinct points z,y € X, there exist a neighbourhood U of z and a neighbourhood
V of y such that UNV = 0.

Definition 24. [9, Definition 2] A complex linear topological vector space X is
called a locally convex space, if any if its open sets contains a convex, balanced and absorbing
open set.

Theorem 2.1. [8, (a) of Theorem 5.5.1] A locally convez space X is Hausdorff if and only
if for all non-zero x € X, there is a continuous seminorm p on X such that p(z) # 0.
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Definition 2.5. [10,p.294] Let X be a sequentially complete locally convex space.
A one-parameter family (J(t));cr, of continuous linear operators on X is an exponentially
equicontinuous C-semigroup if

(i) J(0)=1I,

(ii) For any t,s €e Ry, J(t+s) = J(t)J(s),

(iii) hm J(h)x = x for any z € X,
v)

(i

The linear operator A defined by

There exists a real number w > 0 such that {e™**J(t); t € R} is equicontinuous.

D(A {x € X : lim M exists}
t—0+
and ;
Ax = lim M for any x € D(A),
t—0t

is called the infinitesimal generator of the semigroup (J(t)):cr, -

Theorem 2.2. |11, Theorem 1| Let A be a closed linear densely defined operator on a
sequentially complete locally convex Hausdorff space X. Then in order that A be the infinit-
esimal generator of an equicontinuous Cj-semigroup (J(s))ser, it is necessary and sufficient
that the family

{AN"R(N\, A)"; A >0, neN} (2.1)

is equicontinuous where R(\, A) = (M — A)™!
Theorem 2.3. |11, Theorem 2| Let A be a closed linear densely defined operator on
a sequentially complete locally convexr Hausdorff space X. Then in order that A be the in-

finitesimal generator of a continuous semigroup (J(s))ser, with {e7*°J(s); s € Ry}
equicontinuous for some w > 0 it is necessary and sufficient that the family

{A=w)"R(\,A)"; A >w, neN} (2.2)
is equicontinuous where R(\, A) = (A — A)™!
We continue with the following definitions.

Definition 2.6. [12, Definition 2.8] Let X be a locally convex space. A two-
parameter family (J(s,t))ser, xr, ©0f continuous linear operators on X is said to be a
two-parameter semigroup if

(i) J(0,0) =1,
(11) For every t1, tQ, S1 and So € R+, J(Sl + Sz,tl + tg) = J(S1,t1)J(82,t2).

Definition 2.7. [12, Definition 2.9] Let X be a sequentially complete locally convex
space. A two-parameter semigroup (J(s,t))sner, xr, on X is a two-parameter strongly

continuous semigroup or a two parameter Cj-semigroup if ( )li(rn+ . J(s,t)xr = x for all
s,t)—(0T,0
re X.
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Definition 28. [12, Definition 2.10] Let X be a sequentially complete locally convex
Hausdorff space. A two-parameter Cj-semigroup (J(s,t))ser, xr, on X is equicontinuous
if for any continuous seminorm p on X, there exists a continuous seminorm ¢ on X such
that for all z € X and for each (s,t) € RZ, p(J(s,t)z) < q(z).

Definition 2.9. [12, Definition 2.11] Let X be a sequentially complete locally con-
vex Hausdorff space. A two-parameter Cj-semigroup (J(s,t))ser, xr, on X is exponentially
equicontinuous if there exist wy,ws > 0 such that {e “157«2! J(s,t); s,t € R, } is equicontinuous.

3. Main results

In this section, we start with the following remark.

Remark 3.1. Let X be a sequentially complete locally convex Hausdorff space. Let
(J(5,t))(s)cr, xr, be a two parameter exponentially equicontinuous Cp-semigroup on X.
Then for all = € X, the map (s,t) — J(s,t)z is continuous on R; x R, into X. Let
A; and As be two linear operators defined by

. Jh ) -2
D(A) ={reX: hlg& h exists in X},
. JOh -2
D(As) ={zr e X: hlggh h exists in X},
and J(h,0 0J(s,t
Ajz = lim (h,0)z — 2 = (5,1) , for each z € D(A4,),
h—0+ h s (s,£)=(0,0)
Ayx = lim SO bz =2 = (s, 1) , for each = € D(A,).
h—0+ h ot =00

It is easy to see that A; and A; are the infinitesimal generators of the one parameter
semigroups (J(s,0))ser, and (J(0,t));cr, respectively.

Theorem 3.1. Let (J(t))ier, be an exponentially equicontinuous Cp-semigroup on X,
where X 1s a sequentially complete locally conver Hausdorff space. Then for all x € X and
for each t € R,

t+h
lim —/ J(u)rdu = J(t)x.
t
Proof. Let v € X, tc Ry and ¢ > 0. From (J(u))uer, is an exponentially equiconti-
nuous Cj-semigroup on X, then for all € > 0, there exists § > 0 such that for each u € (0, ),

we have
p(J(u)r —x) < e for all z € X and for each p € T'x.

Hence for all h € (0,0), x € X and for any p € I'x,

p(% /Oh J(u)zdu — x) = p(% /Oh[J(u)x — x]du) < %/th((](u)x — x)du < %/Oh edu = €.

1t
lim —/ J(w)zdu = x.
h Jo

h—0t
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Since (J(u))uecr, is continuous on X, we have

lim %/tHh J(u)rdu = J(t)( lim %/Oh J(u)xdu) = J(t)z,

h—0+
for all ¢ € R, and for each z € X. m

We extend the Corollary 2.5 of [13] in a sequentially complete locally convex Hausdorff space
as follows.

