MuHHCTEpCTBO HaYKHU U BBICIIETO oOpa3oBanus Poccuiickoit deaeparun
Tam0Oo0Bckuil rocyaapcTBeHHbIH yHUBepcuTeT uMenu [.P. [lepxaBuna

BECTHUK

KypHAI

POCCHHICKHX
YHUBEPCUTETOB 2019

Nznmaercs ¢ 14 urors 1996 roga
Brixonut 4 paza B ron

Kypnan Bxonut B IlepedeHs peieH3NpyeMbIX HAyYHBIX H3IaHUN, PEKOMEHIYEMBIX

BeIcmeit aTTecTaliOHHOW KOMUCCHEH A1l OMyOJIMKOBAaHUS OCHOBHBIX HayYHBIX PE3yJIbTAaTOB
JHccepTalyii Ha COUCKaHHEe YYCHOH CTEIeH! KaHIuaaTa HayK,

Ha COMCKaHHE YYCHOW CTEeNEeHH JOKTOpA HayK MO (QU3HKO-MaTeMaTHYECKUM HayKam
(pacnopsixenue MunoOpHayku Poccun ot 28 nexadpst 2018 r. Ne 90-p)

Tom 24, Ne 128,

Hay4uHno-TeopeTnyeckuii

CONTENTS

HAVYYHBIE CTATbU
C. Bepuany, A. I'eopze
X. I'e6oai, C. Ceznu,
M. I'uvam, B. Mepuena
JLH. I'poutesa
3.T. XKykoeckas,
C.E. ’Kykoeckuii

E.C. ’Kykoeckuii,
AK.II. Mynemoe

I'JI. Jlumeunoe,
A.A. Poouonos, C.H. Cepzees,
A.H. Cobonesckui

B.®. Monuanos

C.C. ITnamonoe

COOEPXAHUE

I'pynmna SIko6u u ee mpeacTaBiieHNs: TOJIOMOP(OHON TUCKPETHON
cepun Ha o0nacTax 3urens—Ikoou

IIceBnocnekTp omneparopa KOHBEHIMH-TU(GPY3UN C TepeMeHHBIM
YICHOM PeaKIiH

Pa3znoxeHue rpaHUYHBIX MIPEACTABICHUI Ha INIOCKOCTH
JloGaueBCKOTO B CCUCHHUAX TMHEWHBIX PacCIOCHHH

O cyniecTBOBaHMM HENPEPBHIBHO MNP PEPEHIIPYEMOTO PELICHHS
3agaun Komm 11 HessBHOTO TUddepeHINaNbHOTO YpaBHEHHS

O HesBHOW U 00paTHOI MHOTO3HAYHBIX () YHKIIHIX
B TOHNOJIOTMUYECKUX MPOCTPAHCTBAX

VYHUBepcalbHbIE aNTOPUTMBI PEILIEHHS] JUCKPETHBIX
CTallMOHApHBIX ypaBHeHUM bemnmana
3amaun Pamona st runepO0I0uI0B

CrieKTpasibHbIH CHHTE3 Ha HYJIbMEPHBIX JIOKAJIbHO KOMITAKTHBIX
abeJeBbIX IpyMIax

343

345

354

368

376

384

393

432

450



C 14 urons 1996 r. mo 27 mas 2019 r. xKypHaJI BBIXOAWI IO HA3BAHUEM
«Becthuk TamboBcKoro yHuBepcurera. Cepus: eCTECTBEHHbIC H TEXHUYECKUE HAYKH».

VYupenntens: PenepanabHOe rOCyAapCTBEHHOE OI0DKETHOE 00pa30oBaTeNbHOE YUPESIKACHNE BEICIIIETO
oOpazoBanus «TamOoBCckHiA TocynapcTBeHHBIN YHUBepcuTeT MeHH ['.P. JlepxaBuna»
(392000, TamGoBcKas 06., T. TamboB, yn. IHTepHannonansHas, a. 33)

TJTABHBIM PEJAKTOP 1. ¢d.-m. i, npod. E.C. XKykosckuii (r. Tam60s, Poccuiickas ®deneparms)

PEJAKIIMOHHASA KOJUIETUA XYPHAJIA: k. ¢.-m. H., mou. E.A. Ilanacenko (HayuHwlii pemakrop) (r. TamOos,
Poccuiickas Denepanus), WU.B. Umbuna (o1B. cekperaps) (r. Tambo, Poccuiickas Penepanwms), a.¢.-M.H., mpod.
A.B. ApyrtioHoB (r. Mocksa, Poccuiickas ®enepanms), 1.¢.-m.H., npod. JL.M. bepezanckuii (r. besp-IlleBa, M3pawns),
nokrop, npod. I'. Bam /[leiik (r. Jleitmen, Hunmepnaunsr), n.¢.-m.H., mpod. B.®. Momgyanos (r. TamboB, Poccuiickas
Oenepanus), 1.¢.-M.H., mpod. b.A. ITaceiakoB (r. Mocksa, Poccuiickas ®eneparyst), nokrop, mpod. M. Iles3uep (r. Peiimce,
Opannus), nokrop, mpod. DJI. Ilepeitpa (r. [lopro, Ilopryramms), nokrop, mpod. A.B. IlonocoB (r. Oc, Hopserus),
n.¢.-m.H., mpod. A.I'. Uennos (r. ExatepunOypr, Poccuiickas ®enepanus), nokrop, npod. I'. Xempmunk (r. AMcTepraam,
Hunepnannsr)

Anpec penakmuu: 392000, Tam6oBckast 00:1., r. Tam60B, yi. MHTepHanmoHansHas, 1. 33
Tenedon penakumu: (4752)-72-34-34 106. 0440
DnekTpoHHas noura: vestnikl @tsu.tmb.ru; ilina@tsutmb.ru
Caiit: http://journals.tsutmb.ru/mathematics.html;
http://journals.tsutmb.ru/mathematics-en.html
Kypnan 3apeructpupoBan denepanbHO ciryk00i 0 Haa30py B chepe CBsi3H, HHOOPMAINOHHBIX TEXHOIOTHI
1 MacCOBBIX KOMMYHUKaImii (PockoMHan3op).
CBUIIETENILCTBO O perucTpanuy cpencrsa MaccoBot nadopmaru [T Ne @C77-76133 ot 03 urons 2019 r.
IMoamucHoit naaexc 83372 B karanmore AO ArenrcTtBa «Pocredarsy

Penakropsl: FO.A. buprokosa, M.I. ®unartosa
Penaxropsr anrmmiickux TexctoB: B.B. Kmounxun, C.}0. Moxapos
Texuuueckuii cexperapr M.B. Bop3oBa

Hns yumuposanus:
BectHuk poccuiickux yHuBepcuTeroB. Maremaruka. — 2019. — T. 24, Ne 128. — 116 c. — ISSN 2686-9667. —
DOI 10.20310/2686-9667-2019-24-128

Tloamucano B mevath 12.12.2019. [lata Beixoaa B cBet 10.01.2020
Dopmar A4 (60x84 1/8). l'aprutypa «Times New Romany. [leqats Ha pusorpade.
Tleu. n. 14,5. Yeu. neu. 1. 13,5. Tupax 1000 »k3. 3aka3 Ne 19475. Liena cBodogHas

Anpec m3natens: 392000, Tam6oBckas o0m., . Tam60B, yi. IHTepHanmoHanbpHas, 1. 33.
OI'bOY BO «TamboBckuii rocynapcTBeHHbIH yHIBepcuTeT uMenu I'.P. JlepxxaBuna
OTnevaTaHo ¢ TOTOBOTO OpUTHHAI-MaKeTa B OTAENe onepaTuBHON neyatu M3narensckoro qoma «/lep>xaBUHCKUI
OI'BOY BO «TamboBckuii rocyjapcTBeHHbIH yHIBepcHuTeT nMenu [.P. [lepxaBunay.
392008, TamboBckas 061, T. TamO0B, yi. CoBerckas, 1. 190r. Ou. moura: izdat tsu09@mail.ru

© ®I'BOY BO «TamboBcknii rocynapcTBeHHbIi yHuBepeuteT uMenn I'.P. [lepxkaBunay, 2019
© Xypnan «BecTHHK pOCCHICKNX YHHBEPCUTETOB. MaTemaTHka», 2019
Ipu mepeneyatke, a TaKKe NPU IUTHPOBAHUI MaTEPUAJIOB CCHUIKA Ha KypHAJ 00A3aTeNnbHa.
OTBETCTBEHHOCTH 3a COZIEpPKaHKE IMyOINKAIMI HECET aBTOP
16+


http://journals.tsutmb.ru/mathematics.html
http://journals.tsutmb.ru/mathematics-en.html

Ministry of Science and Higher Education of the Russian Federation
Derzhavin Tambov State University

RUSS l AN Scientific-theoretical
UNIVERSITIES
REPORTS 2019

Published since June 14, 1996
Issued 4 times a year

The journal is on the List of peer-reviewed scientific periodicals recommended

by Higher Attestation Commission for publication of principal scientific results

of dissertations for academic degree of candidate of science,

doctor of science on physical and mathematical sciences

(order of the Ministry of Science and Higher Education RF no. 90-p of December 28, 2018)

journal

Volume 24, no. 128,

SCIENTIFIC ARTICLES

S. Berceanu, A. Gheorghe

H. Guebbai, S. Segni,
M. Ghiat, W. Merchela

L.I1. Grosheva

Z.T. Zhukovskaya,
S.E. Zhukovskiy

E.S. Zhukovskiy,
M.J. Munembe

G.L. Litvinov,
A.Ya. Rodionov, C.N. Sergeev,
A.N. Sobolevskiy

V.F. Molchanov

S.S. Platonov

CONTENTS

The Jacobi group and its holomorphic discrete series
representations on Siegel-Jacobi domains

The pseudospectrum of the convention-diffusion operator
with a variable reaction term

Decomposition of boundary representations on the Lobachevsky
plane associated with linear bundles

On the existence of a continuously differentiable solution to the
Cauchy problem for implicit differential equations

On the implicit and inverse many-valued functions in topological
spaces

Universal algorithms for solving discrete stationary Bellman
equations

Radon problems for hyperboloids

Spectral synthesis on zero-dimensional locally compact Abelian
groups

345

354

368

376

384

393

432

450



From June 14, 1996 to May 27, 2019, the journal was published under the name
“Tambov University Reports. Series: Natural and Technical Sciences”.

Founder: Federal State Budgetary Educational Institution of Higher Education
“Derzhavin Tambov State University”
(33 Internatsionalnaya St., Tambov 392000, Tambov Region)

EDITOR-IN-CHIEF: Prof, Dr. E.S. Zhukovskiy (Tambov, Russian Federation)

EDITORIAL BOARD OF THE JOURNAL: Assoc. Prof.,, Cand. E.A. Panasenko (Scientific Editor) (Tambov, Russian
Federation), I.V. Ilyina (Executive Editor) (Tambov, Russian Federation), Prof., Dr. A.V. Arutyunov (Moscow, Russian
Federation), Prof., Dr. L.M. Berezanskiy (Beer-Sheva, Israel), Prof,, Dr. G. van Dijk (Leiden, Netherlands), Prof., Dr.
V.F. Molchanov (Tambov, Russian Federation), Prof., Dr. B.A. Pasynkov (Moscow, Russian Federation), Prof., Dr.
M. Pevzner (Reims, French Republic), Prof,, Dr. F.L. Pereira (Porto, Portuguese Republic), Prof., Dr. A.V. Ponossov (As,
Kingdom of Norway), Prof., Dr. A.G. Chentsov (Ekaterinburg, Russian Federation), Prof., Dr. G. Helminck (Amsterdam,
Netherlands)

Editors address: 33 Internatsionalnaya St., Tambov 392000, Tambov Region
Telephone number: (4752)-72-34-34 extension 0440
E-mail: vestnik1@tsu.tmb.ru; ilina@tsutmb.ru
Web-site: http://journals.tsutmb.ru/mathematics.html;
http://journals.tsutmb.ru/mathematics-en.html
The journal is registered by the Federal Service for Supervision of Communications, Information Technology and Mass
Media (Roskomnadzor). The mass media registration certificate is [T no. ®C77-76133 of July 3, 2019
Subscription index in the catalogue of the Stock company Agency “Rospechat” is 83372

Editors: Y.A. Biryukova, M.I. Filatova
English texts editors: V.V. Klochikhin, S.Y. Mozharov
Technical editor M.V . Borzova

For citation:
Russian Universities Reports. Mathematics. — 2019. — Vol. 24, no. 128. — 116 p. — ISSN 2686-9667. — DOI 10.20310/2686-
9667-2019-24-128

Podpisano v pechat' 12.12.2019. Data vykhoda v svet 10.01.2020
Format A4 (60x84 1/8). Garnitura «Times New Romany. Pechat’ na rizografe.
Pech. list 14,5. Usl. pech. list 13,5. Tirazh 1000 ekz. Zakaz Ne 19475. Tsena svobodnaya

Publisher’s address: 33 Internatsionalnaya St., Tambov 392000, Tambov Region,
FSBEI of HE “Derzhavin Tambov State University”

Published basing on ready-to-print file in Instant Print Department of Publishing House “Derzhavinskiy”
of FSBEI of HE “Derzhavin Tambov State University”.
190g Sovetskaya St., Tambov 392008, Tambov Region. E-mail: izdat tsu09@mail.ru

© FSBEI of HE “Derzhavin Tambov State University”, 2019

© The journal “Russian Universities Reports. Mathematics”, 2019
The reference is obligatory while reprinting and citation of materials.
The author is responsible for the contents of publications


http://journals.tsutmb.ru/mathematics.html
http://journals.tsutmb.ru/mathematics-en.html

ISSN 2686-9667. Bectuuk poccuiickux yauBepcuTeToB. Maremarnka

Tom 24, Ne 128 2019

(© Berceanu S., Gheorghe A., 2019
DOI 10.20310,/2686-9667-2019-24-128-345-353
VIK 512.54, 512.817

The Jacobi group and its holomorphic discrete series
representations on Siegel-Jacobi domains

Stefan BERCEANU, Alexandru GHEORGHE

Horia Hulubei National Institute for R&D in Physics and Nuclear Engineering
RO-077125, Bucharest-Magurele P.O.Box MG-6, Romania

I'pymna 4kobu m ee npeacraBjieHns rojoMopdHO
JAUCKPETHOI cepum Ha objacTax 3ureisa—Akobu

Credban BEPYAHRY, Anekcanapy 'EOPTE

HarmmonaabHBINH MHCTUTYT UCCJIEI0BaHUN 1 pa3spaboTOK
B 00/1aCTU (DUBUKY ¥ sIIEPHON WHXKEHEPUHW M. XOpHH Xy/aIyoes
P.O.Box MG-6, Pymbiausi, Byxapecr-Marypese, RO-077125

Abstract. This is the summary of a part of the talk delivered at the workshop held at the
Tambov University in September 2012, reporting several results on Jacobi groups and its
holomorphic representations published by the authors.

Keywords: Jacobi group; Siegel-Jacobi domain; canonical automorphy factor; canonical
kernel function; scalar holomorphic discrete series

Acknowledgements: The work is partially supported by the ANCS project programs
PN 09 37 01 02/2009 and by the UEFISCDI-Romania PN-II (contract no. 55/05.10.2011).

For citation: Berceanu S., Gheorghe A. The Jacobi group and its holomorphic discrete series
representations on Siegel-Jacobi domains. Vestnik rossiyskikh universitetov. Matematika —
Russian Universities Reports. Mathematics, 2019, vol. 24, no. 128, pp. 345-353.

DOT 10.20310/2686-9667-2019-24-128-345-353.

AnHOTamus. DTa CcTaThsi — KPATKOE M3JI0XKEHHe YaCTH JIeKIIUU, TPOIUTAHHON HA KOHe-
pernuu B TamboBckoM yHEUBepcuTeTe B OKTsiOpe 2012, m3araroriee HEKOTOPhIE PE3YIbTATEHI
o rpymnmnax kobu u uX roJIOMOP(MHBIX MPEICTABIEHIUSX, OJIYIEHHbIE ABTOPAMH.

KuroueBsbie ciioBa: rpymma kobu; obsiacts 3uress—Akobu; KaHOHIIeCKHii (pakTop aBTO-
MopdHOCTH, KaHOHIYIECKOe siipo (byHKIWMsI); CKadgpHast roJaoMopdHas JUCKPETHAs CePHst

Baarogapuoctu: PabGora Boimosimena mpu nozgepkke mpoekta ANCS  mporpaMmbr
PN 09370102/2009 u UEFISCDI-Romania PN-II (kourpaxr Ne 55/05.10.2011).

s murupoBauus: Bepuany C., Teopee A. I'pynna flkobu u ee mpejicraBiieHust roJIoMOpPgd-
HOI JUCKPeTHOl cepun Ha obJiacTsax 3uress—Ako6u // BecTHUK poccuiicKiX yHUBEPCUTETOB.
Maremaruka. 2019. T. 24. Ne 128. C. 345-353. DOI 10.20310/2686-9667-2019-24-128-345-353.
(In Engl., Abstr. in Russian)



346 S. Berceanu, A. Gheorghe

Introduction

The Jacobi group is the semidirect product of the real symplectic group with Heisenberg
group of adequate dimension [9,10]. Several generalizations are known [12,20]. The Jacobi
groups are unimodular, nonreductive, algebraic groups of Harish-Chandra type. The
Siegel-Jacobi domains are nonreductive symmetric domains associated to the Jacobi groups
by the generalized Harish-Chandra embedding [12,16,21,22].

In [1] we have introduced Perelomov coherent states [13| defined on the Siegel-Jacobi
disk. Similar constructions have been used previously [11,14,17]|. The Jacobi group with
applications in Quantum Mechanics has been investigated in a series of papers [2-7]. The
present note is based manly on [5], where we have not used Perelomov coherent states. The
problem of Berezin quantization [8|, the fundamental conjecture for homogeneous Kéhler
manifolds, the classical and quantum evolution on Siegel-Jacobi domains, and the orthonor-
mal base of polynomials in which the Bergman kernel is developed, all summarized in our
the talk in accord with [2-7], are not included in this note.

1. Canonical automorphy factor and kernel function

Let $, be the Siegel upper half space of degree n consisting of all symmetric matrices
Q€ M,(C) with ImQ > 0. The symplectic group Sp(n,R) of degree n consists of all
matrices o € My, (R) such that ‘oJ,0 = J,, where

a b 0 I,
0_(0 d),a,b,c,dEMn(R), Jn_(—ln 0), (1.1)

The group Sp(n,R) acts transitively on $), by ¢Q = (aQ +0)(cQ +d)~ .

Let G® be a Zariski connected semisimple real algebraic group of Hermitian type. Let
D =G*/K* be the associated Hermitian symmetric domain, where K* is a maximal compact
subgroup of G*. Suppose there exist a homomorphism p : G* — Sp(n,R) and a holomorphic
map 7:9 — 9, such that 7(g9z) = p(g)7(2) for all g € G* and z € ©. The Jacobi group
G’ 19,12,20] is the semidirect product of G° and the Heisenberg group H[V] associated with
the symplectic R-space V' and the nondegenerate alternating bilinear form D : V xV — A,
where A is the center of H[V]. The multiplication operation of G/ ~ G*xV x A is defined
by

1
g9 = (o0’ p(o)v + v, 3¢+ 3 + §D(v, p(o)v'),

where g = (0,v,%) € G7, ¢ = (0/,v',5') € G’. The Jacobi-Siegel domain associated to
the Jacobi group G is defined by @7 =D x CN = G7/(K*® x A), where dim V = 2N
(cf. [9,12,20]). The definitions above are represented in the scheme below.

GY is an algebraic group of Harish-Chandra type [12,16,20].

Following [20] and [12], we obtain [5].
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G'=GxVxA

H[V| pr G* Sp(n,R)

\pr

(CN SN @JIQX(CN o @IGS/KS L’ S/jn:Sp(nu]R)/U(n)

Theorem 1.1. a) The Jacobi group G’ acts transitively on D7 by

g2 = (0, 4 Cerl) + )72, o) = (4 1),

where g = (o,v,%) € G and z = (w,2) € D7.
b) The canonical automorphy factor J for the Jacobi group G’ is given by

J(g,:l?) = (‘]1((77 w)707 Jg(g,l')),

where Jy is the canonical automorphy factor for G*°, and

1 1
J2(97ZE) =x+ §D(U7vaw) + §D(2U + ,0(0'>Z, JI(O',’U))Z).

¢) The canonical kernel function K for the Jacobi group G’ is given by
K(z,2") = (Ky(w,w"),0, Ky(z, ")),

where K is the canonical kernel function for G*, and

Ko(z,2) = D(27 + % W)z, q2) + %D(E’, g (@)7), g = p(Ky(w,w')) "L

The Heisenberg group H,(R) consists of all elements (A, u, k), where A\, u € My, (R),
k € R, with the multiplication law

Apr)o (N i /) = A+ N+ s k4 &4+ X — ).
Let GJ = Sp(n,R) x H,(R) endowed with the following multiplication law:
(0, (0ot ) - (0, (Vs i K1)) = (00", (A", i’ ) o (N ).

The Jacobi group G of degree n acts transitively on the Jacobi-Siegel space ! = 6, x C"
by g(Q,C) = (997Cg)7 where

Q= (@Q+0)(cQ+d)7" G=v(Q+d)", v=C+ A2+ (1.2)
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Proposition 1.1. The canonical automorphy factor J, and the canonical kernel
function Ky for Sp(n,R) are given by

o= (O 1)
RMQJD:(“Yfﬁl QBQ),

where ,Q € 9, and o € Sp(n,R) is given by (1.1).
The canonical automorphy factor 6 = Jo(g, (,¢)) for G is given by

O=k+ANCHv AN—v(Q+d) ey, v=C+A2+pu, (1.3)
where g = (0, (\, u,k)) € G, o is given by (1.1), and (,¢) € H.
The canonical automorphy kernel Ko for G is given by

1

K> (¢, 9), (¢, 9) = =

!/

(=@ =) ("¢ = 0). (1.4)

Let ®,, be the Siegel disk of degree n consisting of all symmetric matrices W € M,,(C)
with I, — WW > 0. Let Sp(n,R), be the multiplicative group of all matrices w € My, (C)
such that

w = (g g) . 'op—"qq =1, 'pg="gp, p,q € M,(C). (1.5)

The group Sp(n,R), acts transitively on ©,, by wW = (pW + q)(@W + p)~!. Let
K, =2 U(n) be the maximal compact subgroup of Sp(n,R), consisting of all w € Sp(n, R),
given by (1.5) with p € U(n) and ¢ =0. Then ©,, = Sp(n,R)./U(n).

Let GZ, be the Jacobi group consisting of all elements (w, (a, 7)), where w € Sp(n,R),,
a € C" € iR, and endowed with the multiplication law

(W' (o, ) (w, (o, 5)) = (w'w, B+, 2+ i + Bla— Bta) ,

where (w, (a, %)), (W', (/,5)) € Gy, b= o'p+a'q, and w is given by (1.5).

The Heisenberg group H, (R )* consmts of all elements (I, (a, x)) € G, with a € C",
» € iR. The center A, =R of H,(R), consists of all elements (]n, (0,2) € G, »€iR.
There exists an isomorphism © : GJ — GJ_ given by O(g) = g, g = (0, (\, i, k) € G,

9 = (w, (o, %)) € G, )
(o) e=Gr)

1 i 1 . .
§(ai—d)i§(b$c), azﬁ(/\jtl,u), 2= —ig.

Let ®J = D, x C"=GJ /(U(n) x R) be the Siegel-Jacobi disk of degree n. G, acts
transitively on ®7 by g.(W, z) = (W,,,2,.), where

P+ =

Wy, = (bW +q)@W +D9) 7", 2. = (z+ oW +a)(@W +p) . (1.6)
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We now consider a partial Cayley transform of the Siegel-Jacobi disk D onto the Siegel-
Jacobi space $; which gives a partially bounded realization of 7 [22]. The partial Cayley
transform ¢ : D) — §7 is defined by

Q=il,+ W)L, - W)™, ¢=2iz(L,—W)!, (1.7)

where ((,Q) = ¢ ((W,2)) and (W,2) € ®J. Thr map ¢ is a biholomorphic map which
satisfies g¢ = ¢g. for any g € G/ and g, = O(g) [22].
The inverse partial Cayley transform ¢! : $7 — D7 is given by

W= (Q—il,)(Q+il,)™", 2= (Q+il,)" (1.8)
The situation is summarized in the diagram below.

0:G! - G
J n nx _ 7
Gn i Gn*

J iso

cn [N f)‘r]L =9H, xC" « e = Sp(TMR)/U(n)

o i e e

¢

Proposition 1.2. The canonical automorphy factor Ji. and the canonical kernel
function Ky, for Sp(n,R). are given by

t(= =\—1
qW +7p 0
Jl*(w’w)_< | 0 | QWH‘?)’
I, —WWwW 0
K (W, W) = < 0 W1, — WW)™ ) 7

where W, W' € ®,, and w € Sp(n,R), is given by (1.5).
The canonical automorphy factor 0, = Jy(gns, (W, 2)) for G is given by

0, =k, +2za+v.a—v.(@W+p) G, v.=z+aW +a, (1.9)

where g, = (w, (o, ) € G

nk )

w 1is given by (1.5), and (W, z) € D..
The canonical automorphy kernel for GZ_ is given by

Ko (W' 2),(W,2)) = A(W', 2"; W, 2),
where (W, 2), (W', 2') € ®7, and

1 ,— _ -
AW’ 25 W,2) = (2 + 22 W)L = W)™+ 20— W) W= (1.10)

| —



350 S. Berceanu, A. Gheorghe

2. Scalar holomorphic discrete series

Consider the Jacobi group GY. Let ¢ be a rational representation of GL(n,C) such
that 0|yw) is a scalar irreducible representation of the unitary group U (n) with highest
weight k, k € Z, and 6(A) = (det A)F [23]. Let m € R. Let x = § ® Y™, where the
central character x™ of A =R is defined by x" (k) = exp (2mimk), k € A. Any scalar
holomorphic irreducible representation of G is characterized by an index m and a weight
k. Suppose m >0 and k >n+1/2.

Let H™F denote the Hilbert space of all holomorphic functions ¢ € O($7) such that
l¢llgs < oo with the inner product defined by [18]

(00 =C [ o OREL™@.07 dp(2.0),

where C' is a positive constant, (2,() € 7 and the G -invariant measure on ; is given
by
dp(Q,¢) = (det V)™ T[ d&dn; [] dXjndYin

1<i<n 1<j<k<n

Here £ =Re(, n=Im({, X =Re), Y =Im.

The kernel function K™ is defined by [18]

K™H(92,¢) = K™ ((92,), (2,€)) = exp (4mmny " ') (det Y)Y,

K100 (6, 90) = (det( 50— 500) Fexp(zmimK (¢ 92), (€. ).

where K is given by (1.4).
Let 7™ be the unitary representation of G on H™ defined by [18]

(ﬂ-mk<g71)90> (Qv C) = jmk(ga (Qu <)>()0(Qg7 Cg>7

where o € H™ ge G, (2,¢) € ) and (Q,,(,) € H is given by (1.2).
The automorphic factor J™* for G is defined by [18]
T (9,(C, ) = (det(c2 + )" exp(2mimd),

where 6 is given by (1.3) and o is given by (1.1).
Takase proved the following theorem [18,19]:

Theorem 2.1. Suppose k > n + 1/2. Then H™ # {0} and 7™ is an irreducible
unitary representation of G which is square integrable modulo center.

Let H™* denote the complex pre-Hilbert space of all ¢ € O(D;]) such that ||1)[g, < oo
with the inner product defined by

(1, )os = Cu [ 01 (W, 2) (W, 2) (KTH(W, 2)) " du(W, 2),
ol
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where C, is a positive constant, (z, W) € D7,
KW, z) = (det(1, — WW))_k exp(8mmA(W, z)),
and A(W, z) = Ky (W, 2), (W, 2)) can be written as

1 — _ 1 _
AW, 2) = (z+ EZW)(In —WW) iy 5z([n —WW) 'w itz

and the G -invariant measure on ®; is [22]

dv(W, z)=(det(1-WW)) "] [dRez;dImz; [[ dReWjpdImWy,

i=1 1<j<k<n

According with [15,22], and (1.10), the kernel function K™ is given by
MW, 2) = KT (W, 2), (W, 2)),

where

K™ (2, W), (2, W) = (det (I, — W) "exp (SemA(W’, 2'; W, 2)).

We now introduce the map g, — 77%(g,), where 77%(g,): H™ — H™* is defined by

(7 (g2 D)) (2, W) = T (g, (2, W) (2., W),
Y e HM™, g, = (w,(a,%) € GL , (2,W) €D, and (z,,,W,.) € DJ is given by (1.6).
The automorphic factor J™* for G7_ is defined by [15,22)]

T (g, (2,W)) = exp(2mimd. ) (det(qW +p)) ™",
where 0, is given by (1.9) and w given by (1.5).

Proposition 2.1. Suppose m >0, k>n+1/2, and C =2"")C,. Then

a) H™ #£ {0} and 7™ is an irreducible unitary representation of G, on the Hilbert
space H™ which is square integrable modulo center.

b) There exists the unitary isomorphism T : H™ — H™E given by

©0(Q,0) = (W, 2) (det(I,, — W) exp(dnmz(I, — W) 12),

where § € M, o = TPH(p), (W,2) € D, () = ¢(-W,2)) € 81, and ¢ is given
by (1.7).

The inverse isomorphism T™F : H™k — H;”k s given by
¥ (W, 2) = () (det(I, i) exp (27mC (I, —i2) 1 ¢)

where ¢ € H™ Y =T™(p) , (,() € 9y, (-W.2) =61 ((() € Dy, and ¢~ s
given by (1.8).
c¢) The representations ™% and 7™ are unitarily equivalent.

Acknowledgements. Stefan Berceanu express his thanks to Professor V. Molchanov for
inviting him at the Workshop «Harmonic analysis on homogeneous spaces and quantization»
October, 2012, Tambov, Russia, and for the partial financial support to attend the meeting.



352 S. Berceanu, A. Gheorghe
References
[1] S. Berceanu, “A holomorphic representation of the Jacobi algebra”, Reviews in Mathematical

2]
3]

4]
[5]
[6]
7]

8]
19]
[10]
[11]
[12]

[13]
[14]

[15]
[16]
[17]

[18]
[19]

[20]
21]
[22]

[23]

Physics, 18:2 (2006), 163-199, arXiv: math/0408219v3.

S. Berceanu, “Coherent states associated to the Jacobi group — a variation on a theme by
Erich Kéhler”, Journal of Geometry and Symmetry in Physics, 9 (2007), 1-8 crosswef.

S. Berceanu, “A holomorphic representation of Jacobi algebra in several dimensions”, The
Theta Foundation, Perspectives in Operator Algebras and Mathematical Physics (Bucharest,
August 10-17, 2005), Theta Series in Advanced Mathematics, 11, eds. F. P. Boca, R. Purice,
S. Stratila, Conference Proceedings, 2008, 1-25.

S. Berceanu, A. Gheorghe, “Applications of the Jacobi group to Quantum Mechanics”,
Romanian Journal of Physics, 53:9-10 (2008), 1013-1021.

S. Berceanu and A. Gheorghe, “On the geometry of Siegel-Jacobi domains”, International
Journal of Geometric Methods in Modern Physics, 8 (2011), 1783-1798.

S. Berceanu, “A convenient coordinatization of Siegel-Jacobi domains”, Reviews in
Mathematical Physics, 24:10 (2012), 1-38 eroswef.

S. Berceanu, “Consequences of the fundamental conjecture for the motion on the Siegel-Jacobi
disk”, International Journal of Geometric Methods in Modern Physics, 10:01 (2013), 1-18
crossref,

F.A. Berezin, “Quantization in complex symmetric spaces”, Math. USSR-Izv., 9:2 (1975),
341-379 crossref,

R. Berndt and R. Schmidt, Progress in Mathematics: Elements of the Representation Theory
of the Jacobi Group, 163, Birkh&duser, Basel, 1998, 216 pp.

M. Eichler and D. Zagier, Progress in Mathematics: The Theory of Jacobi Forms, 55,
Birkhauser, Boston, 1985.

P. Kramer and M. Saraceno, “Semicoherent states and the group ISp(2,R)”, Physica A:
Statistical Mechanics and its Applications, 114:1-3 (1982), 448-453 crossef.

M. H. Lee, “Theta functions on hermitian symmetric domains and Fock representations”,
Journal of the Australian Mathematical Society, T4:2 (2003), 201-234 crossref.

A. M. Perelomov, Generalized Coherent States and their Applications, Springer, Berlin, 1986.
C. Quesne, “Vector coherent state theory of the semidirect sum Lie algebras wsp (2N,R)”,
Journal of Physics A: Mathematical and General, 23:6 (1990), 847-862.

I. Satake, “Unitary representations of a semi-direct products of Lie groups on &-cohomology
spaces”, Mathematische Annalen, 190:3 (1971), 177-202.

I. Satake, Algebraic Structures of Symmetric Domains, Princeton University Press, Princeton,
1980.

K. Shuman, “Complete signal processing bases and the Jacobi group”, Journal of Mathematical
Analysis and Applications, 278:1 (2003), 203213 crossef.