Corollary 3.1. Let X be a sequentially complete locally convexr Hausdorff space, and let
(J(t))ier, be an exponentially equicontinuous Cy-semigroup of continuous linear operators on
X with infinitesimal generator A. Then A is a closed operator with dense domain in X.

We extend the Theorem 2.6 of [13] in a sequentially complete locally convex Hausdorff space
as follows.

Theorem 3.2. Let (J(t))ier, and (S(t))icr, be two exponentially equicontinuous C -
semigroups of continuous linear operators on X, where X is a sequentially complete locally
conver Hausdorff space. Suppose that both has the same generator A. Then J(t) = S(t) for
any t € R,.

We define the infinitesimal generator of a two parameter semigroup in a locally convex space
as follows.

Definition 3.1. Let X be a locally convex space. Let (J(s,t))(ser, xr, be a
two-parameter semigroup on X. The infinitesimal generator of the two parameter semigroup
(J(s,t))sier, is the derivative of J at (0,0).

From the definition of the infinitesimal generator, we have.

Theorem 3.3. Let X be a sequentially complete locally conver Hausdorff space. If
(J(5,t))(s,)ery xR, 15 @ two parameter exponentially equicontinuous Cy -semigroup on X. Then
the infinitesimal generator of the two parameter exponentially equicontinuous Cy-semigroup
(J(5,t))(s,)ery xr, 15 the linear transformation L : R, xR, — L(D(A;)ND(Ay), X) defined

by for all x € D(A;)ND(Ay) and (a,b) € Ry xR, L(a,b)z = (A1, As) (a) r = aAjx+bAsx.

b

Furthermore if ©* € D(A;) N D(Ay), we have for all (a,b) € Ry x Ry, DJ(s,t) (Z) T =

(A1, Ag) (Z) J(s,t)x, where Ay and A, are the infinitesimal generators of the one parameter

exponentially equicontinuous Cy -semigroups (J(s,0))ser, and (J(0,t))ier, on X respectively.

Proof. Let z € D(A;) N D(Az) and (s,t) € Ry x Ry. Then DJ(s,t)|es =00 the
derivate of (J(s,t))(ser, xr, at (0,0) as a function of two variables exists if there exists
a linear transformation L from R, x Ry into L£(D(A;) N D(Ay),X) such that J(s,t) =
L(s,t) + R(s,t) where

lim

S22 2 — 0 for all pely.
05000 (s, 0)] *
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Let A;, Ay be infinitesimal generators of the one parameter semigroups (J(s,0))scr, and
(J(0,1))ier, respectively. Since (J(s,0))scr, and (J(0,t))icr, are exponentially equicontinuous
Cy-semigroups on X, then for any continuous seminorm p on X, there exist a continuous
seminorm ¢ on X and wi,ws > 0 such that for all # € X and for each (s,t) € R?,

p(J(s,0)x) < e**q(x) and p(J(0,t)z) < e“*'q(z). (3.1)
Setting J = J(s,t) — J(0,0) — (Ay, Ay) (i) . Then for any continuous seminorm p on X,
there exists a continuous seminorm ¢ on X such that

p(Jx)=p(J(s,t)r —x — sAjx — tAsx)
=p(J(s,0)J(0,t)x — J(s,0)x — tAsx + J(s,0)x — x — sAjx)

= p(tJ(s, 0) (M — Aﬂ) +t(J(s,0)Agx — Asz) + s(% - Aw))
< {|t|e““8q<w — Aﬂ) + [tlp(J(s,0)Asz — Asz); |s|p(w — A1x>}

by (3.1). Divide both sides by ||(s,?)|| = v/s? + 2, it follows that

p(Jz)
1m
(s.)—(0+,0) || (s, 8)|

=0forallpely.

Hence DJ(s,t)|(s =00 = (A1, A2) as a linear transformation on Ry x R, is the derivative of
the two parameter semigroup (J(s,t))(s¢er, xr,- Thus the linear transformation L = (A4;, A)
is the infinitesimal generator of the two parameter semigroup (J(s,t))er, xr, - Let u =

(Z) € Ry xRy and =z € D(A;) N D(As). Then it is easy to see that

o) (£) - (20 2280 (),

0J(s,t)  0J(s,t)
(“ os T )¢

(a(%ﬂ) J(0,t) + b(&]gz’ ) ) J(s, 0))x

By Remark 3.1, we get

a

DJ(s,1) (b) - :(aAIJ(s, 0).J(0, 1) + bAs.J(0,1).J (s, 0))93

=(aA1J(s,t) +bAsJ (s, 1)) = (A1, Ay) (Z) J(s,t)z.

]

Definition 3.2. Let (J(s,t))(secr, xr, be atwo parameter semigroup of continuous
linear operators on a sequentially complete locally convex Hausdorff space X. For u = (a,b) €

R?, the directional derivative D,J of J(s,t) at (0,0) in the direction of u = (a,b) is defined
as

h,bh)x —
Domain(D,J) = {x € X : lim J(ah,bh)r —x
h—0+ h

exists in X} (3.2)
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and for all z € Domain(D,J),

DuJz = lim 2O =T

h—0t h

Proposition 3.1. Let (J(s,t))(sner,. xr, be a two parameter exponentially equicon-
tinuous Cy -semigroup of continuous linear operators on a sequentially complete locally convex
Hausdorff space X. Then for u = (a,b) € R, D,J = aA; + bAy is the infinitesimal generator
of the one parameter product semigroup J(at,0)J(0,0bt), where Ai, Ay are the infinitesimal
generators of the one parameter exponentially equicontinuous Cy -semigroups (J(s,0))secr, and
(J(0,1))ier, respectively.

Proof. Let (a,b) € RZ and x € Domain(D,J), we get

J(ah,bh)r — x J(ah,0)J(0,bh)r — x

D,Jr = lim = lim
h—0t h h—0t h
. J(ah,0)J(0,bh)x — J(ah,0)x + J(ah,0)x — x
= lim
h—0t h
L J(0,bh)xr — x J(ah,0)x —x\\ _
= hlg(r)l+ (bJ(ah, 0) oh + a( o )) = aAjz + bAsz.

O

Theorem 3.4. Let X be a sequentially complete locally convex Hausdorff space, and let
(J(5,t))(s,)cr, xr, De a two parameter exponentially equicontinuous Cy -semigroup of continuous
linear operators on X with infinitesimal generator (A, As). Then the followings hold:

(i) DJ(s,t) (Z) r = (A, Ay) (Z) J(s,t)z for all (a,b) € R2 and all € D((Al, Ay) (Z))

where Ay, As are the infinitesimal generators of the one parameter exponentially equicon-
tinuous Cy -semigroups (J(s,0))ser, and (J(0,t))icr, respectively.

ii) For any x € X and for each (s,t) € R%, we have
(ii) y 2

t+h ps+k

J(u,v)zdudv = J(s,t)z.

li —
(h’k)_l{%)%r’(]#») hk t S

(iii) For each x € X and for all t,s € Ry, we have
t s
/ / J(u, v)xdudv € D((Al,AQ) (a))'
0o Jo b

Proof (i) Let (a,b) € R2 and (s,t) € R2. Since (J(s,t))(ser, xk, 1S a function of
two variables, we have

i ()= (2250 (1)1 (252 125
~( (ajéi’ O>>J(0, ) + b(ajgi’ t))J(s, 0))e.

Q
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By Remark 3.1, we get
DJ(s,1) (Z) r = (aAlj(s, 0).J(0, 1) + bAs.J (0, 1) (s, O))x
= (aAyJ(s,t) + bAsJ(s,1))7 = (A1, As) (‘Z) J(s,t)z.
(ii) Set for all x € X and for each (s,t) € R2,

t+h
t li dud
Ji(s,t)x = (hk)j%+ o hk: / J(u,v)xdudv.

Utilizing Theorem 3.1, we have for each (s,t) € R7 and for all z € X,

t+h
lim
Ji(s,t)x = ol hk / J(u, 0)xdudv

1 t+h 1
(h,k)-&%ﬂoﬂ h . J<07 U) A /s J(U, O)x udv

t+h stk
= hlg(r)l+ 7 /t J(0,v) klg& ) J(u, 0)zdudv
1 t+h
= lim —/ J(0,v)J(s,0)xdv = J(0,t)J(s,0)x = J(s,t)z.
h—0t h ¢

(iii) Let « € X and (a,b),(s,t) € R2. Put Jo(s,t)x = (aA; + bAs) [ [ J(u,v)xdudv.
Hence

Jo(s,t)r = (aA; + bAy) /Ot /OS J(u,v)zdudv
= (aA; + bA,) /Ot J(u,())(/oS J(O,v)xdv)du

— aA, /0 t J(u,())( /0 S J(O,v)mdv)du+bA2 /0 t J(u, 0)( /0 S J(O,v)xdv)du

= a/oS J(O,U)(J(t,()):c—x>dv+b/0t J(u,O)(J(O,s)x—x)du.

/Ot /0 J(u, v)zdudv € D((Al,AQ) (‘Z) )

for all (a,b),(s,t) € Ry x Ry and for any z € X. O

Then

Theorem 3.5. Let X be a sequentially complete locally convex Hausdorff space, and let
(J(5,t))(s.)er, xr, De a two parameter exponentially equicontinuous Cy -semigroup of continuous

linear operators on X with infinitesimal generator (Ay, Ay). Then (Aj, As) (Z) is a closed

operator with dense domain in X for any (a,b) € Ry x R,.
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Proof. Since (J(s,t))sper, xr, is an exponentially equicontinuous Cp-semigroup on
X, then (J(s,0))ser, and (J(0,t))tcr, are one parameter Cj-semigroups on X. Utilizing
Theorem 3.1, it follows that their infinitesimal generators A; and A, are both closed in X.
Then for all u = (a,b) € Ry x R,

(A1, Ag) (Z) xr = lim Jah bz —z _ , Hlbr—z

where Ji(h) = J(hu). Since (J(s,1))(s)er, xr, is an exponentially equicontinuous Cj -semigroup

on X, then (Ji(t))ier, is a Cp-semigroup on X. From Theorem 3.1, (A;, Ay) (Z)x —

aA1x+bAsx is a closed operator. Being the infinitesimal generator of a Cj-semigroup, aA;+bA,
has a dense domain in X. O

Theorem 3.6. Let X be a sequentially complete locally convex Hausdorff space, and let
(J(5,1)) (s )ers xry and (S(5,1))(s)er, xr, be two parameter exponentially equicontinuous Cj -
semigroups of continuous linear operators on X. Suppose that both has the same generator
(A1, As). Then J(s,t) = S(s,t) for any s,t € Ry.

Proof. Since A; is the infinitesimal generator of the one parameter Cj-semigroups
(J(5,0))ser, and (S(s,0))ser,, then from Theorem 3.2, J(s,0) = S(s,0) for any s € R,.
Similarly J(0,¢) = S(0,¢) for any ¢ € R,. O

Let A € £(X), then the resolvent set p(A) of A is defined by
p(Ay={ e C: (M- A) " eL(X)} (3.3)

Set for all A € p(A), R\, A) = (M — A)~', then R()\, A) is called the resolvent of A. For
more details, see |7, p. 236].