K. Takase, “A note on automorphic forms”, J. Reine Angew. Math., 409 (1990), 138-171.

K. Takase, “On unitary representations of Jacobi groups”, J. Reine Angew. Math., 430 (1992),
130-149.

K. Takase, “On Siegel modular forms of half-integral weights and Jacobi forms”, Trans. Amer.
Math. Soc., 351:2 (1999), 735-780.

J.-H. Yang, “The method of orbits for real Lie groups”, Kyungpook Mathematical Journal,
42:2 (2002), 199-272.

J.-H. Yang, “A partial Cayley transform for Siegel-Jacobi disk”, Journal of the Korean
Mathematical Society, 45 (2008), 781-794.

C. Ziegler, “Jacobi forms of higher degree”, Abhandlungen aus dem Mathematischen Seminar
der Universitat Hamburg, 59:1 (1989), 191-224.


http://arXiv:math/0408219v3
https://dx.doi.org/10.7546/jgsp-9-2007-1-8
https://dx.doi.org/10.1142/S0129055X12500249
https://dx.doi.org/10.1142/S0219887812500764
https://dx.doi.org/10.1070/IM1975v009n02ABEH001480
https://dx.doi.org/10.1016/0378-4371(82)90330-2
https://dx.doi.org/10.1017/S1446788700003256
https://dx.doi.org/10.1016/S0022-247X(02)00653-4

SIEGEL-JACOBI DOMAINS 353

Information about the authors

Stefan Berceanu, Professor. Horia Hulubei
National Institute for R&D in Physics and
Nuclear Engineering, Bucharest-Magurele,
Romania. E-mail: Berceanu@theory.nipne.ro

Alexandru Gheorghe, Professor. Horia
Hulubei National Institute for R&D in Physics
and Nuclear Engineering, Bucharest-Magurele,
Romania.

There is no conflict of interests.

Corresponding author:
Stefan Berceanu
E-mail: Berceanu@theory.nipne.ro

Received 26 August 2019
Reviewed 23 October 2019
Accepted for press 29 November 2019

Nudopmanua o6 aBTopax

Bepuany Credan, npodeccop. Harmonanbubrit
WHCTUTYT WCCJIEIOBaHUN U pa3paboToK B obJacTu
GU3NKN W ANCPHON UHKEHEPUH UM. Xopuum Xy-
aybesi, r. Byxapecr-Marypesie, Pywmbrausa. E-mail:
Berceanu@theory.nipne.ro

T'eopre Anekcanapy, npodeccop. Harmonann-
HBIIl MHCTUTYT UCCIEIOBAHUI 1 pa3pabOTOK B 001acTH
GUBUKY U sIJIEPHO WHXKEHEPUH M. XOopuu XyJrybest,
r. Byxapecr-Marypese, Pymbiaus.

KoudaukT maTEpECOB OTCYTCTBYET.

19 KOHTAKTOB:
Bepuany Credan
E-mail: Berceanu@theory.nipne.ro

Tloctynuna B penaxiuio 26 asrycra 2019 r.
TToctynuina mocste penensupoBanns 23 okTsOpst 2019 .
IIpunsra ¥ mybmukarmu 29 HosiOps 2019 1.



ISSN 2686-9667. Bectuuk poccuiickux yauBepcuTeToB. Maremarnka

Tom 24, Ne 128 2019

(© Guebbai H., Segni S., Ghiat M., Merchela W., 2019
DOI 10.20310/2686-9667-2019-24-128-354-367
VIK 517.984.5

The pseudospectrum of the convention-diffusion operator
with a variable reaction term

Hamza GUEBBAI', Sami SEGNI', Mourad GHIAT!, Wassim MERCHELA?

! Université 8 Mai 1945
B.P. 401, Guelma, Algérie
2 Derzhavin Tambov State University
33 Internatsionalnaya St., Tambov 392000, Russian Federation

IIceBaocnexTp omeparopa KOHBeHIIUU- T Py3un
C MepeMeHHbIM YJIEeHOM peaKIuu

Xamsza TEBBAM!, Camu CETHU!, Mopan TIAT!', Baccum MEPYEJIA?

! Vumsepcurer 8 mas 1945,
24000, Amxup, Fesbma, B.P. 401
2@OI'BOY BO «Tamboscknil rocyaapcTseHnblil yEusepcurer nM. 1.P. Jep:kaBuHas
392000, Poccuiickast @eneparnus, r. Tambos, yi. Uarepranuonanbuas, 33

Abstract. In this paper, we study the spectrum of non-self-adjoint convection-diffusion
operator with a variable reaction term defined on an unbounded open set € of R™. Our
idea is to build a family of operators that have the same convection-diffusion-reaction
formula, but which will be defined on bounded open sets {Qn}ne]o,l[ of R". Based on
the relationships that link this family to (), we obtain relations between the spectrum
and the pseudospectrum. We use the notion of the pseudospectrum to build relationships
between convection-diffusion operator and its restrictions to bounded domains. Using these
relationships we are able to find the spectrum of our operator in RT. Also, the techniques
developed to obtain the spectrum allow us to study the properties of the spectrum of this
operator when we go to the limit as the reaction term tends to zero. Indeed, we show
a spectral localization result for the same convection-diffusion-reaction operator when a
perturbation is carried on the reaction term and no longer on the definition domain.
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Awnnoramus. B crarbe mccaemyercs CIeKTp HECAMOCOIPSIXKEHHOTO OIEPATOPa KOHBEKIIUH-
b dy3un ¢ mepeMeHHBIM YJIEHOM PEeaKIui, OIPE/Ie/IEHHBIM Ha HEOIPDAHUYEHHOM OTKPBITOM
muoxkecTBe ) C R™. Unest ucciemoBanusi COCTOUT B TOM, YTOOBI IIOCTPOUTH CEMEHCTBO OTIe-
paTOpPOB, UMEIIINX TAKYIO 2Ke (hOPMYJTy KOHBEKINU-TuhdYy3nn-PEaKIInN, HO OIPEIEICHHBIX
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Ha OTPAHMYEHHBIX OTKDBITHIX MHOXKecTBax {{),} C R™. OcHoBbIBasicCb Ha COOTHO-

n€]0,1]
IIEHUSX, KOTOPbIE CBA3BIBAIOT 9TO CeMeHCTBO ¢ §), IOJYyYeHbI COOTHOINCHUS MEXKIy CIIeK-

TPOM U TCEBJOCHEKTPOM. [IJjisi MOCTpOeHMsT COOTHOIIEHNH MEXK/Ly OIEePATOPOM KOHBEKITH-
muddy3un U ero Cy»KeHusiIMA Ha, OIDAHMYEHHBIE O00JIACTH WCIIOJb3YeTCsi MOHSATHUE IICEBIO-
cuekTpa. IlojlydeHHBIE COOTHOIIEHUS] MCIIOJIb3YIOTCs JIJIsl OIPee/IeHNs] CIIEKTPa MCXOJHOIO
omeparopa B RT. MeToanl, paspaboTaHHbIe I HAXOXKIEHIS CIeKTPa 33 JaHHOTO OIIepaTo-
pa, MO3BOJIAIOT TAKKe N3y IUTh HEKOTOPBIE CBOMCTBA ITOrO CIEKTPA IIPHU IIePEX0e K IPeIery,
KOIJ[a YJIeH PEAKIINK CTPEMUTCS K HYJIF0. B 4acTHOCTH, TOKAa3aHO, KAK OIPEJIEJIUTh CIIEKTD 3a-
JIAHHOT'O OIlepaTopa KOHBEKIUH-Tu(OY3Ur-PEaKIiuy [IPU BO3MYIIEHIY YIeHA PEAKIUU, a He
00JIaCTU OIpeie/IeHns.

Kirouessblie cioBa: jinddepeHiaabHblil OIIepaTop; CIIEKTD; ICEBIOCIIEKTD; OIIEPATOP KOH-
BeHIINH-TNhDy3un

st mutupoBanust: [e6bati X., Ceenu C., luam M., Mepueaa B. IlceBiocnexkTp onepaTopa
koHBeHIUU-1u(Yy3un ¢ nepeMeHHbIM 4ieHOM peakiuu // BecTHUK POCCHICKUX yHUBEPCH-
reroB. Maremaruka. 2019. T. 24. Ne 128. C. 354-367. DOI 10.20310,/2686-9667-2019-24-128-
354-367. (In Engl., Abstr. in Russian)

Introduction

The study of the spectrum of convection-diffusion operator is one of the most complicated
problems in functional analysis. In this paper, we study the spectrum of the following
operator:

Au=—Au+ ( - Vh(f[ xi)) -V + Vu, (0.1)

where h € C? (R,R) such that h” is positive and
n n n 2
V=Vi+V, Vi@ =) (h’(Hq;j) Hm) .
i=1 j=1 j=1
’ J#i
Non-negative potential V5 is considered as a reaction to the convection-diffusion phenomena
represented by Ag = —A + (— Vh(H 2;)) -V + Vi. The operator A in the case h(z) =z
i=1

was studied in [1].

We recall that, for an unbounded operator T defined on D(T) C H to H and for £ > 0,
the pseudospectrum is given by (see [2])

sp-(T) ={z€re(T) : |[(z - T)_1H >e '} Usp(T).
The resolvent set is given by
re(T)={z€C : (2I - T)™" exists and bounded} ;

sp(T) denotes the spectrum of 7' and is defined as sp(T') = C \ re(T). An equivalent
definition of the pseudospectrum has been given in [3]:

spe (T) = U sp(T'+ D).

D:H—H, linear and ||D||<e
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Pseudospectrum is easier to calculate and more efficient than spectrum when dealing with
unbounded operators [4,5]. In fact, it has been established that an approximation of the
spectrum of differential operators may be unstable when going to the limit, unlike the
pseudospectrum which shows to be stable (see [6-8|). For example, if T is a normal operator,
its pseudospectrum is equal to the e-neighborhood of its spectrum. The ¢ -neighborhood of
S C C is given by

N.(S)={s+z :s€S |z|<e}.

It is clear that, for all S C C, ﬂ N.(S)=S.

e>0
Moreover we take advantage of the fact that the spectrum of an operator is divided into

two sets: the pointwise spectrum, sp, (1), which consists of all the eigenvalues of T'; the
essential spectrum, spess (7') which consists of all A € C such that the operator (A —T)) is
injective, but not surjective. In addition, we define the limit of a sequence of sets as follows:
forall 8 >0, Sy CC, limy_,oSy = {8 € C : I{sp}yoq. S0 € Sp, limg_,g59 = s}.

In this article, we study in detail the pseudospectrum and the spectrum of the operator
A to establish that its spectrum is real positive. We conclude this work with a result on the
stability of the spectrum obtained by the pseudospectral theory.

1. Convection-diffusion operator

Let © C R" be an unbounded open set. Let h € C*(R,R) be such that h” is positive.
Let A be the convection-diffusion operator (see [9]) defined on L*(Q2, C) into itself by (0.1).
We define the hermitian form ¢ on L?*(2,C) as

ot = [vr Faes [ (~wn(a))-Vrae s [ voge

=1 Q

where the quadratic form associated with ¢ is given by

Q) = [Vullsw + [ (= V([T a0) - Vumds+ [ ViaPar
Q iy Q

For uw e C*(Q), weset z= [, (=VA(I]; ;) u- Vudz, so

n

;= /aQ(—Vh(Hxi)>|u|2dx+/Q(Ah(gxi)>]u‘2da:

J/

-~

=0

+ /Q(Vh(ﬁxz» -Vuudr = /Q (Ah(ﬁxi)>|u|2dx—2.
Using 2+ z = 2Re(z) = [, (AR(T, z:))|ul*dz yields

1 n n
Re(Q(u) = [|Vulls) + / (5[ T o) + IVAQT 202y + Vale) ) luldz > o,
=1 =1
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and

[Im(Q(u) |:‘[m</g< Vh( H:}:Z>u Vudx))—‘—(z)‘
3 (IVuliae + | ||Vthz sy luPr) + 5] [ Ahﬂxz julda].

Hence, ¢ is a sectorial form defined on the vector space R given by the following expression:
R=Hj(Q,C)({ueL*Q,C): Vue L*(2,C)}.

We recall that A is the operator associated with ¢ [10, Theorem 2.1, p. 322|, and the
domain of A is given by D(A) = H*(Q,C) R.

Our goal is to determine the spectrum of A. We notice that D(A) is a Dirichlet integral
boundary condition. Consider the eigenvalue problem: find A € C and uw € D(A)\ {0} such
that

“Au+t (—Vh(ﬁxi)) Vut+Vu= uonQ, u=0ondQ.
=1

Let {€,},c101; be a sequence of bounded open sets such that Q; C Q,, for all n <1,
and (J, .12y = €0 For all 7 €]0, 1[, we identify the hermitian form ¢, on L*(Q,,C) by

,,(f,g):/g Vf-V_gd:c—l—/Q (—Vh(H:cﬁ) -Vfgda:—l—/ﬂ V fgdz.

We recall that ¢, is a sectorial form defined on R, = Hj(f,,C). We denote by A, the
differential operator associated with ¢, [10, Theorem 2.1, p. 322|. The domain of A, is given
by D(A,) = H*(Q,,C)( Hi(Q,,C). We notice that A, is defined by the same formula as
A. Let B, be the differential operator which is defined by the same formula as A, but is
given on D(B,) = HZ(f,,C). The extension of each function in D(B,) to §, by zero
belongs to D(B,) [11, Lemma 3.22, p. 57|. Thus D(B,,) C D(B,).

To achieve our goal we will define the spectrum of A,, after that we will establish a
relation between the pseudospectrum and spectrum of A,, B, and A.

2. Spectrum of A, and B,

In this section, we will explain some characteristics of the operator A, which allow us
to locate the spectrum of A.

2.1. Spectrum of A,
Define the following scalar product on L?(2,) :

V(u,v) € L*(Q,) x L*(,), (u,v), = / exp( H:v, >uvd:v

Theorem 2.1. For all n €]0,1], A, is self-adjoint with respect to (, ).
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1
Proof Forall ue D(A,), we define u = exp ( Hxl >u Hence, we get

n

At = <Au + (Vh(ﬁ x;)) - Vu) + %HVh(ﬁ m,-)H%g(Qn)u) exp (%h(H xz)>

i=1 i=1

Then, for all (u,v) € D(A,) x D(A,),
(A, 0), = /Q exp (h(ﬁ r)) e = /Q (—dut (- Vh(ﬁ ) -V +
+<||Vh(ili 2 aga) + Vale) u) exp (%h(ﬁ m) S
_ / _ Aiida +/ ( IV sz [Zaq, + Vala) )iidda

o = 5 “ 2 ~
- / VaVods — o, 81} v da+ . <Z]\Vh(}_llxi)|]Lz(Qn)+V2(x)>uvdx.

So, for all 1 €]0,1[, (A,-,-), is also a scalar product, which means that A, is self-adjoint
[10, Theorem 2.7]. O
As a consequence, sp(A,) is real for all n €]0,1]. Since we cannot extend the scalar
product (, ), over L?(f2), we cannot guarantee that A is self-adjoint.
We define

K = mf{ ~Ah( Hzl + | Vh( le HL2 +Va(@) ¢ (@1 @) € Q)

=1
K, = inf{||Vh(Hxi)||%én (T e ) € Q)
5K
M = Cp2+ K- 41,

E = {ne]o,1] : M <0},
where Cpp is the Poincarre-Friedrichs constant (see [10]).
Theorem 2.2. For all n €]0,1],

o If n ¢ E, the essential spectrum spess(A,) is included in |2Ky,Cpp + K[, and the
point spectrum sp,(A,) is included in [Cpp + K, +00],

o I[f ne &, A, has no essential spectrum, and the point spectrum is included in

[Cpz + K, +oo.