Let A; and A, be two linear operators on a sequentially complete locally convex Hausdorff
space X, then the domain of the composite operator A; A, is

D(AlAQ) = {$ € D(AQ) . AQ.T S D(Al)}

We consider the following conditions on A; and A :
(b) D(Az(Xo — A1) C D(Az4;) for some Ay € p(A4;).
(c) A1Asx = AyAjx for any x € D.
Lemma 3.1. Let X be a sequentially complete locally convex Hausdorff space. Suppose that
Ay and Ay satisfy (a), (b) and (c), hence
(i) D = R\ A1)R(p, A2)X and R(\ Ay), R(u, As) commute for any N € p(A;) and
1€ p(Az),
(11) AQR()\,Al)Z‘ = R()\,Al)AQI, rzeD and )\ € p(Al)
Proof. Let Ay beasin (b). It is easy to see that

D = D(Ax (Ao — A1) = R(Ao, A1) R, A2) X.
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Let z € X and set z = R(\g, A1)R(1, As)z, then z isin D. Using (c),
T = ()\0[ — Al)(/,l,j — AQ)Z,

then R(Mo, A1), R(u, As) commute. Since D(A;) = R(M\g, A1)X = R\, A1) X for all A €
p(A1), we obtain D = R(u, A2)R(\, A1)X. Now (i) follows by the preceding argument with
Ao replaced by A. Next, we note by (i) that R(\, A;)D C D. Hence from (c), we have

(w—Ay)x = (u— A)(A— AR Az = (A — Ay (p— A2)R(N, Az, z € D. (3.4)
Then for all x € D(A,),
From (3.4) and (3.5), it follows (ii). O

Let us recall that the generator of an exponentially equicontinuous Cj-semigroup (J(t))ier,
satisfying for any p € I'x, there exist w € R, and g € I'x such that for all z € X, t € Ry,
p(J(t)x) < e*!q(z) is a densely defined closed linear operator such that its resolvent operator

given by
M&Aﬂ:/qe”ﬂwmuxeX}RdM>w
0
and A
1 Y4100
Jt)r = — MR\, A)zd\, z € X, (3.6)
270 oo

where v > max{0,w}.

Theorem 3.7. Let X be a sequentially complete locally convex Hausdorff space, and let
(J(t))ter, and (S(t))er, be two exponentially equicontinuous Cjy-semigroups on X with
generators Ay and Ay respectively. Then (J(t))er, and (S(t))ier, commute if and only
if Ay and As satisfy conditions (a), (b) and (c).

P r o o f. First we demonstrate that D is dense in X. It suffices to prove that it is dense in
D(A;) since the latter is dense in X. Let = € D(A;), hence = = R(\, Ay)y for some y € X
and X € p(A;). Since D(A,) is dense in X, there is a sequence (y,), in D(As) such that
Yo =y as n — 00. So R(A, A1)y, — R(\, A1)y = x, where R(\, A1)y, € D from Lemma 3.1.

Sufficiency. Let = € D and v > max{0,w}. Utilizing (3.6), (ii) of Lemma 3.1 and A, is

closed, we have
1 Yy+i00
J(t)Asx = - Ay(eMR(N, A)x)d\ = Ay J(t)x.
™ y—100

In particular J(t) maps D into D(A;) and since R(u, Ay) maps D into itself (Lemma 3.1),
J(t)R(u, Ay) maps D into D(As). Hence for z € D,

(1l — A2)J(@)R(, Ax)x = J(£)(ul — As)R(p, Ase = J(t)a

then J(t) and R(p, Az) commute on D. From (3.6), we have J(t)S(t)x = S(t)J(t)x for any
x €D and t € Ry. Since D is dense, we obtain J(t)S(t)x = S(t)J(t)z for any =z € X and
teR,.



194 J. Ettayb

Necessity. Suppose that J(t)S(t) = S(¢)J(t) for any t € R,. Let Ay(h) = h=1(S(t) — 1),
then As(h) and J(t) commute for any sufficiently small h. From A, is closed and letting
h — 0%, we have J(t)Asx = Ay J(t)x for all o € D(Az). By (3.6), we have R(\, Ay)Asx =
AyR(N, Ap)x. In particular, R(\, A;)D(A2) C D(As). Hence (b) holds. To demonstrate (a)
and (c), let © € D(A;A2) N D(A;), hence

AlAQZL‘ = lim A(h)AQIL’ = lim AQA(]’L)ZE = AgAlfL’,
h—0+ h—0t
where A(h) = h=Y(J(h) —I). So Az € D(As,), then = € D(A3A;) N D(Ay). The converse
inclusion follows from symmetry. O]
Now, we try to see the form of the resolvent of two parameter semigroups.

Theorem 3.8. Let X be a sequentially complete locally convex Hausdorff space, and let
(J(5,t))(st)cr, xr, be two parameter exponentially equicontinuous Cqy-semigroup on X satis-
fying for any p € T'x, there exist wy,ws >0 and q € T'y such that for all x € X, p(J(s,t)x) <

ewrste2ty () with infinitesimal generator (Ay, Ag). If in addition \ € p((Al,Ag) (Z)) and

A > max{wy,ws}, then
R()\, (A1, As) (a) ):1: = / e J(at, bt)adt.
b 0
Proof Let z € X and A > max{w;,ws}, define
R(\)x = / e M J(at, bt)xdt.
0

Since the map ¢ — J(at,bt) is continuous and A > max{w;,ws}, the integral exists as an
improper Riemann integral and defines a continuous linear operator on X. Moreover, for h > 0,

J(ah,bh) — I 1 [
%R()\)x = / e M(J(a(t + h),b(t + b))z — J(at, bt)z)dt
0
1 [ 1 [
= —/ e MR J(at, bt)xdt — —/ e J(at, bt)xdt
h Jh h Jo
eAh 00 Y 1 o Cat
=5 : e " J(at,bt)xdt — i), e " J(at,bt)xdt
A1 Ab o ph

= / e J(at, bt)xdt—e— e M J(at, bt)xdt.
hJo hJo

Letting h — 0T, we obtain

a

(A, As) (b) R(\)z = AR(\)z — .

a

Hence R(\)x € D((AlaAQ) (b

)) for any x € X. Then

(M ~ (A, Ay) (Z) )R()\) ~ 1.
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Now, for x € D((Al, Ay) (Z) ), we obtain

ROV (A4, A) (Z) v = /0 TN Ay) (Z) J(at, bt)zdt.

Moreover, (A;, As) (Z) is closed, then

ROV(Ay, Ay) (Z) = (Ay, Ay) <Z> / e I (at, b)adt = (A, Ay) <Z> ROz,

Thus 0
R ()J ~ (A, Ay) (Z) )x —z

a

for all x € D((Al,Ag) (Z) ) Since D((Al,Ag) (b) ) ense in X, we have

is d
ROV ()\I — (A}, Ay) (‘;) ) ~ I

As an extension of Trotter’s theorem [3] to sequentially complete locally convex spaces.

Theorem 3.9. Let X be a sequentially complete locally convex Hausdorff space, and let
(T(t))ier, and (S(t))er, be two exponentially equicontinuous Cy-semigroups on X with
generators Ay and As respectively. If the semigroups commute, then the product U(t) =
T(t)S(t) is a Cy-semigroup, whose generator is the closure of A; + As.

Remark 3.2 Let X be a sequentially complete locally convex Hausdorff space. Let
(T'(t))ier, and (S(t))er, be two exponentially equicontinuous Cp-semigroups on X with
generators A; and As respectively. It is clear that if A; and A, satisfy (a), (b) and (c),
hence the conclusion of Trotter’s theorem holds.

Now, we demonstrate one of the main results of this paper (Generalization of the Hille—
Yosida Theorem to two parameter semigroups).

Theorem 3.10. Let X be a sequentially complete locally conver Hausdorff space. Let
(J(5,t))(sp)cry xr, e two parameter exponentially equicontinuous Cy -semigroup on X satis-
fying for any p € DI'x, there exist wi,ws > 0 and q € U'x such that for all x € X,
p(J (s, t)x) < erst@2ly(x). Then the linear transformation (Ay, A2) on R3 into L(X) defined
by

s
0 ()

N sAyx + tAsx is the infinitesimal generator of (J(s,t))(sper, xr, on X if

and only if the following statements hold:

(i) (A, Ag) (Z) is a closed operator and D((Al,AQ) (Z) > = X for all (a,b) € R.

(i) (wi,00) € p(Ay) for i=1,2.
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(iii) The families {(A —w;)"R(\, A)™; A > w;, n € N}, i =1,2, are equicontinuous.
(iv) A; satisfy conditions (a), (b) and (¢) for i=1,2.

Proof. Let (J(s,t))(ser, xr, be two parameter exponentially equicontinuous Cj-semi-
group on X. By Theorem 3.1, (i) holds. Since A; and A, are the infinitesimal generators of the
one parameter semigroups (J(s,0))ser, and (J(0,t))icr, respectively, hence from Theorem
2.3, (ii) and (iii) hold. Since (J(s,t))sscr, is a semigroup of operators on X, then (J(s,0))scr,
and (J(0,t))er, commute for all s,z € Ry. Using Theorem 3.7, (iv) is satisfied.

Conversely, let (a,b) € Ry. Then (Aj, As) (

a

b
and from (i), it follows that A; is a closed operator and D(A;) = X. Similarly if (a,b) =

(0,1), we get Ay is a closed operator and D(As) = X. From (ii),(iii) and Theorem 2.3, then
A; and A, are the infinitesimal generators of one parameter Cj-semigroups (J(s,0))scr,
and (J(0,t))cr, respectively. Since A; and A, satisfy (iv), hence from Theorem 3.7, J(0,1t)
and J(s,0) commute for all s, € R,. Thus for all s,t € Ry, J(s,t) = J(s,0)J(0,1) is a
two parameter exponentially equicontinuous Cj-semigroup on X with infinitesimal generator

(A1, As). ]

) = aA; +bAs. In particular if (a,b) = (1,0)

4. Genaration theorem for n-parameter semigroups
of operators in locally convex spaces

In this section, we set u = (s1,---,,), v = (t1,...,t,) € R}, then we have the following
definition.

Definition 4.1. Let X bealocally convex space. An n-parameter family (J(u))uery
of continuous linear operators on X is said to be an n-parameter semigroup if

(i) J(0,...,0) =1 where (0,...,0) € R",
(ii) For all w,v € R}, J(u+v) = J(u)J(v).

Definition 4.2. Let X be asequentially complete locally convex Hausdorff space. An
n-parameter semigroup (J (U))ueRi on X is an m-parameter strongly continuous semigroup
or an n-parameter Cp-semigroup if lim, o+ . o+) J(u)zr =z for all z € X.

Definition 4.3. Let X be a sequentially complete locally convex Hausdorff space.
An n-parameter Cp-semigroup (J(u))uern is equicontinuous if for any continuous seminorm
p on X, there exists a continuous seminorm ¢ on X such that for all x € X and for each
ueRY, p(J(u)x) < q(x).