Proof Forall n€]0,1] and all uw € D(A4,),

Re((Ayu,u) = 5 ({Aqu,u) + T Agu) = 5({Ayu,u) + (o, Ags).
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However
—Auudr = u do + / VuVudr = / Vul?dz.
/Q a0y, 31/ \/-/ Q, Q | |
Vh(H z;) - Vuudr = —/ Vh(H ;) - Vuudz — Ah(H ;) |ul? da.
Qy =1 i=1 Qy i=1
Then

1 n n
Re((Ayu)) = [Vl + | (gAh<Hxi>+HVh(H:ci)uiQ(vax)) ufds
n =1 =1

> [Vulliaq,) + K

U||L2
By the theorem of Poincarre-Friedrich (see [10]),
Re({Ayu,u)) > Cpillullia, + Kllullizq,) > (Crp + K)llulliz,
Thus, for all A € R,
1(Ay = Aull2(@,) = (Cpp + K = Nllullz2@,)

Hence (A, — M) is injective for all A < Cpr + K, and thus sp(4,) is included in
[Cri+ K, +00[. Let H = H(S,) and A € [—o0o, 2K;[. The sesquilinear form is defined on
H by

5
or(u,v) = / (VuVo + (Z‘/l + Vo — Nuv)dz,
2

which verifies

loa(u, )| < (|Vullz2,) VU2, + Cllullz2 ) 0] 22,

where
5
C':sup{ZVl (x)+Vo(x) : x € Qn} + | Al
and
. 5 9
foa(u, )] = min § 1Ky =) bl

Since, for all g € L*(Q,), the semilinear form L: H — C, v — an gudzx is continuous, it
follows from the Lax-Miligram theorem that the equation

ea(u,v) = L(v)
has a unique solution u in H for all v € H. Take into consideration the problem

for g € L*(Q,), find u € L?(Q,)) such that
(p)q Au—Iu=g on €,
u=20 on 0§,
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We use the same variable change as in the previous theorem: we multiply the equation
Az, i)

by exp(=+51=-) and set g = gexp(w), u = uexp(w). We see that (p) is

equivalent to

for g € L*(Q2,), find u € L*(,)) such that
(p) —Au+ (%Vl +Wu—Au=g on €,
u=0 on 0§,.

Therefore, the sesquilinear form ¢, (u,v) = an VuV7 + (3K, — A\)uv) is an inner product
in L*(Q,) for A\ < 2K;. Hence, (p) has a unique solution %, and (p) has a unique solution
u defined by u="uexp (—h([], z:)). O

2.2. Relation between A, and B,
It is known that, for every n €]0,1[, B, C A,, i. e. D(B,) C D(A,) and, for all
f € D(Bﬂ)7

B,f = A,f.

Furthermore, for every 7 €]0,1[, B, C A. In fact, for any f € D(B,) = H3(1,), extending
f to Q by 0 gives f € D(A). This proves that

U spp(By) C spp(Ay).

0<n<1

To determine the spectrum of A the study of the difference sp,(A,)\spy(B,) is required.
In this section, we prove that this difference is empty for n €]0, 1].

Lemma 2.1. For all ¢ >0 and for all n €]0,1],
spe(By) = spe(Ay).
Proof Let A € sp.(B,). Then there exists f € D(B,) such that

1By f — A2,
£l 22,

But f e D(4,), so

£l z2(0,)

9

and A € sp.(A,).
Inversely, let A € sp.(A,). Then there is f € D(A,) such that

1AL f = Afllz2 )
1l z2 )

Since the space of infinitely differentiable functions with compact support C°(€2,) is dense
in D(A) with respect to the graph norm defined by |-, = [[A-[|;2q) + [I'l| 12(q), for all
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f € D(4,), there is a sequence (f,)neny in C(,) such that lim,_, || f. — f||, = 0. So,
for all 6 > 0, there exists N € N such that, for all n > N, we have

[Anfo = Afallze)  [[Anf = Mz
an||L2(Q) ||f||L2(Q)

< 6.

We set

A = Afllz@,)
£l 22,

> 0.

Then there exists ng € N such that

||A77fno - )\fnoHLQ(Q)

<e.
| froll2 ()

However f,, € D(B,), then X\ € sp.(B,). O
Corollary 2.1. Forall € >0, if 0 <n<n' <1, then
spo(Ay) € spa(Ay).
Proof Let A€ sp.(B,). Then there exists f € D(B,/) such that

1By f = Al ez,
1fllz20,)

< €.

Extending f to 2, by 0,

1By f — M2,
I llz2,)

It follows that A belongs to sp.(B,). Now we can apply Lemma 2.1 to complete the proof. [J
We proved that the family {sp.(A;)}o<y<1 is decreasing, and this makes us to say that the
family {sp(A,)}o<n<1 is decreasing with respect to inclusion. In fact, for all 0 < n <7’ <1,

sp(Ay) C sp.(Ay) C sp.(4,).

But A, is self-adjoint, i. e. sp.(A,) = N: (sp(4,)), for all n €]0,1[. Then

sp(Ay) C [ Ne (sp(Ay)) = sp(Ay),

e>0

Theorem 2.3. For all n € E,
sp(By) = sp(4,).

Proof Since A, is self-adjoint for all n € £, we have

ﬂ spe(Ay) = sp(Ay).

e>0
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Then, by using Lemma 2.1, we find

sp(By) C sp-(By) = spe(Ay) = sp(B,) C m sp=(Ay) = sp(Ay).

e>0

Reciprocally, let A € sp(A,) for some n € E. According to Theorem 2.2, there exists
f € D(A), f # 0 such that

Apf = M.

Since C2°(£2,) is dense in D(A,) with respect to the graph norm, there is a sequence (f,,)nen
in C2°(€2,) which converges to f in the graph norm. We define the sequence

Jn

I L ew
| full 2,

dn
For all n € N,

gn € D<B7l)7 Hgn”Lz(Qn) =1,

and

. 1A, f — Afllze
lim || Bygn — Agnll 20y = " L)

= 0.
n—r+o0 £l 22,

Then X € sp(B,). In fact, if (B, — A\)~! exists and is bounded, then
1= ||9n||L2(Q,,) < ||(B,7 - /\])AH | Bygn — )‘9n||L2(Qn) — 0

Therefor, the operator (B, — AI)™!, if it exists, can not be bounded, which means that
B, — Al can not be surjective. O

3. Pseudospectrum and spectrum of A

The pseudospectrum has better stability than the spectrum. Pseudospectrum is easier to
be controlled and can be considered as the finest stable for the passage to the limit.

3.1. Pseudospectrum
In this subsection, we establish a relation between the spectrum and the pseudospectrum
of A seen as limits of sp(A,) and sp(B,) respectively.

Theorem 3.1. For all € > 0,

spe(A) = U spe(Ay) = U spe(By)-

nekr ner

Proof Let Ae |J sp-(B,). Then there exist 7, € E and f € D(B,,) such that

0<n<1

||B771f - >\f||L2(Q711)
| £l 2@,
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Extending f to € by 0,
[Af = AfllL2@)
1f 220

So, it follows that A belongs to sp.(A), and

U sp:(By) C spe(A).
nek
Reciprocally, let A € sp.(A). Then there is f € D(A) such that
|Af = Mll12)
11220

Since C°(Q?) is dense in D(A) with respect to the graph norm, for all f € D(A), there is
a sequence (fn)neny in C2°(Q2) such that

i [Afn = Mallzz)  IAf = Afllrz@
11m = .
notoo || full ey [PAIFEIES

Like in the proof of Lemma 2.1, we choose ny such that

| Afno = AMnoll2)
| froll 2 ()

There is 7 small enough for which the support of g = f,,, is included in €2,. It follows that
A belongs to sp.(4,). Thus,

spe(A) C U sp:(4A,).

ner

Now, we use Lemma 2.1 to conclude the proof. O
From the previous theorem, we deduce that

sp-(A) C N.(R") ={z € C: Rez > 0,|Imz| < €}U{Z € C: Rez <0,]z| <e}.

In fact, for all n € E, A, is self-adjoint. Then sp.(A,) = N.(sp(4,)). But, sp(4,) C R*.
We obtain

U sp(A4,) CRY.

nek

3.2. Spectra

In this part, we will set a new relation between the spectrum of A and that of A,. First,
we begin with a topological result that will allow us to obtain the desired property.

Proposition 3.1. Forall € >0,

L sp-(4y) = M. (U sp(An)> .

nek nek
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Proof Let A e | sp-(4,). Thereis n € E such that
nekE

A € s5p=(Ay,) = Ne (sp(Ay,)) -
So, A =s+z, where s € sp(A,,) and |z| <e. But s € |J sp(4,) implies

A e N. (U sp(An)> .

nek

Reciprocally, let A € N. | U sp(A4,) | . Then A = s+z, where s € |J sp(4,) and |z| <e.
nekr nek

So, there is 7, € E such that
A=s5+2z€ NAsp(A4,,)) = sp(4A,,).
Thus, A € |J sp-(Ay). O

nekr
Theorem 3.2.

sp(A) = U sp(Ay).

nekr

Proof Let A € | sp(A4,). Thereis n € E such that A € sp(A4,,). Then there is
nekrE

f € D(A,,), where A, f—Af =0. Since C*(,,) is dense in D(A,,) with respect to the
graph norm, there is a sequence (f,)neny in C2°(€2,,) which converges to f in the graph
norm. We define the sequence

A
Gn = ”f’””LQ(Qn) on in’ nc N7
0 on Q/Q,, neN
We have, for all n € N,

gn € D(A)7 HgnHLQ(Qn) = 17
then

lim ||Agn — Agnllz20,) = 0.

n—-+o0o

Thus A € sp(A). By Theorem 3.1, we have
sp(A) C sp.(A) = U sp:(4,),
nek

and by Proposition 3.1,

sp(A) C N; (U sp(An)> :

nek
So, we obtain
sp(A) € | sp(4,)
nek
as ¢ tends to 0. 0
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4. Formula perturbation

This section is devoted to the study of pseudospectrum stability when the perturbation
is applied directly to the operator’s formula. For this purpose, we define for a > 0,

Aa - AO + Oé‘/év
where V3 is a continuous function over €2 such that

Ky = sup |V3(2)| < 00, K3 = ingf2 Vs ()],
Te

e

which means that, for all a > 0, D(A,) = D (Ap). Our aim is to compare sp(A,) and
sp(Ap). For n > 0, A,,, Ao, are defined in the same way as A,. It is clear, that for
e >0,

Ya Z 0, SPe (Aa> == U Sps(Aoz,n>7

nekbqy

where E, = {n€]0,1] : Cpj+ K — 252 — aK3; <0}, and

Va >0, sp(A,) = U sp(Aap)-

UeEa

Theorem 4.1.

lim Sp (Aa) C sp (AO) - hLIf(l) SPaK, (Aa) .

a—0

Proof Let ¢ >0, n >0 and X € sp. (Ap,). Then there exists f € D (Ayp,) such
that

[onf = Mz < 1z -
Therefore, for o > 0,
lanf = Moo, < (6 +aK2) [1fll 20,

which means that A € sp.iak, (Aa,y) . However, Ay, and A,, are self-adjoint operators,
then

5D (Aon) C 8Pk, (Aan) = 5p(Ao) C | spar, (Aan) -

n€kop

We use the fact that Ey C E, for all a > 0 to get
sp (AO) C SPaK> (Aoz) = sp (AO) - ili% SPaK, (Aa) :
Inversely, it is clear that, for all & > 0 and all n > 0,

sp (Aan) C sPax (Aoy) -
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Then

sp (Aa) = U Sp (Aa,n) - U SPaK> (AO,n) = Clyl_% Sp (Aa) C ili% U SPaK> (AO,n) )

neEa neEa UEEa

but

U SPar (AOJY) = NaKz < U sp (AO,n)> .

n€Eq YIS

We use lim F, = Ey to get
a—0

lim sp (Aq) C sp(Ao) .

a—0

g
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In our work [3] we described canonical and boundary representations of the group
G =SU(1,1) on the Lobachevsky plane D in sections of linear bundles on D . Then in [4]
we decomposed canonical representations into irreducible ones. Now we continue [4] and
decompose boundary representations. We lean on works [1,2].

1. The Lobachevsky plane

The Lobachevsky plane is the unit disk D : 2Z < 1 on the complex plane with the
linear-fractional action of G':

az+b a b I
Z’_)Z.g_bZ—Fa’g_(l_)E)’ aa — bb=1.

The boundary S of D is the circle 2z = 1, it consists of points s = expia, the measure
ds on S is do. Let D be the closure of D: D =DUS. Let

p=1-—2Z,

so that D = {p > 0} and S = {p = 0}. The stabilizer of the point z = 0 is the maximal
compact subgroup K = U (1) consisting of diagonal matrices:

a 0
= _:1
k (06)’ aa ,

so that D = G/K. The Euclidean measure dxdy on D is (1/2)dpds, a G-invariant
measure du(z) on D is
du(z) = p~*dxdy.
If M is a manifold, then D(M) denotes the space of compactly supported infinitely
differentiable C-valued functions on M, with a usual topology, and D'(M) denotes the
space of distributions on M — of antilinear continuous functionals on D(M).

We use the notation
N={0,1,2,...}.

Recall principal non-unitary series representations of G trivial on the center, see also [4].
Let o € C. The representation 7T, acts on the space D(S) by

(T>(9)¢)(s) = (s - g)|bs +al*.

The inner product from L*(S,ds):

(W, o)s = / (s) p(s) ds

is invariant with respect to the pair (7,,7 5_1).

If o ¢ Z, then T, is irreducible and equivalent to T_,_; (for o € Z there is a “partial
equivalence”). For ¢ = v € N the representation 7, has an invariant irreducible subspace
FE, spanned by expira, r=—v,—v+1,...,v.
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A basis of the Lie algebra g of G is

w= (% 00) (e 8 m= (0

We also use their linear combinations (they belong to the complexification of g):

. 0 1 . 0 0
L+:L2+ZL1:<O O), L_:LQ—ZL1:<1 O)

Denote by A, the twice Casimir element of the universal enveloping algebra Env(g) of g:
A, =L+ L+ L3

The representation T, of g assigns to Ly, L., L_ the following operators:

d
T5(Lo) = o

i - d
To(Ly) =e <0+@£) ;

T,(L_)=e"™ (a - i%) :
T,(Ay) = oo+ 1).

2. Canonical representations

Let D(D) be the space of restrictions to D of functions from D(C) with the induced
topology, and by D’(D) the space of distributions on C with supports in D. Consider the
inner product with respect to the Lebesgue measure on D':

(F. f)p = /D F() @ dady, = =z +iy. (2.1)

The space D(D) can be embedded into D’(D) by assigning to h € D(D) the functional

f=(h, fyp, [€DD).
We shall use denotation:

z“’m:|z]’“‘(|—2’) , peC, melkZ.
z

Let A € C. We define the canonical representation R, ,, of the group G associated with
a character of K as follows:

(Ram(9)f) (2) = f(z - g) (bz + @) 72742,

it acts on the space D(D).
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The inner product (2.1) is invariant with respect to the pair (R, R 5 5,,):

<R)\,m(g)fa h>D = <f7 R—X—Q,m(g_l)h>Da g € G. (22>

The formula (2.2) allows to extend the representation Rj,, to the space D'(D) of
distributions on D.
Here are formulae for basic elements of g in variables p and « :

R)\,m(Lo) = % — im,
, 0 1 0
_ ,Fia ) _
Rym(Ly)=ce { Tpa (7“ +r” )zaa A+2F m)r} . (2.3)
Let us also write the operator corresponding to Ag:
02 01 O
Bam(Bg) = (0" = 1") 55 + (@A + p = @A+ 5)7] 5+
wimp 24 L i 9
P e oo 4 1—pda?
+ [A+2)A+1) — (A +2)2—=m?) p]. (2.4)

In (2.4) one has to use the binomial expansions (7 = (1 — p)*/?):

- :OO () v (25

n

1 OO (7)o 2.

n

L ! i (1/2) L—n)(=1)"p". (2.7)

Applying these formulae to distributions ¢, we have to keep in mind the following:

k!

= n)!5(’“‘”)(p).

P50 () = (~1)"

3. Boundary representations

Canonical representations R, ,, generate two boundary representations Ly ,, and M) ,,.
For simplicity, in this paper we restrict ourselves to the first one. It acts on distributions in
D'(D) concentrated at S.

Consider distributions of the following form:

¢ =p(s) 6P (p),
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where ¢ € D(S) and 6(p) is the Dirac delta function on the real line (being a continuous
linear functional on D(R)) and §*)(p) its k-th derivative. The space of these distributions
will be denoted by A(D). Define also

k(D) = Ao(D) + Ay(D) + -+ + A(D),
so that a distribution ¢ in (D) is a linear combination

¢ =0(s)0(p) + ¢1(8) ' (p) + -+ + @i(s) P (p).

We get a filtration:

Let ¥(D) denote the union of all ¥ (D).
The canonical representation Ry ,, acting on D'(D), preserves the space ¥ (D) and the

filtration (2.3). The boundary representation Ly ,, is the restriction of Ry, to X (D).

4. Poisson transform

Let A\, 0 € C and m € Z. We define the Poisson transform associated with the canonical
representation Ry, as the map PA(TZ) : D(S) — C*>(D) by the following formula

(P)ETZ) gp) (2) =p 72 /S (1 — 52)272™ 5™ (s) ds.

The Poisson transform P/\(TZ) intertwines the representations 7_,_; and the canonical

representation Ry, :
Rymul(g) P\ = P\ T, _1(g) (g € G).