Definition 4.4. Let X be a sequentially complete locally convex Hausdorff space.

An n-parameter Cp-semigroup (J(u))uery is exponentially equicontinuous if there exist
Wi, Wa, ..., W, > 0 such that {e”2i=19% J(u); u € R™} is equicontinuous.

Remark 4.1. Let X be a sequentially complete locally convex space. Let (J(u))ucry
be an n-parameter semigroup on X, then for all u = (s1,...,s,) € RY,

n

Jw) =[] 7(uw), we=1(0,... 5,0...) = spey,

k=1

where (ey)i1<g<n is the canonical basis of R™.
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Definition 4.5. Let X bealocally convex space. Let (J(u))uerr bean n-parameter
semigroup on X. The infinitesimal generator of the n-parameter semigroup (J(u))yern is the
derivative of J at (0,...,0).

Remark 4.2. Let X be a sequentially complete locally convex Hausdorff space. Let
(J (u))uem be an n-parameter exponentially equicontinuous Cj-semigroup on X. Then for

any ¢ € X, themap (s1,...,5,) = J(s1,...,8,)2 is continuous on R” into X. Let (Ag)i<p<n
be a sequence of linear operators defined by for all k€ {1,...,n},
o Jlhey)x —x . .
D(Ay) ={z e X : hlg{){r % exists in X}
e Hhewe —z _ 03(w)
. Cp )T —XT u
Apx = hlﬂ%i - = Tar ‘u:(o,..,o) for each = € D(Ay).
It is easy to see that Aj,..., A, are the infinitesimal generators of the one parameter
semigroups (J(sie1))s,er, s - -5 (J(Sn€n))sner, respectively. From the definition of the infini-

tesimal generator, we have.

Theorem 4.1. Let X be a sequentially complete locally convex Hausdorff space, and let
(J(u))uern be an n-parameter exponentially equicontinuous Cy-semigroup on X. Then the

infinitesimal generator of (J(u))uery s the linear transformation L : R} — E(ﬂ D(Ag), X)

k=1
defined by for any x € ﬂ D(Ax) and (ay,...,a,) € RY,
k=1
aq n
L(ay,...;an)z = (Ay,...,An) | x:ZakAkx.
a, k=1
Furthermore if = € ﬂ D(Ag), we have for all (ai,...,a,) € R,
k=1
ai ai
DJ(s,t)| + |z= (A, ..., A) | | J(s, )z,
Ap, Qn
where Ai,..., A, are the infinitesimal generators of the one parameter exponentially equicon-
tinuous Cy -semigroups (J(s1€1))s,ery, -5 (J(Snen))s.cr, respectively.
P r o o f. The proof is similar to the proof of Theorem 3.3. O

Definition 4.6. Let (J(u))uerr be an n-parameter semigroup of continuous linear
operators on a sequentially complete locally convex Hausdorff space X. Then the directional
derivative D,,J of J(u) at (0,...,0) in the direction of w = (a4,...,a,) € R} is defined by

J(h —
Domain(D,J) = {zr € X : lim Jhw)e -z exists in X}
h—0+ h
and for all @ € Domain(D,,J),
D,Jz = lim M

h—0t
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Similarly to the Proposition 3.1, we have

Proposition 4.1. Let (J(u))ueRi be an n -parameter exponentially equicontinuous
Co -semigroup of continuous linear operators on a sequentially complete locally convex Hausdorff
n

space X. Then for w = (a1,...,a,) €RY, D,Jx = Z apArx is the infinitesimal generator of

k=1
the one parameter product semigroup [[,_, J(agsrer), where Ay are the infinitesimal generator
of the one parameter exponentially equicontinuous Cy -semigroup (J(sgex))syer,, k=1,...,n.

Similarly to the Theorem 3.4, we have

Theorem 4.2. Let X be a sequentially complete locally convex Hausdorff space, and let
(J (u))uem be an n -parameter exponentially equicontinuous Cy -semigroup of continuous linear
operators on X. Then the followings hold:

a1 a1
i) DJ(w) | @ |z = (Ar,...,A) | ¢ | J(wx for all (ai,...,a,) € R} and all z € X,
Qp Qp,
where Aq,..., A, are the infinitesimal generators of the one parameter exponentially
equicontinuous Cp -semigroups (J(s1€1))s,erys-- -, (J(Snen))s,cr, respectively.

(i) For any x € X and t = (t1,...,t,) € R", we have

1 tn-+hn t1+h
lim )ﬁ/ / J(uw)xdsy...ds, = J(t)x,
1--- N Jy,

h—(0t,...,0* t

where h = (hy, ..., h,) € R},
(iii) For any x € X and (hi,...,h,) € RY, we have

3]

/Oh"',./ohlj(u)xdsl...dsneD((Al,...,An) ).

Qn

As a generalization of Theorem 3.5, we have

Theorem 4.3. Let X be a sequentially complete locally convex Hausdorff space, and let

(J(u))uem be an n -parameter exponentially equicontinuous Cy -semigroup of continuous linear
aq

operators on X with infinitesimal generator (A, ..., An). Then (Ay, ..., A,) | | isaclosed

Qp
operator with dense domain in X for any (aq,...,a,) € R}

As a generalization of Theorem 3.6, we obtain.

Theorem 4.4. Let X be a sequentially complete locally convex Hausdorff space, and let
(T'(u))uern and (S(u))uern be two parameter exponentially equicontinuous Co-semigroups of
continuous linear operators on X. Suppose that both has the same generator (Ai,...,A,).
Then T(u) = S(u) for any u= (s1,...,5,) € R%.