The Poisson transform PA(?;) is meromorphic in ¢, and has poles at the points
o=A—k, o=-A—1+1 (k,l€eN). (4.1)

All poles are simple except in the case when the two sequences (4.1) have a non-empty
intersection and the pole belongs to this intersection. This happens when 2\ +1 € N and
0<k,I<2\+1, k+1=2X+1. In this case the pole pu is of the second order. Let us write

)

down the principal part of the Laurent series of Pf\’z at the poles p of the first order:

p(m)

P
(m) _ ~Aup
P)\J = U_ N
The residue intertwines 7_,_; with R, ,,. Let us write it explicitly. We set

Vomn(p) = (1 — p)(m+")/2 Flo+1+m,0+4+1+n;20+2;p),

where F' is the Gauss hypergeometric function. Expand V' in powers of p:
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here w((:,z) are polynomials in n of degree k. The coefficients of these polynomials are
rational functions of ¢ with simple poles. We set

m m (1 d
Wé,k) = wg,k) ( ) :

1 da

If a pole p belongs only to one of the sequences (4.1), then it is simple. In particular,

“~(m m 1
B = (1) £ @-m( - k) ey,

where

I'(—20 —1)

an(o') =27 (_ )n F(—O' + Tl) F(—o’ — TL)

and 5&77,? is the following operator D(S) — %1(D):

)\k @_sz

The operator 5/(\17;) is meromorphic in A. For fixed k = 1,2... it has k poles (simple)
at the points A =k — 1,k —3/2, k —2,...,(k —1)/2. It intertwines 7 _14p with L,
(restricted to L(D)).

Let us write three first operators:

é‘ﬁ"é) = 5"y - 0(p),

& p=s {s@ 5@)-5(%@ m i) - 5’(p)},
& p=s {90-5(19)—%(0—1)290—%%0’)-5’(p)
1

-2 1) [T -1

—20 =)A= 1)m- i’ — [(A = 1)* 4 2m’] 90”} : (5”(p)}.

a1 (W) ()55 ).

+

5. Decomposition of boundary representations

Theorem 5.1. The representation Ly, ts equivalent to a upper triangular matriz with
diagonal T _y_1, T x, T xi1,....

Proof The formulaec (2.3) and (2.5)—(2.7) show that operators Ry,,(L*)
move subspaces Ap(D) to Yi(D). Also these formulae show that the operator Ry ,(X)
where X € g moves a distribution s™p(s) 0% (p) in Ax(D) to the distribution
ST 10:(X)0)(5) 0¥ (p) + ... in Zi(D). O

Let V)\(j,?) be the image of fgf,?. This space is contained in (D) and its projection to
Ay(D) is the whole Ag(D). It gives:
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Theorem 5.2. In the generic case 2\ ¢ N the boundary representation Ly, 1is diago-
nalizable which means that Y(D) decomposes into the direct sum of subspaces V/\(j,:), keN,
the restriction of Ly, to V/\(fkn) is equivalent to T x_11r (by &k ), so that Ly, is the
direct sum of the T__14x (k € N).

Now let A € (1/2)N. This number A is a pole (of the first order) of fgz) in 7 for keN
such that A+ 1 < k <2A+ 1. For example, if A =0, then k= 1;if A\ =1/2, then k =2;
if A\=1, then &k =2,3;if A =3/2, then k = 3,4. For these \ the spaces V/\(;?) are defined
for all £k € N such that £k < A+ 1 and 2\ + 1 < k, for the others these spaces are absent.
Let us write down the Laurent expansion of fin,z) at 7=\

(m) éﬁ”,? 2(m)
Gk =y tow -

For the indicated k we define the spaces XA/)\(ZL) and V)\(ZL) as the images of the operators
Ay;i) and fg\n;) respectively. The space ‘7)\(7,?) is isomorphic to VA(T) where [+ k = 2\ + 1,
namely there is a relation fﬂ)(gp) = fyff) (¢)) where 1 is obtained from ¢ by means of
some operator. Therefore the operator g\",;) intertwines 7_5_;4; with Ly ,,, notice that it
vanishes on Fj. The space V/\(’Z’) has the full projection to Ag(D).

On the pair XA/A(;?), VA(? the representation Ly, is the block

( T x_141 * )
0 Tk )

Since —A—1+4+1=—(—A—1+4k)—1, representations 7, _;,; and T_,_1, are isomorphic,
so that this block is a genuine Jordan block. Here is the matrix corresponding to the Casimir

operator R ,,,(Ag):
( pu(p+ 1) * )
0 plp+1) )7

where = —-XA—1+1 or 4 =—X—1+ k. Thus, me obtain the following theorem (we use
the notation [a] for the integral part of a number a).

Theorem 5.3. Let A € (1/2)N. Then the space (D) is the direct sum of the subspaces
V/\(j,?) with k> 2\ + 2 and k < X and subspaces V)\(?) with A+1 <k <2\ + 1.

The representation Ly, is equivalent to the direct sum of [N+ 1] Jordan blocks with the
diagonal (T_x_14+j,Tr—;), j=0,1,...,[)], acting on subspaces V)\(jln) +\O//\($), k+1=2\+1,
the representation Ty, for half-integer X, and the representations Thy1,Thya, . ...

Let us write E/(\",? and §§\”,Z) for some \, k.

Let A=0, k=1. Then

m Zm m, ./ 2(m m /!
& (p) = =593 (p), 58,1)(90)=8 ©d'(p).

2
Let A\=1, k=2. Then

& (0) = ims™ {#9(0) = 3 (¢ — im”)3(0) .

2 (0) = ™08 (p) + 1 (m? — 2img + (4m? — 1)) 6(p) }.
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Let A=1/2, k=2. Then
1

E(9) = o5 (4m® — 1)s™ (0 + 4¢") 8(p),

T 32

Em () = {0 () + 3 (¢ — 4im) 5 (p)

16

2

+ L (4 + imy’ + 16m>¢") 6(p)}.
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On the existence of a continuously differentiable solution
to the Cauchy problem for implicit differential equations

Zukhra T. ZHUKOVSKAYA, Sergey E. ZHUKOVSKIY

V. A. Trapeznikov Institute of Control Sciences of RAS
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Awnunoranus. lccienyercss BOIpoc O CyIECTBOBAHMM pellleHust 3ajadu Kormm st jaud-
depeHnuaIbHOr0 ypaBHEHUsI, HE PA3PEIIEHHOIO0 OTHOCHATEIHLHO MMPOU3BOIHON HEM3BECTHOMN
dyuknuu. Paccmarpusatorest nuddepeHaibible YpABHEHUSI, TIOPOXKIEHHBIE JTBAYKIbI He-
pepbIBHO JudbepeHImpyeMbIMu 0OTODpakeHusiMu. [IpuBejieH npuMep, HOKA3bIBAIOIIHIl, 4TO
[IPE/IITOIOKEHNS PETYISPHOCTA OTOOPAKEHUS B KaXKON TOYKE OIIPEJIEIEHUs HETOCTATOUHO
I pazpermmumoctn 3aa4uu Kormu. BeeieHo moHsiTHEe paBHOMEPHON PEryJIsipHOCTH PACCMAT-
puBaeMbIx orobparkenwuii. [lokazaHo, 4TO IMPEJIITOIOKEHNE PABHOMEPHON PEryJISIPHOCTH SIB-
JITeTCs JJOCTATOYHBIM J[JIsl JIOKAJILHON pa3pemuMocTu 3aaa4u Koy npu i00bIX HaYaJIbHBIX
JAHHBIX B Kjacce HenpepbiBHO mauddepennupyembrx dyakmuii. [lokazano, aro ecin oTob-
paxKeHue, orpeesioniee auddepeHnalbHOe ypaBHEHe, MaKOPUPYETCsi OTOOParKeHUsIMU
CHEIMAJBbHOIO BUJIA, TO PelieHne paccMaTpuBaeMoil 3amaun Kormm npomomkaeMo Ha 3a1aH-
HBIl WHTEPBAJ BPeMeHH. PacCMOTpeH ciryvail JIMIINAIEBON 3aBUCHUMOCTA OT ha30BOi Iie-
PeMeHHO# 0TOOparKeHuUsl, OIPEIEIISIIONIEro ypaBaenne. s 3roro ciydasi HaiiIeHbl OIIEHKH
HeIPoJIoJKaeMbIX perrennit 3aga4dn Komm. IIposesieHo cpaBHEeHME IOJIyYEHHBIX PE3YJIbTa-
TOB ¢ m3BecTHLIMU paHee. [lokazamno, YTO B IPEAIIOIOKEHUSX [TOKA3AHHON TEOPEMbI CyIIle-
CTBOBaHUs PEIIEHUs €IMHCTBEHHOCTh PEINIEeHUs /I PACCMATPUBAEMBIX 3a/1ad HE XapaKTep-
Ha. [IpuBejieH npuMep, WLIIOCTPUPYIONIUI CYIIECTBEHHOCTD IIPEJIIIOJIOYKEHNs PABHOMEPHOMN
HEBBIPOXKJIEHHOCTH J[JIs YTBEPK/IEHUS O CYIIIECTBOBAHUN JIOKAJILHOI'O PEIEHUs U JIJIsi yTBEP-
JKJIEHUs O TPOJOJIZKEHUH PEIIeHUs Ha 33JaHHBI MHTEPBAJI BPEMEHH.

Kurouessbie cioBa: HesiBHOe quddepeHnuaabHoe yPaBHEHNE; TeOPEMa, CYIIEeCTBOBAHMS

Baarogapuoctu: Pabora Boinosnena npu noguepxke PODU (npoexror Ne 19-01-00080 _a,
Ne 20-31-70013 _ Crabunbrocts) u Volkswagen Foundation.

s murupoBanust: Kykosckan 3.T., 2Kykoscxuii C.E. O cyiecrBoBaHUM HEIPEPHIBHO
muddepeHnupyemMoro perienns 3amaan Kommm s HesiBHOrO auddepeHnuaabHOro ypaBHe-
nusg // Becrauk poccuiickux yuusepcureros. Maremaruka. 2019. T. 24. Ne 128. C. 376-383.
DOI 10.20310/2686-9667-2019-24-128-376-383.

Abstract. We study the question of the existence of a solution to the Cauchy problem
for a differential equation unsolved with respect to the derivative of the unknown function.
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Differential equations generated by twice continuously differentiable mappings are consi-
dered. We give an example showing that the assumption of regularity of the mapping at
each point of the domain is not enough for the solvability of the Cauchy problem. The
concept of uniform regularity for the considered mappings is introduced. It is shown that the
assumption of uniform regularity is sufficient for the local solvability of the Cauchy problem
for any initial point in the class of continuously differentiable functions. It is shown that if
the mapping defining the differential equation is majorized by mappings of a special form,
then the solution of the Cauchy problem under consideration can be extended to a given
time interval. The case of the Lipschitz dependence of the mapping defining the equation
on the phase variable is considered. For this case, estimates of non-extendable solutions of
the Cauchy problem are found. The results are compared with known ones. It is shown that
under the assumptions of the proved existence theorem, the uniqueness of a solution may
fail to hold. We provide examples llustrating the importance of the assumption of uniform
regularity.

Keywords: implicit ordinary differential equation; existence theorem
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1. BBsBexaeHme m mocTaHOBKAa 3ada4u

Paccmorpum 3a1auy Ko
flt,z, @) =0, x(ty) =xz9, tel. (1.1)

Baech | — 3ajaHnblil OTKPHITLI naTepBat, f : I xR®xR"™ — R* — 3a1annoe nempepbiBHoe
oTobpazkeHne, OTHOCUTEILHO KOTOPOT'O BCIOAY Jlajiee OyieM Mpe/IoiaraTb, 9To OTOOparkeHme

of Of
f(t,z,-) nBaxmubl nuddepennupyemo tpu Beex (t,x) € I x R", a orobpazxkenus 5 1 952
HeNpepbIBHbL, o € R" — 3ajanHublii BeKTOp; to € I — 3ajJaHHOE YKUCIIO; perierue (-)
sagaqn (1.1) mmercs B Kiacce HenpepbiBHO auddepeHnupyeMbix (DyHKIHIA, Ompe/ e/ IeHHbIX
Ha HEKOTOPOM MHTepBaJIe BPEMEHU, JieXKalleM B | 1 cojepzKaieM .
Huddepennnansroe ypasaenne B (1.1) npuHITO HA3BIBATH HESIBHBIM WU HE Pa3peIeH-
HBIM OTHOCHUTE/IbHO IPOU3BOIHON HEM3BECTHON (DYHKIMHU. YpaBHEHUsI TAKOTO THIIA M3yda-
JIich BO MHOTHX paborax. Hambosiee OIM3KMMEU K HACTOANIEMY HCCIEIOBAHUIO PE3YJIHTATHI
6bLIH TI0JIyUeHbl B paborax [1,2]|. B HuX ObLM MOJIydeHbI yTBEPK/ICHUSA O CYIIECTBOBAHUM
U YCTOMYMBOCTHU DeIleHnil HesABHBIX IuddepeHnnaabHbIX YpaBHEHNN B Kjacce abCOJIOTHO
HenpepbIBHbIX (yHKIunit. B wacrHOCTH, OBLIO JTOKA3aHO, YTO B IIPE/IIIOJIOKCHUN HAKPbIBAC-
MOCTH OTOOpaskeHusi f 10 TepeMeHHON & W JIMIIIUIEBOCTH M0 T CYIIECTBYET abCOJIIOTHO
HerpepbiBHOE pemnienne 3aa4n (1.1). B macrosieit pabore ncciie1oBan BOIPOC O CyIIECTBOBa~
HIUU HelpepbiBHO Juddeperimpyemoro pererns 3agaan Kormm (1.1) mpu 1omoHATeI5HOM
MIPEJIIOJIOZKEHNNT TJIAJKOCTH f MO &, W 1pu Oojee caaboM IPeIoIoKEHIN — IIPEIITOI0Ke-
HUU HEIPEPBIBHOCTH OTOOpakeHus [ IO mepeMeHHON & .
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Bamernm, 9To ecsm Jist HeKoToporo Habopa (o, T, ug) € I X R™ x R™ 1151 oTo6pazkeHus
f BBINOJIHSIETCA YCIOBUE PEryJIsPHOCTH 1O NMePeMeHHOi T, T. e.

of
0

u f(to, xo,up) = 0, TO 1O TeopeMe O HesIBHOW (DYHKIMU CYIIECTBYET HEIPEPBIBHOE OTOO-

(to,xo,U())Rn = Rk, (12)

paxenne ¢ : I x R" — R" rakoe, uro f(t,z,g(t,x)) = 0 npu Bcex (t,z) u3 HEKOTOPOIi
okpectHOCTH TOUKHU (tg,Tg), U ug = g(to, x). [losTomy 3amaua

r=yg(t,z), xz(ty) =z

umMeer perenne (-), yIOBJIETBOpsifoliee cooTHOIeHno ¢(ty) = ug. OdeBnmno, 9to ¢(-)
sBJIsieTcs perenneM 3a1aqn (1.1).

OrmeTnM, 9T0 ecyu npesmosokenne (1.2) BoinosnHsgeTcs npu Beex (to, To, ug) € 1 X R™ x
R™, 1o 3ama4a (1.1) MoxKer He UMETH pelieHuil Tpu HEKOTOPHIX (tg, o) € I X R™ 1mocKo/Ib-
Ky B 3TOM cjydae paseHcTBO f(tg, g, ug) = 0 MOXKeT HE JOCTUTATHCS HU B KaKOil TOUKe
(to, To,up). IIpocroii mpuMep CKazaHHOMY JaeT 3ajada

OueBuiHO, UTO JaHHAS 33J1a9a He UMeeT pelleHuii, Xors cBoicTBo (1.2) B Heil BBIIOJIHSETCsT
pu Jo6bIx (tg, To, ug). Takum obpazom, st Toro, uTober 3agada Kommu (1.1) nmesna perire-
Hue npu Jiobom (tg, xg) € I X R, perymsiproctn orobpaykenusi f B KaxKJI0i TOUKe 06IacTH
oIIpejie/ieHnsT HE JO0CTATOYHO. B 9T0it paboTe MbI IPUBEIEM JIOCTATOYHBIE YCJIOBUS CYIIE-
crBoBanus perienus 3agaqu Kommu (1.1) mpu J1106bIX HaYATBHBIX JAHHBIX U JOCTATOYHbIE
YCJIOBUSI IIPOJOJIKEHUSI PEIIeHsT Ha 3aJaHHbIl MHTEePBAJI BPEMEHH.

2. IlpenBapuresibHblE CBeJIeHUSA

[Tpezkie yeM mepeiiT K OCHOBHOMY Pe3yJbTaTy, HAIIOMHUM HEKOTOPbIE ONpeIesIeHs 1
YTBEPKICHUS.

Bcerony nanee depes | - | Gymaem obosHauaTh HOpMy B IpocTpaHcTBax R™ um RF uepes
| - || — mopmy B npocrpanctee L, JHHEHHBIX OlEpaTopos, JeiicTyionux n3 R" B R
gyepe3 B, (x,r) — 3amkHyThIl map B R™ ¢ nmerTpoM B Touke x pasgmyca r, depes SL,p —
MHOXKECTBO BCEX CIOPBEKTUBHBIX oeparopoB A € L, j.

Omeparop A € L, Ha3bBaeTCd «-HAKPLIBAIOINM (HAKPBIBAIOIINM C KOHCTAHTOM

a>0), ecom
Bi(0,ar) C AB,(0,7) ¥r >0.

OrmMeTuM, 9TO IPUBEICHHOE OIIPEIeICHIEe HAKPLIBAEMOCTHU JIJIsl JTMHEHHBIX OIIEPATOPOB SIBJIs-
€TCsI JaCTHBIM CJIyYaeM IOHSITHS HAKPBIBAEMOCTH HEeJIMHEHHBIX OTOOparKeHNi METPUIECKIX
npocTpaHcTB (cM., Hanpumep, [1,2]).

OueBnIHO, YTO JIMHEHHDIN OlIepaTop CIOPBHEKTUBEH TOIJA U TOJILKO TOIJIA, KOTJIA OH SIB-
JIFIETCS (v -HAKPBIBAIOIIUM 1IpH HeKoTOpoM « > (. M3BectHo (cM, Hampumep, [3]), uro s
nponsBosbHOrO A € SL,, ), Hanbosbllasd KOHCTaHTa HaKpPBIBaHUS (v oleparopa A ompene-
Jisiercs 1o popmyJie

1
| A=(AAS)(I

a =
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[Ipusenem Teneps ro6aIbHYIO TEOpeMy O HesiBHOW (byHKIMHU u3 |3, Teopema 3.
[Iycts Y — Tomojormdeckoe mpocrpanctso, I : R® x ¥ — R*¥ — 3amanmoe oTobpa-
JKeHre, OTHOCUTEIbHO KOTOPOro Oy/ieM IpeIoararb, 9TO OHO HEIPEPBIBHO, OTOOparkeHme

OF
F(-,0) aBaxanl HenpepblBHO TudbdepeHimpyemMo pu Bcex o € X, 0TOOpasKeHusl £ u

x
oF
0x?

MIpeannoxenune 21. (caedemsue uz [3, meopema 3]). Ilycmo 3adano o > 0.

HEIPEPBIBHBI [0 COBOKYIHOCTH apryMeHTOB (z,0).

IIpednonootcum, wmo AunetHbl onepamop g(m, 0) ABAAECMCA O -HAKPHIEAIOULUM NPU GCET
(z,0) e R" x ¥.
Tozda cywecmeyem nenpepwvisroe omobpascenue G : R™ x ¥ — R™ makoe, wmo

F(G(z,0),0) =0 V(z,0) € R" x X,

|F(z, 0)]

— 7l <
G(w,0) —a] < 5

V(z,0) € R" x %.

3. OcHoBHOII pe3yiabTaT

Bepuemcst k 3amaue Komm (1.1). Cdopmysmupyem JocTaTovqHbIE YCJIOBUS €€ Pa3peli-
MOCTH TIPU JIIOOBIX HAYAJIBHBIX JAHHBIX U YCJIOBHUS CYIIECTBOBAHUS PEIIeHUs Ha 3aaHHOM
UHTEpPBaJle BPEMEHU.

[Iycts 3as1aH0 BemecTBenHOE YUCIO ¢ > ().

Teopema 3.1. IIpednoaooicum, wmo dis omobpasrcerus f 6viNOAHAEMCA NPEONOAOIHCE-

HUE PABHOMEPHOT PERYAAPHOCTNU NO NEPEMEHHOT T, MO ECMb NUHETHBIT ONEPAMOP ?(t,x,x')
Aagemca o -naxposarouum npu scex (t,x, &) € I x R™ x R™. !

1. Tozda daa mobozo (tg,xo) € I X R™ u das 10600 nenpepuienot gynkuyuu ug : I — R™
cywecmeyem codepotcauyuti ty unmepsan J C I u pewenue p @ J — R™ 3adavwu Kowu
(1.1) maxoe, wmo

[t o(t), uo(t))]

(0%

16(1) — uo(t)] < Vte (3.1)

2. IIpednoaooicum oNOAHUMENLHO, YMO CYWECTNEYIOM HenpepvieHble pynruyuu a: I— R,
ub: I xR"— R, maxue, wmo

\f(t, 2, 2)| < a(t)|z] + b(t, ) ¥ (t,,4) € I x R" x R". (3.2)

Tozda das awbozo (to,xo) € I x R™ das w060l nenpepwenots dynkuyuu ug : I — R”
cywecmeyem pewenue @ : I — R™ zadavu Kowu (1.1), daa komopozo evinoanaemes (3.1).

Hoxkaszarenabctso. 1. [Ipumenss npemioxkenne 2.1 ¢ ¥ =1 X R” u o = (t,z),
HOJIydaeM, UTo CyMIeCTBYeT HellpepbhiBHOe oTobpazkenue ¢ : R™ x R — R™ Taxoe, 9T0

flt,x,g(u,t,z)) =0 V(t,z,u) € I x R" x R", (3.3)

[/t z, u)l

ta)—ul <
lg(u,t,x) —u| < -

V(t,z,u) € I x R" x R", (3.4)
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Bosbmem nponsBosibHY0 TOUKY (o, Zg) € I XR™ u dyuknuo ug : I — R™ u pacemorpum
zajtaay Korrm

T =gup(t),t,x), x(to) = zo. (3.5)

[TockoJsibKy (DYHKIIMU ¢ U Uy HEIPEPBLIBHBI, TO IpaBas vacTh JuMdepeHIuajbLHOT0 YpaBHe-
Hust B (3.5) HepepbIBHA, U, 3HAYWT, 3aja4a Ko (3.5) umMeer perenne ¢(-), OmpeeeHHoe
Ha HeKOTOpoM nHTepBase J (cm., Hampumep, [4, riasa 11, reopema 2.1]).

[TokazkeMm, uTo pyHKIU @ siBAgeTCs uckoMmoit. Jlist mpoussosbHoro t € J nmeem

F(to(t), o) = f(t, (1), g(u(t),t, o(t))) = 0.

3/ech 1IepBOe PABEHCTBO CJIEJIyeT U3 TOro, YTO (YHKIUS ( SIBJISETCS PeIleHneM 3a/1adn
Komu (3.5), a Bropoe — u3 coornorenust (3.3). Kpome Toro,

’f(tv Qo(t)a UO(t))’ )

«

|6(t) = uo(t)] = [g(uo(t),t, o(t)) — uo(t)] <

3/1ech PaBEHCTBO CJIe/lyeT U3 TOro, 9T0 (bYHKINS (¢ sABJIseTCs pererneM 3a1aan Ko (3.5),
a nepaBeHcTBO — u3 cootHomrennus (3.4). Taknm obpasom, bynknusa ¢(-) ABIAETCH NCKOMOIL.

2. [Tpumenss npesyioxkernne 2.1 ¢ X = x R" u o = (¢, x), moaydaem, 910 CyIIecTByeT
HenpepbiBHOe oTobpazkenue ¢ : R™ x R™™! — R"™ Takoe, 4TO BBIIOJIHAIOTCA COOTHOIICHUS
(3.3) u (3.4).

BosbMmem mpousBosibHyo TOUKY (tg, 7o) € I X R" u dyskmuo ug : I — R" u pac-
emorpuM 3azady Korm (3.5). ITockonbky dyHKIMI ¢ U 1y HENPEPLIBHBI, TO TpaBasl 9acTh
nuddepenimaabaoro ypasaenus B (3.5) menpepsiBHa. Kpome Toro,

|9(uo(t), £, %) = [g(uo(t), £, x) = uo(t) + uo(t)] < [g(uo(t), 1, %) —uo(t)] + [uo(t)] <

+ [uo(?)]

s goboro t € I. 3mech mepBoe HEpaBEeHCTBO BLITEKACT M3 HEPABEHCTBA TPEYTrOJIbHUKA,
BTOpOe — u3 cooTHomenus (3.4), a Tperbe — u3 npenonoxkenns (3.2). Takum obpazom, jiis
3ay124n (3.5) BBIIOJHEHBI IPEJIIOIOKEHHsT TEOPEMbI O TIPOJIOJIKEHUY PEIeHUs Ha 38/ IaHHbII
uaTepBast (cM., HanpuMep |5, rasa 11, Teopema 5]). Suaunt, 3amada Komm (3.5) mmeer pe-
menune (-), ompeseseHHoe Ha BceM nHTepBaie . JIOCTOBHO TOBTOPUB COOTBETCTBYIOIINE
paccyxKjaeHus u3 ImyHkTa 1 JoKa3areabCcTBa, MOJIydaeM, 4To (DYHKIUSA (o SBIAETCH HCKO-

MOH. O

4. O06cy>xkeHne OCHOBHBIX Pe3yJIbTaTOB

[IpokommenTupyem teopemy 3.1. Ilpumenurensno k 3agade Ko g asaoro jgudde-
pPeHILInaJILHOIO YypaBHEHUS, T. €. K 3a/a4e

T =h(t,x), xz(ty) = xo,

B Kotopoit h : I X R" — R"™ — zajannas HenpepbiBHast GyHkuus, a (to,xg) € I x R
— 3aJlaHHOe HadaJbHOE yCJI0BHe, TeopeMa 3.1 He JaeT HOBBIX Pe3y/abTraToB. B aTom ciydae
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ft,z, &) =3 — h(t,z), a =1, u, 3Ha4IwT, TeopeMa 3.1 COBIAIAECT C N3BECTHBIMU Y TBEPIK/Ie-
HHUSIMHE O CYIIECTBOBAHUM DEIIEHNS W €ro IPOJOKEHNN Ha 3aaHHBI MHTEPBaJ BPEMEHH
(eMm., nanpumep, [4,5]). Ilpu sTom onenka (3.1) npuHuMaeT Bu

() — uo(t)] < |h(t, o(t) —uo(t)| VieJ.

Ho 510 HepaBeHCTBO 04eBHIHO, TOCKOIBKY O(t) = h(t, p(t)). Takum obpasom, Teopema 3.1
He JaeT HOBBIX Pe3yJILTATOB I ABHBIX Ju(epeHIHalIbHbIX yPABHCHHIL.

OTMeruM Tenephb, 9TO B IPEIIIOI0KEHNSIX TeopeMbl 3.1 pelrenne MoKeT ObITh He €JIiH-
CTBEHHBIM. BO-IIepBLIX, 9TO CBA3aHO C TeM, 9TO 0TOOpazkKeHne f HelpepbIBHO 0 IepeMeHHO
T, HO He 00g3aTe/ILHO JIOKAJILHO JIAIIINAIEBO. BO-BTOPBIX, B IPEJIIOJIOKEHUSX TEOPEMbI BO3-
MOXKHA CHTyanus k < n, Ipu KOTOPOIl, OYeBHIHO, ¢MHCTBEHHOCTD PEIIeHNs HEeBO3MOKHA.
Onanako, ectu k = n, a orobpaxkenue [ JIOCTATOYHO IJIAJIKO, TO MOMKHO JOKA3aTh €/IMH-
CTBEHHOCTDb PCIICHUA.

[Tpusenennslii B maparpade 1 IpuMep HOKAa3bIBAET, YTO IPEIIO/I0KEHIEe PABHOMEPHOI
peryJigpHOCTH B TeopeMe 3.1 CyIIecTBEeHHO I yTBEPXKIEHU 1. 1 O CYIIeCTBOBAHUU pelie-
Hust. [TokazkeM, 4To jiazke ecii UMeeT MecTo yeaoBue (3.2), To yCIoBHe PAaBHOMEPHOI pery-
JIAPHOCTU CYHIECTBEHHO U JIJId YTBEPXKIACHUSA II. 2 O CyIneCTBOBaHUM pelIeHUd Ha 3aJaHHOM
HHTepBaJie BpeMeHN, U He MOXKeT ObITh 3aMEHEHO, HAIIPUMED, IMPEIIOI0KCHICM Pery/IspHO-
cTy [ IO IepeMeHHOH 7 B KazKJoil TOYKe 00JIaCTU OIIpee/IeHIsa OTOOpaykKeHnus f.

[Ipuwmep 4.1. Pacemorpum 3amady Komm (1.1), B koropoit I = R, a orobpazxkenue
f:R xR? x R? - R? onpeseneno mo dbopmyiie

flt,x, @) := < €** cos(iy) > — ( t ) . &= (d,39) €ER?, = (1,25), tER.

e® sin (o) 0

s sroro orobpaxkenus coorHomenue (1.2) Boinosngercs npu joboMm (to, Tg, ug) € R X
2 2
R? x R* (em., mampumep, (6, §5.3]).
[TokaxkeM, 9TO B paccMaTpuBaeMoii 3ajade BbINOJIHAETC npenosoxkenue (3.2). eii-
CTBUTEILHO, Jid MoobixX (t, 7, %) € R x R? x R? umeem

: e® cos (o) t ,
t? ) - i . . - < t 1 Vt S R
senan=| (G ) - (o )] <iee
Buaunt npepnosnoxkenue (3.2) poimonnsercsa ¢ I = R. Oxnako jmoboe perenne 3aauu Ko
(1.1) ne onpeneneno B Touke t = 0, nockonbky f(0,x, 1) # 0 uu npu kakux x, i € R2

B sakmouenne paccMoTpuM ciydaii, Korja oroOparkeHuwe [ JIMIINAIEBO IO TIepeMeH-
noit x. Ilycrs B > 0 3amano.

MMpeannoxenune 4.1. [pednoroorcum, wmo omobpasicenue f(t,-, &) aunwuueso c
konemarmot Junwuya B npu aobwx (t, &) € I xXR™. Hycmo (tg,z9) € I XR™ — 3adannan
mouka, ug: I — R"™ — 3adannan nenpepvienas Gynryusi,

t

q%my:wawg/%@m&%@),teL

to
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J C I — 3adannwoit unmepsan, codeporcawudi ty, ¢ @ J — R — pewenue 3adauu Kowu

(1.1), ydosaemsoparowee nepasencmey (3.1).

Toz0a

2Ll .

5(t) — uo(t)]| < ——L/ﬂ (9D o] (s)| ds| +

Hoxkazarennctso. Beury (3.1) u aunmmuneBoctn otobpazkenus: f 110 BTOPOMY

apryMeHTy uMeeM

alp(t) = uo(t)l < £ (8 0 (8) uo(W)] < £ (8o (t), uo(t)) = Dluo] ()] + [@luo](t)] <

(4.1)

<<5L/ ) — uo(s))ds

+WMK|<6/W ) — ()] ds + |Dluo] (1)

1

1 —B—
Juis jiioboro t € J, t > tg. YMHOXKaAA 9TO HEPABEHCTBO Ha o € « (t=t0) oJjiy4aeM, 4To

pu Jjiobom t € J, t > ty. 3uaunr,

/w ) — (s ds < = / 20-9 0 fug)(s) | ds

upu Jrobom t € J, t > ty. Orciona n u3 (4.1) caemyer, aTo

t

60 — uot)] < 2 [ 80\ alu](s)| ds +

to

| P[uo] (1))

g goboro t € J, t > ty. IloBropuB anajorudnbie paccyxkjenus i t € J, t < ty,

1oJIiy4aeM UCKOMYIO OIIEHKY.