TWO PARAMETER Cj-SEMIGROUPS OF LINEAR OPERATORS 199

Now, we obtain a generalization of Theorem 3.9.

Theorem 4.5. Let X be a sequentially complete locally convex Hausdorff space, and let
(J1())ery, -- -, (Ju(t))ter, be exponentially equicontinuous Cy-semigroups with generators
Ay, ..., A, respectively. If for all i,j € {1,...,n} and for any t € Ry, J;(t)J;(t) = J;(t)Ji(t),
then the product U(t) = [[i_, Jx(t) is a Cy-semigroup, whose generator is the closure of

Z Ay
k=1

Remark 4.3. Let X beasequentially complete locally convex Hausdorff space, and let
(J1(t))tery s -+, (Jn(t))ier, be exponentially equicontinuous Cj-semigroups with generators
Ay, ..., A, respectively. It is clear that if Aj,..., A, satisfy (a), (b) and (c), hence the
conclusion of Trotter’s theorem holds.

Now, we demonstrate one of the main results of this paper (Generalization of the Hille—
Yosida Theorem to n-parameter semigroups).

Theorem 4.6. Let X be a sequentially complete locally convex Hausdorff space, and let
(J(u))uerr be an n-parameter Cy-semigroup on X satisfying for any p € I'x, there exist
Wi, ...,wy >0 and q € Tx such that for all x € X, p(J(u)z) < eXk=19k%q(x). Then the linear

aq n
transformation (Aq, ..., A,) on R into L£(X) defined by (A1,...,A,) | : |z = ZakAk
a, k=1
is the infinitesimal generator of an n-parameter exponentially equicontinuous Cy-semigroup
(J(u))uern on X if and only if the following assertions hold:

aq a1
(i) (A1,...,A) | is a closed operator and D((Al, LA ) =X

Qp Qanp,
for all (aq,...,a,) € RY.

(i) (wi,00) C p(A;) forall i € {1,...,n}.
(ili) The families {(A—w;)"R(X, A;)"; A > w;,n € N} are equicontinuous for all i € {1,...,n}.
(iv) Forall 1,7 € {1,2,...,n} (i#j), A and A; satisfy conditions (a), (b) and (c).

5. Genaration theorem for n-parameter semigroups
of operators in Banach spaces

In this section, we put u = (s1,...,8,), v = (t1,...,t,) € R, then we get the following
definition.

Definition 5.1. [1] Let X be a Banach space. An n-parameter family (J(u))ucry
of continuous linear operators on X is said to be an n-parameter semigroup if
(i) J(0,...,0) =1 where (0,...,0) € R?,
(ii) For all w,v € R}, J(u+v) = J(u)J(v).
Definition 5.2 Let X bea Banach space. An n-parameter semigroup (J(u))uery

on X is an n-parameter strongly continuous semigroup or an n-parameter Cj-semigroup if
lim, o+, 0t J(u)r =z for all x € X.
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Remark 51 [1] Let X be a Banach space. Let (J(u))uern be an n-parameter
semigroup on X, then for all u = (s1,...,s,) € RY,

n

J(u) :HJ(uk) wp = (0,...,8,0...) = spex,

k=1
where (ey)i1<g<n is the canonical basis of R™.

Definition 53. Let X be a Banach space. Let (J(u))uerr be an n-parameter
semigroup on X. The infinitesimal generator of the n-parameter semigroup (J(u))uerr is the
derivative of J at (0,...,0).

Remark 52 Let X be a Banach space. Let (J(u))uerr be an n-parameter Cp-
semigroup on X. Then for any x € X, the map (s1,...,8,) — J(s1,...,8,)2 is continuous
on R? into X. Let A;,..., A, be the linear operators defined by for all k€ {1,...,n},

J(h —
D(Ag) ={zx € X : lim Jlhewe = exists in X}
h—0t
and J(h oJ
Apr = lim (hew)e = 2 = (v) , for each x € D(Ay).
h—0+ h 08, lu=(0,...,0)
It is easy to see that Aq,...,A, are the infinitesimal generators of the one parameter
semigroups (J(s1€1))s,er,, --- (J(Sn€n))s,er,, respectively. From the definition of the infini-

tesimal generator, we have.

Theorem 5.1. Let X be a Banach space. Let (J(u))uerr be an n -parameter Cy -semigroup
on X. Then the infinitesimal generator of the n -parameter Cy-semigroup (J(u))uern is the

linear transformation L : R} — E(ﬂ D(Ag), X) defined by for any = € ﬂD(Ak) and
k=1 k=1
(ai,...,a,) € RY,

aq n

L(ay,...;an)z = (A,..., An) | x:ZakAkx.

an k=1

Furthermore if x € ﬂ D(Ay), we have for all (ai,...,a,) € R},
k=1

a1 3]
DJ(s,t) | + |x=(Ar,....A) | + | J(s,t)x

an Qn

where Ay, are the infinitesimal generator of the one parameter Cy-semigroup (J(skex))s,er, »
k=1,...,n.

P r o o f. The proof is similar to the proof of Theorem 3.3. O
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Definition 54. Let (J(u))uerr be an n-parameter semigroup of continuous linear
operators on a Banach space X. Then the directional derivative D,,J of J(u) at (0,...,0)
in the direction of w = (ay,...,a,) € R} is defined by

J(hw)z —
Domain(D,J) ={z € X : lim Jhw)e = exists in X}
h—07+
and for all z € Domain(D,,J),
Dz = lim ZHWT =T
h—07+

Similarly to the Proposition 3.1, we have

Proposition 5.1. Let (J(u))uery be an n-parameter Co-semigroup of continuous

linear operators on a Banach space X. Then for w = (ai,...,a,) € R}, D,Jx = ZakAk

k=1
is the infinitesimal generator of the one parameter product semigroup [[,_, J(axsiexr) where

Ay are the infinitesimal generator of the one parameter Cy-semigroup (J(Skek))sier,, k =
1,...,n.