1]

2]

3]
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Awnnoramusa. IIpennaratorcst ycjaoBusl HEIPEPBIBHOCTH JEHACTBYIOMUX B TOIOJOIHYECKHUX
MIPOCTPAHCTBAX HESBHOTO MHOTO3HATHOTO OTOOpaKEHNsT 1 0OPATHOTO MHOTO3HATHOTO OTOO-
paxenusi. {nsg 3amanasix orobpaxkenuit f: T x X =Y, y: T =Y, rne T,X,Y — T1o-
[TOJIOTUYECKHE [TPOCTPAHCTBA, IPOCTPAHCTBO Y XaycaopdoBO, paccMaTpuUBaeTCs ypaBHEHNE

f(ta aj) = y(t)

¢ mapamerpoM t € T' orHocuTenbHo HemdBecTtHOoro = € X. Ilpesmonaraercst, 4To JiJist HEKO-
TOPOTrO MHOTO3HAYHOTO oTobparkenns U : T' = X npu Bcex t € 1 BBINOJHEHO BKJIIOYCHUE
f,U(t)) 2 y(t). Oupenensierca nesBuoe orobpaxkenue Ry : T = X, Koropoe conocras-
JIFeT KaykIOMy 3HadeHuIo mapamerpa t € T mHoxkecTBO pemtennii x(t) € U(t) mammoro
ypaBuenus. JlokazaHo, 4To Ry MOJyHENPEpLIBHO CBEPXY B TOUKe lg € T, eciin BBIIOJHEHBI
caepytomupe yeaosusi: upu jnmobom x € X orobpaxkenue [ HempepblBHO B Touke (tg, ),
oTOOparkeHue Yy HENPEPBIBHO B TOUKE tg, MHOTO3HauHOE oToOpakeHne U MOJIyHENpephIB-
HO cBepxy B Touke to u muHOX)ectBo U(fy) C X xkommakrTHO. Ecim jonosHuTes nHO, npu
3HAYEHUU MapaMeTpa to peIleHre YpPaBHEHUs eJMHCTBEHHO, TO oToOpaxkenue Ry Hempe-
PBIBHO B TOYKe ty U JII0DOE CeueHHe STOro OTOOParKeHUsI TaK»Ke HEIPEPHIBHO B TOYKE .
[TepeunciieHnbe PE3yJILTATHI TPUMEHEHBI K UCCIIEOBAHUIO MHOTO3HAYHOTO OOPATHOTO 0TO6-
paxenus. menno, 1 3amanaoro orobpaxenusi g : X — 1 pacCMOTPEHO ypaBHEHUE

g(xz) = y ornocurenpro memspecTHOro € X. IlOJMyYeHBI yCIOBUS NOJTyHENDPEPBIHOCTH
cBepxy u HemnpepbiBHOCTH oTobpaxkennss Uy : T = X, Yy (t) = {& € U(t) : g(x) = t},
tel.
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Abstract. The conditions of continuity of the implicit set-valued map and the inverse set-
valued map acting in topological spaces are proposed. For given mappings f: 7T x X — Y,
y: T —Y, where T, X,Y are topological spaces, the space Y is Hausdorff, the equation

[t ) = y(t)

with the parameter ¢ € T relative to the unknown z € X is considered. It is assumed
that for some multi-valued map U : T = X for all ¢t € T the inclusion f(¢,U(t)) > y(t)
is satisfied. An implicit mapping Ry : T = X, which associates with each value of the
parameter ¢ € T' the set of solutions z(t) € U(¢) of this equation. It is proved that Ry is
upper semicontinuous at the point tg € T, if the following conditions are satisfied: for any
x € X the map f is continuous at (tg,x), the map y is continuous at tp, a multi-valued
map U is upper semicontinuous at the point ¢, and the set U(tg) C X is compact. If, in
addition, with the value of the parameter tq, the solution to the equation is unique, then
the map Ry is continuous at ty and any section of this map is also continuous at ty. The
listed results are applied to the study of a multi-valued inverse mapping. Namely, for a given
map ¢ : X — T we consider the equation ¢(z) = y with respect to the unknown z € X.
We obtain conditions for upper semicontinuity and continuity of the map Uy : T = X,
Vyt)={zxecUt): gz)=t}, teT.

Keywords: implicit function; inverse function; multi-valued mapping; upper semicontinuity;

parameter
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Bsenenune

[TycTs 3amansr HemycToie MmEOKecTBa 1) X, Y u ompenesienbr orobpaxkenust f : T'x X —Y)
y: T — Y. PaccmoTrpuMm ypaBHeHUe

ft,x) = y(t) (0.1)

¢ nmapamerpoM t € T orHocutesbHo HemsBectHoro x € X. Ilycrs ays soboro t € T pe-
menne r € X ypasuenus (0.1) cymecrsyer. Orobpazkenue, conocrasisioree Touke t € T
MHOZKECTBO DeEIIeHuiT Toro ypapHeHusi, HasbiBatoT (M. |1, m. 1.1.10]) neasrwvm omobpastce-
Huem W Hesshotl gynxyued. VecaeoBanuio yeJoBUil CyIecTBOBaHUA U CBOHCTB HesABHOI
byHKIME MOCBsIEHa MHOTOUNCIEHHAs JINTEPATyPa, TH Pe3y/IbTaThl HAXOAAT IPUMEHEHUsI
B aHAJIN3€, UCCIIEJ0OBAHIN PA3/IMIHBIX KJIACCOB (DYHKIMOHAIBHBIX YPABHEHUH U BKJIIOYEHNIA,
B NIPUJIOYKEHUsX (CM, HAIIpUMep, KHUTY [2], crareio (3| u umerorytocst Tam 6ubsmorpaduro).
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B wacrHOoM ciyuae, korga Y =T, y(t) =t u3nadenue f(t,r) He 3aBUCHT OT {, TO €CTh
f(t,z) = g(z), ypasrenue (0.1) npunumMaer Bu

g(x) =t. (0.2)

Orobpaxkenue, comnocrassmoriee Touke t € T MHO)KecTBO pertenuii ypasuenus (0.2), Ha-
3BIBAIOT 00pamMHbLM 0Mmobpastceruem Wi obpammot gynkyued. VI3BecTHBIE Pe3yabTaThl 10
Teopun o6paTHbIX (BYHKIMI [IPeJICTaBIeHbl, HAIIPUMED, B KHUTe 4], HEKOTOpbIE UX yTOYHE-
HUS CM. B [5].

B GosabmuHCTBE MCcieloBaHnil HesgBHAS U oOpaTHasd (DYHKIMA PACCMaTPUBAIOTCS B IIPE/I-
[TOJIOXKEHNUN, 9TO TpocTpaHcTBa X, Y SBIAIOTCS OaHAXOBBIMH, & B psijie 3a1ad — KOHed-
HOMEPHBIMU BEKTOPHBIMH IIPOCTPAaHCTBaAMU. Sﬂer MBI IIpeJriojiaraeM, 49To IIPOCTpaHCTBa
T, X,Y ronoyiormdeckne, U UCCAEIYeM CBONCTBA HEIMPEPHLIBHOCTH MHOTO3HAYHBLIX HESIBHOI'O
1 00paTHOIO OTOOPAYKEHMII.

1. IlocranoBka 3ama4uu

[Iycts 3aanbl Tonoorndeckue npocrpanctsa 1), X, Y. B npoussenenun X x T' mojia-
raeM, 4TO 3aJl[aHa CTaHJAPTHAs TOMOJIOTHUS, T. €. OTKPBITHIM ABJISIETCH OO0beMHEHe TPON3-
BejeHuil OTKPBITHIX MHOXKecTB m3 X u 1. Ilyctb ompenenenst orobpaxkenust g : T — Y,
f:TxX =Y, y:T—Y wuwmnaorosnaunoe orobpaxenne U : T = X (mog MHOMO3HAYHBIM
0TOOpaKEeHUEM MMOHUMAETCsl 0TOOPaXKEHNe, COMOCTABJIAIONIEE KAXKIOMY apryMeHTY HeIyCcToe
MHOZKECTBO).

Hanomunwm ompejiesienne CBONCTB MOJIYHENPEPBIBHOCTU CBEPXY U CHU3Y MHOTO3HAYHOTO
orobpazkenus (ogpobHee CBEJIEHNUs O TOJIyHEIPEPBIBHBIX OTOOPAaXKEHUSIX CM., HAIPUMED, B
[1, m. 1.2.2], [6, §2.3]). MuOrO3HaYHOE OTOOpakeHne U HA3BIBAIOT NOAYHENDEPBIEHbIM CEEPLY
6 mouke ty € T, ecam mjis a060r0 OTKpbITOro Muoxkectsa V' C X takoro, uro U(xg) C V,
CyIIECTBYeT OKpecTHOCTb Br(ty) TOUKM to, Jist KOTOPOI BBITOJTHEHO COOTHOIIEHUE

Vit € BT(to) U(t) cV.

Mpuorosnaunoe orobpaxkenne U Ha3BIBAIOT NOAYHENPEPLIEHBIM CHU3Y 6 mouke ty € T, ec-
JM I JII0O0r0 OTKPBITOro Muoxkectsa Vo C Y rtakoro, uro U(tg) NV # (), cymecrsyer
okpectHOCTh Br(ty) ToUKHU fg, Ui KOTOPOIi BBIIOJHEHO COOTHOIIEHIE

Vit € Br(ty) U)NV # 0.

Orobpakenne, MOJyHEIIPEPBIBHOE CBEPXY U CHU3Y B TOYKE ty, HA3BIBAIOT HENPEPLIEHBIM
6 amoti mouke. Ecimu U dBjisiercs MoJIyHEIIPEPbIBHBIM CBepXY (IOJIyHEIPEPBIBHBIM CHU3Y,
HEIPEPBIBHBIM) B JTII060H TOYKE, TO TOBOPSIT, YTO JaHHOE MHOIO3HAYHOE OTOOPAYKEHUE NOAY-
HenpepuieHo ceepry (NoAyHenpepuleHo CHUZY, HENPEPBIEHO).

Pacemorpum ypasuenue (0.1) Byzem mpeanonarats, 9To Mpu KazKJIOM 3HAYEHUH Hapa-
merpa t € T ypasuenue (0.1) umeer perienue, npunaexaiiee muoxecrsy U(t), To ecTb
CIIpaBe/IJINBO COOTHOIIIEHUE

VieT f(t,U(t)) 3 y(t). (1.1)

Omnpeiesium HesiBHOE 0TOOpaKeHMe, TO €CTh MHOTO3HAYHOE OTOOPaXKeHIe

RNy T =X, Rult)={zcU®W): ft.2)=y{t)} VteT (1.2)
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Hac OyayT mnTepecoBarh YyCJIOBUSA TOJJYHEIIPEPHIBHOCTH CBEPXY, CHU3Y W HEIPEPBIBHOCTU
9TOr0 0TOOpAaYKEHMUSI.
Taxzke Mbl paccmorpuMm ypasrenue (0.2) B IPEIIIOIOKEHIN, 9TO

VieT g(U(t)) >t. (1.3)

Hac 6yayT maTepecoBaTh cBOCTBa 00PATHOIO OTOOPaXKEHUsT — MHOTI'O3HAYHOIO OTOOparKe-
HUS, OIPEILISIEMOT0 COOTHOIIIEHTEM

Vo :T= X, Vyt)={zcU{t): glx) =t} VteT. (1.4)

2. HesaBnHasa dyHKIus

Besne nasee mpejmosaraem, 9To TOTOJIOTUYECKOE ITPOCTPAHCTBO Y ABJIFETCI XayCI0p-
dosbim. [lycrs 3amana Touka tg € T. Chopmynpyem yCIOBUS TMOJTYHEIPEPHIBHOCTH CBEPXY
B 9TOIl TOYKE HESIBHOI'O OTOOPAYKEHUSI.

Teopema 2.1. [lycmo sunosrens ciedyroujue Ycaosus: npu aobom € X omobpasice-
nue f: T x X —Y nenpepvisno 6 mouxe (to, ), omobpascenue y: T —Y wnenpepuero 6
mouxe tg, Mroz2o3naunoe omobpasicenue U : T = X mnoaynenpepwviero ceepxry 6 mouxe to,
mmoorcecmeo Ulty) C X womnaxmmuo u umeem mecmo ekaovenue (1.1).

Tozda onpedenennoe gopmyaoti (1.2) muozoznaunoe omobpasicenue Ry : T = X noay-
HenpepueHo ceepry 6 mouke ty u mmooicecmeo Ry (ty) 3amrnymo 6 npocmpancmee X.

Hoxkaszarennctso. [lyers st Hanpasienus {x,}, riae x, € Ry(ty) (o — ane-
MEHT HEKOTOPOT'O YIIOPAI0YEHHOT0, HAIIPABJIEHHOIO 110 BO3PACTAHUIO MHOXKecTBa A ) mMeer
MecTo cxoauMmocthb o Mypy — Cymury z, — x € X (mogpobHee 06 MCHONB3YEMBIX B JTAHHOM
JIOKA3aTe/ILCTBE TOMOJOINIECKUX MOHATUAX B TEPMUHAX CXOAUMOCTH HAIIPABJIECHUN CM., Ha-
upumep, |7, . [, . 2.6, 2.7]). Torna (z4,ty) — (2,t0) € T X X u, B Clly HEIPEPHIBHOCTH
orobpaxkenus f B Touke (tg,x), uMeeMm

y(to) = f(to, za) = f(to, ).

[TockoJibky B XaycaopdoBOM IIPOCTPAHCTBE Y Ipejes €JIMHCTBEHHBIH, To/IydaeM

y(to) = f(to, ).

Takum obpasom, MmuO)KecTBO Ry (fy) 3amMrHyTO B X.

[TycTs MHOrO3HAYHOE OTOOpazkeHne Ry HE FBJIACTCH IOIYHEIIPEPBIBHLIM CBEPXY B TOYKE
to. Torma cymecTByeT oTKpbIToe MHOMKecTBO V. C X Takoe, U4TO Ry (to) C V u B J11060it
okpecrHoctu Br(ty) Touku t, Haxomurest Touka t € Br(ty), s KOTOpOil cyimecTByer

T e %U(t), X ¢ V.

Oupenenny muoxkecrso U° = Ul(ty) \ Ru(ty). Iyers smemenramn mmoxkectsa A sip-
JIAI0TCS HADOPBI MPOM3BOJIBHBIX OKpectHocTeill Br(ty) u Bx(z), = € U°. Oupejennn Ha
MHOXKeCTBe A IOpSIOK, mojiaras I ero 3JeMeHTOB o, € A,

a = {B(ty), BY(x) Yz € U}, o ={BY(t), B (x) Yz € U°}



388 E. C. ZKykosckuit, 2K. I1. MyHnem6e

/ !
BBIIIOJIHEHHBIM HEpaBeHCTBO « = o, ecian BY(tg) C BY (to) u BS(x) C BY (x) npu mobom
r € U, Muokectso A sIBJIsleTCsl YIOPSATOIEHHBIM 110 BO3PACTAHMIO, TAK KaK JJIs JIOObIX
a,a’ € A MoxKeM OIpeJIe/uTh

8 = {B}(to) N BY (to), Bx(x) N B (x) Vo € U},

JIUIsT KOTOPOTo BhINOJIHEHO (3 = oy (3 = o.
Omnpenemum wanpasierns {7,} C T, {vo} C X, {u.} € X (a € A) crenyromum
obpazom. g nmpoussosbroro a = {BY(ty), B%(x) Vr € U} € A obosnaunm

Ve = ( U ng(@) V.

zelo

MuoxkectBo V* orkpbito u U(ty) C V. B cuiy nojyHenpepbIBHOCTH CBEPXY B TOUKe i
orobpazkernus U cymectByer okpectaocTh U* C B (ty) Touku ty Takas, aro U(t) C V*
npu Becex t € Y. Kpome Toro, Kak mokasaHo BbIIIE, CYIIECTBYeT T, € ‘LU U CylIecTBy-
er v, € Ry(7a) TAKOM, UTO V, ¢ V. Ho Tax xax Vo € V¢, Il HEKOTOPOIO U, € Uo
BBIIIOJIHEHO U, € B% (u,). WUrak, nanpasrenns {7,}, {va}, {u.} oupenesnensr.

B cuy kommakTaOCTH MHOXKecTBa U (ty) nanpasienne {u,} HMeeT HPEIEIbHYIO TOUKY
u € Ul(ty), To ecth Hampasierne {u,} 9acTo BCTpedaeTcs ¢ Joboit OKpecTHOCTHIO Bx (u)
TOYKA U :

Vae Ada' = {BY (to), By () Ve e Uy € A o =, uo € Bx(u).