Similarly to the Theorem 3.4, we have

Theorem 5.2. Let X be a Banach space. Let (J(u))uerr be an n -parameter Co -semigroup
of continuous linear operators on X. Then the followings hold:
ay ai
i) DJ(w) | : |z = (Ar,...,A) | ¢ | J(wz for all (a1,...,a,) € R} and all z €

Qn Qn

ﬂ D(Ay), where Ay, ..., A, are the infinitesimal generators of the one parameter Cp -

k=1
semigroups (J(s1€1))s,ery, - -5 (J(Sne€n))s,er, respectively.
(i) For any x € X and t = (t1,...,t,) € R", we have

1 tn+hn t1+hy
lim —h/ / J(w)zds;...ds, = J(t)x,
n Jit,

h—(0F,...,07) hy ... t

where h = (hy,...,h,) € R}.
(iii) For any x € X and (h,...,h,) € R}, we have

a1

/Oh"__./ohlj(u)xdsl...dsn€D<(A1,...,An) : )

an

As a generalization of Theorem 3.5, we have

Theorem 5.3. Let X be a Banach space. Let (J(u))uerr be an n -parameter Cy -semigroup
of continuous linear operators on X with infinitesimal generator (Aq,...,A,). Then
3]
(A1,..., A | - is a closed operator with dense domain in X for any (ai,...,a,) € R},

G
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As a generalization of Theorem 3.6, we obtain.

Theorem 5.4. Let X be a Banach space. Let (T'(u))uern and (S(u))uern be two parameter
Co -semigroups of continuous linear operators on X. Suppose that both has the same generator

(A1,...,An). Then T(u) = S(u) for any v = (s1,...,5,) € R}.
Now, we obtain a generalization of Theorem 3.9.

Theorem 5.5. Let X be a Banach space. Let (Ti(t))ier,, - -, (Tn(t))icr, be Co-semi-
groups with generators Ay, ..., A, respectively. If for all i,5 € {1,...,n} and for any t €
Ry, T;(t)T;(t) = T;(t)Ti(t), then the product U(t) = [[i_, Tk(t) is a Co-semigroup, whose

n

generator is the closure of ZAk.
k=1
Remark 5.3. Let X bea Banach space. Let (T1(%))icr,, ---, (Tn(t))ter, be Cj-semi-
groups with generators Aj,..., A, respectively. It is clear that if Ay,..., A, satisfy (a), (b)
and (c), hence the conclusion of Trotter’s theorem holds.

There exists a generalization of the Hille-Yosida Theorem for n-parameter semigroups in
Banach spaces due to Abdelaziz see |1, Theorem 2|. Now, we get a another characterization
used the definition of the infinitesimal generator for n-parameter semigroups in Banach spaces.

Theorem 5.6. Let X be a Banach space. Let (J(u))uern be an n -parameter Cy -semigroup
(J(u))uerr on X satisfying for all w € R and for each x € X, |[|J(u)z|| < MeXk=19k%k for

some wy,...,wy, M > 0. Then the linear transformation (Ay,...,A,) on RY into L(X)
defined by
aq n
(A, AL | xzzakAkl'
ar, k=1

is the infinitesimal generator of an n -parameter Cy-semigroup (J(U))uem on X if and only
iof the following hold:

aq 3]
(i) (Aq,...,A) | is a closed operator and D<(A1, LA ) =X
Ap Qanp,
for all (ay,...,a,) € RY.

(i) (wi,00) Cp(A;) fori=1,...,n.
(iii) |JR(A, A" < (ﬂ—w for A>w; and i=1,...,n.
(iv) Forall 1,5 € {1,2,....,n} (i#j), A; and A, satisfy conditions (a), (b) and (c).

Definition 5.5. Let X be a Banach space. An n-parameter semigroup (J(u))uery
on X is an n-parameter uniformly semigroup if

li — I = 0.
m 00~ 1] =0

As a generalization of |2, Theorem 2.9]|, we have

Theorem 5.7. Let X be a Banach space. Then the following are equivalent:
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(i) The linear transformation A = (Aq, ..., A,) on R” into L(X) defined by

aq n

(A, A | $=Zak14k9€

an, k=1

1s the infinitesimal generator of an wuniformly continuous n -parameter semigroup
(J(u))uery of continuous linear operators on X.

(ii) A; and A; are bounded linear operators on X, and A; and A; commute for all i,j €

{1,....n} (i#7).

As a generalization of |2, Theorem 2.10], we have

Theorem 5.8. Let (J(u))uerr be an uniformly continuous n-parameter semigroup of
continuous linear operators on a Banach space X. Then

(i) There exist constants wi,...,w, > 0 such that ||J(u)z| < eXk=1“s for all u =
(51,...,5,) € RY.

(ii) There exist bounded linear operators Ai,..., A, such that J(u) = [[;_, e for all
u=(s1,...,5,) € R}

(iii) The linear transformation A = (Ay,..., A,) on R} into L(X) defined by

ai

(A, AL | x:ZGkAkSU
k=1

Qn

is the infinitesimal generator of the (J(u))uery -

(iv) The map w— J(u) is differentiable in the norm and

aq aq
DJu) | + [x=(A1,...,4,) | |z

Qn Qn

Remark 54. For n=2, the results of this section due to Al-Sharif and Khalil [2].
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