[TokazkeMm, 9To Hampasienue {v,} HYacTo BCTpedaercst ¢ JHOOOH OKPECTHOCTHIO TOUKH
w. st npousBosibHOl okpecTHOCTH Bx (1) TOUKM u ompeiennm oy € A, s KOTOPOro
B (x) C Bx(u) upu Bcex = € By (u). CymecrByer o > o Takoe, 9T0 Uy € Bx(u). Ilo
onpeenennto Hanpasiaenuit {7,}, {va}, {ua} umeem

Vo € %U(Ta/), Vo € B%(Ua/) C B‘;{O(ua/) C Bx(u)

Takum obpaszom, cyiecTByer nojaHanpasienue {vs, 0 € D}, cxongameecs Kk u. Ompe-
JIJIUM COOTBETCTBYIOIIEe MOJHANpaBienne {7s, 0 € D} Hanpasienus {7,} cJemyommm
obpasom. Ilycrs ag = {BX(ty) = T, BY(z) = X Vo € U} € A. Cymecrsyer taxoii
0o € D, 4aro g mioboro § > dp Haiimercs a € A, a > g, YIOBIETBOPSAIOIINI COOTHO-
HIEHUIO U5 = Uq. JJIs TAKMX 2Ke MHJEKCOB 0, HOJOKUM T§ = To. TakK Kak HalpaBJIeHUe
{7Ta} cxomurcs K 1y, TO ero cOOTBETCTBYIOIEe MOjaHANpaBieHne {75, & € D} cxoaures K
to. U3 pasencrBa f(75,Us) = y(Ts) BCJenCTBHE HENPEPBIBHOCTH OoTOOpaxKeHuil f u y wu
eIMHCTBEHHOCTH Tpejiesia B XaycaopdoBoM npocrpanctse Y moaydaeM f(tg,u) = y(to), To
ectb u € Ry(tg). Onnako, Tak Kak vs ¢ V 1pu Jio6oM § € D, NOJKHO BBITOMHSATHCS
COOTHOIIIEHUE U & V., KOTOpOE IPOTUBOPETHT BKJIIOUCHUIO U € Ry (to). Urak mokazano, 9ro
MHOT'O3HaYHOE OTOOpazkeHne Ry MOJyHEIPEPBIBHO CBEPXY B TOUKE lj. U

CaeactBue 2.1. [Tycmo svinoanenst caedyrowjue yeaosua: omobpasicenus f: Tx X =Y
uy: X — Y muenpepuienvt, mrozoznaunoe omobpasicenue U @ T = X noaymnenpepuiero
ceepzry, npu awbom t € T wmmoorcecmeo U(t) C X KoMnaxmmo u umeem mecmo coommo-
wenue (1.1).
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Tozda onpedenernoe gopmynroti (1.2) mmozosnaunoe omobpasicenue R noAYHENPEPLIEHO
ceepry u dasn ecex t € T umeem obpazamu 3amrrymoie mnoocecmsa R(t).

Jloka3zaTeabcTBO. B yc/loBUAX 9TOr0 yTBEPXKJACHUS BBIIIOJTHEHBI ITPEIIIOI0XKE-
HUsSI TeopeMbl 2.1 jjis1 000t Touku ty € 1. O

CaencrBue 2.2. IIycmov npocmparcmeo X KOMNAKMHO U GHINOAHEHDL YCAOBUA: OMOD-
paotcenus, f T X X =Y uy: X — Y nenpepoisno. u npu awbom t € T svnosneno
coommnowenue f(t, X) > y(t).

Toz0a MHo203HAMHOE 0OMOOPANHCEHUE

R:T=X, Rt)={zreX: f(t,z)=y(t)} VteT,

noaynenpepuieho ceepry u oas 6cex t € T umeem obpasamu 3amrnymoie muootcecmea R(t).

HJoxaszaTeJabcTB O BbTEKAET U3 caegacTBus 2.1, ecan monoxuts U(t) = X mpu
awobom t € T. 0

Cireytomuii npuMep UJLIFOCTPUPYET CYIIECTBEHHOCTh YCJIOBUS KOMIIAKTHOCTH MHOYKE-
crea U(t) B Teopeme 2.1.

Mpumep 21. Ilycre T'= X =Y = R (momaraem, uro B R 3amana “obbranas’
ronosiorns). s mobeix t,x € R nomoxum f(t,z) = (tx — 1)z, y(t) =0, U(t) = R.
Oynknun f,y HENIpepbIBHBI, MHOTO3HAYMHOE 0ToOpazkenne U HelpepbIBHO (CJIe/I0BATENIBHO,
HOJIyHEIIPEPBIBHO CBepxy). Takum o6pa3om, cripaBeJIuBbI BCe yCJIOBUs TeopeMbl 2.1 Kpo-
Me KoMIakTHocTH 3Hadenuit U(t) mMHOrosnadxoro orobpazkenus U. MHoxkecTBOM perennii
ypasuenus (0.1) sBisiercst

R(t) = {0,t} mpu t € R\ {0}, R(t) = {0} mpu t = 0.

Ho 10 muorosnadnoe orobpaxkenne R : R = R He sBisieTcs MOJIyHEIPEPBIBHBIM CBEPXY B
Touke t = 0.

Anasiormasoe Teopeme 2.1 yTBepkKIEHHE O IOJIYHEIPEPBIBHOCTA CHU3Y MHOTIO3HAYHOI'O
orobpaxkenusa Ry : T = X B ciaydae MOJyHENPEPBIBHOCTU CHU3Y U JIaXKe HEIPEPBIBHOCTU
orobpaxkenust U : T = X okasbiBaeTca HeBepHbIM. [IpuBesieM cOOTBETCTBYIONIUI TTpUMeEp.

Mpumep 22 Ilyere T=[0,1], X =Y =R (c “obbranoii” Tonosorueii), HyHKIwN
f:00,]] xR =R, y:][0,1] — R, u muorosnaanoe orobpazkenue U : [0,1] = R 3amans
coorromernsmu: f(t,x) =+t upn x € (—oo,1] u f(t,z) =2 —x+1t upn x € (1,00),
y(t) =0, U(t) = [0,3]. OueBumno, dyukiuu [,y HEIPEPHIBHBI, MHONO3HAYHOE O0TOODa-
kenne U HENPEPBIBHO M MMeET KOMIIAKTHBIC 3HAYCHHUs. B JTAHHOM cirydae MHOMKECTBOM
perrernii ypasaerust (0.1) sBisiercst

Ru(t) ={2+t} oput e R\ {0}, Ry(t)={0,2+t} uput=0.

SOTO MHOIO3HAYHOE OTO6pa}KeHI/Ie HE ABJIA€TCA IIOJIYHEIIPEPBIBHBIM CHU3Y B TOYKE t=20.
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Eciun snauennem MmHOrO3Ha4YHOTO OTOOpakenusd Ry : 1T' = X B TOUKe tj sIBJISIETCS OJIHO-
9JIEMEHTHOE MHOYKECTBO, TO CBOMCTBA IOJIYHEIIPEPBIBHOCTU CBEPXY M HEIPEPBIBHOCTH TOYKE
to paBHOCHIBHBI. KpoMme Toro, eciin MHOKeCTBO R(fg) COCTOUT JIUIIb U3 OJHOTO 3JIEMEHTA, TO
moboe cedenne (To ecth orobpaxkenue k1T — X Takoe, at0o £(t) € R(t) npn Beex t € T')
[TOJIyHEIIPEPBIBHOI'O B TOYKE tj MHOTO3HATHOI'O OTOOparKeHus Ry sIBJIsgeTCs 0TOOparKeHu-
eM, HelPepPBIBHBIM B 9TON TOUKE (YTO MPSMO CJIEyeT U3 OlpeIeIeH sl 0Ty HEIIPEPbIBHOCTH
cBepxy). Takum 06pa3oM, TOIydaeM CJIeIyIoNee yTBepPK IeHHe.

CrnenctBue 2.3. [lycmo svinoarenv. npednoaosicenus meopemovt 2.1 u cnpasediuco co-
OMHOWEHUE

Vo, o' € Ulty) f(to,x) =ylte), o #x = f(to,2) # ylto). (2.1)

Tozda onpedenerinoe opmyaot (1.2) muozoznaunoe omobpascerue Ry : T = X nenpepvis-
Ho 68 mouke ty u mHoocecmeo Ry(ty) cocmoum posro uz 0dnozo saemenma. Kpome mozo,
M0b0e cevenue MHo203HauH020 omobpasicerus Ry 6ydem omobpacrcenuem, HENPePuIBHLM 6
mouke tg.

Bameru™, 4T0 yciaosue (2.1) 04eBUIAHO BBIIOIHEHO B CIIydae, KOIJa Cy’KeHUe 0ToOpazKe-
st f(to,-) ma muoxecrso U(ty) mmbektusno. CooTBeTCTBEHHO, ecn upu juobom ¢ € T
BBIIIOJTHEHBI [IPE/IIIOJIOKEHNsT TeopeMbl 2.1 1, KpoMe Toro, cyzkenne orobpazkenus f(t,:) Ha
MHOKecTBO U (1) fABJIsIeTCs] HHBEKTUBHBIM, TO ‘OZHO3HAYHOE” HesIBHOE OTOODaKEHIe

teT — xzeU(t): f(t,z) =y(t)
(kak orobpazkenne T — X ) Gy/JeT HEIPEPHIBHBIM.

3. O6bparnas pyHKIUA

[Tockosbky ypasrenne (0.2) siBiasgercss dacTHbIM ciaydaeM ypasHenus (0.1), u3 pesyib-
TATOB O HeABHON (DYHKIIMN MOXKHO IIOJIy9HTh COOTBETCTBYIONIME YTBEPXKIeHN:A 00 00paTHOI

dyHKIIIH.
Bynem nipejirioniaraThb, 9T0 TOMOJIOTTYECKOE TTPOCTPAHCTBO 1 dABJIgeTCS Xayc0p(hOBBIM.

Teopema 3.2. [Iycmb 6vinoanensv. cACOYIOWUE YCAOBUA: MHO203HAMHOE 0OMOOPAACEHUE
U:T = X noaynenpepuisho ceepry 6 mouke ty € T, mmoorcecmeo Ul(ty) C X xomnaxmmno,
omobpasicenue g : X — T nenpepvisho u évinoaneno exaoverue (1.3).

Tozda onpedenenroe Popmynot (1.4) mrnozosznaunoe omobpascenue Ly : T = X noay-
HenpepuieHo ceepry 6 mouke to u muoocecmeo By (tg) samrnymo 6 npocmparncmee X.

JlokaszaTeabCcTBO. DT0 yTBep:K/IEHUE BLITEKAET U3 TeopeMbl 2.1, eciu 1oJIo-
®’ute Y =T, y(t) =t n f(t,z) = g(x). Kak ormeueno soime, ypasnenue (0.1) Torga
npunnmaet Bug (0.2), a maorosnadnoe orobpaxkenue Ry : T = X “npespamiaercs” B 0T00-
paxenne Yy : T = X. O

Ucnob3yst npuBeieHHBIE BBIIIE CBEIEHUsT 00 0TOOPAKEHUIX, UMEIOIIIX B 38 [aHHONH TOU-
Ke 3HAYCHNEM OJTHORJIEMEHTHOE MHOZKECTBO, C(POPMYIUPYEM yCJIOBUS HEITPEPBIBHOCTH 0OpAT-
HO (DYHKITUH.
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Caenacrsue 3.4. [lycmv 8vinoarerv, Npednosodcenus meopemv, 3.2 U cnpaseiiuso co-
OMHOULEHUE

Vo, o' € Uty) g(x) =to, o' #x = g(2') # to. (3.1)

Tozda onpedenernoe gopmyaoti (1.4) mnozosnaunoe omobpasicerue LBy T = X nenpepuis-
Ho 6 mouke ty u mmoscecmeo Uy (ty) cocmoum posro uz 0dnozo snemenma. Kpome mozo,
M0boe cevenue MH0203HaUH020 omobpascenus Ly b6ydem omobpasiceruem, HenPePvuLeHbLM
6 mouke tg.

Yesoue (3.1) 04eBH/IHO BBIIOJHEHO B CJIydae, KOIJla CyKeHne 0TOOparXKeHusl ¢ Ha MHO-
xkectBo U(ty) nabektuBHO. COOTBETCTBEHHO, €CJIH TPH JTF0OOM t € T BBIIIOJTHEHBI TPEJIIOIIO-
JKEHNsT TeOpeMbI 3.2 1, KpOMe TOro, Cy2KeHne 0TobparkeHus ¢ Ha MHOXKecTBO U (t) siBisercs
MHBEKTUBHBIM, TO “OIHOZHAYHOE HEesSBHOE 0TOOParKeHHe

teT — zeU(t): g(x)=t
(kaxk orobpazkerne T — X ) Gy/Jer HEIPEpPbIBHBIM.
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Bsenenune

BoeranciiurebHble aaropuTMbl CTPOSTCA HA OCHOBE HEKOTOPBIX ITPOCTBIX OMEpAIiil. DTH
oTiepaIui MaHUIYJIUPYIOT JAHHBIMU, KOTOPBIE OMUCHIBAIOT «IUCTA». DT «INUCTIA» SIBJIAIOTCS
9JIEMEHTAMU «JHCJIOBOrO JloMeHa» (numerical domain), To ecTh TaKOro MaTeMaTHIECKOTO
00beKTa, KaK T0JIe BEIEeCTBEHHBIX YNCEsI, KOJIbIA MEJIbIX YUCeNI, Pa3/IMIHbIE MOJIYKOJIBIA
" T. ]I

B mpakrtudeckux 3ajiadax IUCIOBBIE JIOMEHBI 3aMEHSIIOTCS UX KOMIIBIOTEPHBIMU IIPE/I-
CTaBJIEHUSIMH, T. €. JIEMEHTAMI KOHKPETHBIX KOHEUHBIX MOJIesIel 9Tux jjoMeHoB. [Ipumepamn
MoJieJieit, KOTOpble YI00HO UCIOJIB30BATh JIJIsi KOMIIBIOTEPHOIO IIPEJ/ICTaB/IEHUs BEIeCTBEeH-
HBIX IUCeJT, SBJISIIOTCS PA3JIMIHbIe MOAMMUKAIINT apudMETUKH ¢ IIJIABAIONIEN 3aIATON, IPH-
GzkeHHast apudMeTuKa PAMOHAILHBIX unces [37|, uarepasibhas apudmMeTuka u JIpyrue.
Oriane MeXKly MaTEeMAaTHIeCKUMU O0beKTaMU (<«HIeaTbHBIMU» IHCIAMU) W UX KOHEIHbI-
MU MOJIEJISIMU (MAITMHHBIME [IPEJICTABICHUSIMI ) BBIPAYKAETCS B BBIYUCIUTENHHBIX ONTHOKAX
(HampuUMep, pU OKPYIJICHUN ).

AJIropuT™M Ha3BIBAETCS YHUBEPCANLHBIM, €CTTU OH HE 3aBUCUT OT KOHKPETHOTO UNC/TIOBOTO
JIOMEHA U /WK er0 KOMIILIOTEPHOTo npejicTanienus [32,33,36,40]. TunuaubiM IPUMEPOM Y HIE-
BEPCAJIbHOTO aJIrOPUTMA SIBJISIETCS BBIUUCJICHUE CKAJISIPHOTO MTPOU3BEIeHUs (T, Y) BEKTOPOB
x=(x1,...,0,) 1 y=(y1,...,yn) 10 popmyse (z,y) = z1y1+ ...+ TpYp. DTOT AITOPUTM
(dopmysa) He 3aBUCHT OT KOHKPETHOIO JIOMEHA M €ro MAIUHHOW peajn3anuu; GopMmyia
UMeeT CMBICTT JJIs JIFOOOTO MOYKOIbIa. OYeBUIHO, 9TO OJUH aJTOPUTM MOXKET OBITH OosIee
YHUBEpCATbHBIM, deM jipyroit. Hampumep, mpocreiimias popmysia Heiorora—Koreca (dopay-
JIa MIPSIMOYTOJIbHUKOB) SIBJISIETCST CAMBIM YHUBEPCAJIBHBIM aJITOPUTMOM IHCJIEHHOIO HHTEIPU-
poBanus. B uacraoctu, sra hopMysia BepHa TaKKe JJIsi UJIEMIIOTEHTHOTO WHTErPUPOBAHIA
(T. e. HAJ JIIOOBIM MJIEMIOTEHTHBIM MTOJIYKOJIBIIOM, CM., Harpumep, [6,31]). dpyrue dopmysisr
MHTerprpoBanus (Hampumep, dopmyiia Tpamernuii win dopmysa CHMIICOHA) HE 3aBUCAT OT
MAIIUHHOM apUMDMETUKE U MOTYT HCIOJIb30BaThCsl (HAIPUMED, B UTEPAIMOHHOl hopMme) J1ist
BBIMHC/IEHUI ¢ TTPOU3BOJIBHOM TOIHOCTHIO. C JIPYTOil CTOPOHBI, AJITOPUTMBbI, OCHOBAHHBIE HA
dopmyax laycca—Akobu, co3manb! jiJ1st BHIYUCIEHUN ¢ 33/ IaAHHON TOYHOCTHIO: OHU COJIEpIKAT
KOHCTAHTBI (KO3(MUIUEHTE STHX (HOPMYJI), OIIPEICICHHBIE ¢ KOHETHON TOIHOCTBIO (KOHEU-
HO, aJITOPUTMBI TAKOTO TUIA MOXKHO CJIeJIaTh 60JIee YHUBEPCATbHBIME, BKIIOUUB MIPOTIE Ly PhI
BBIUUCJIEHHs] KOHCTAHT, OJHAKO, 9TO BJIEUET YCJIOKHEHUE aJITOPUTMOB).

CoBpeMeHHBIE JIOCTUKEHHUSI B MaTeMaTUKe U pa3paboTKe MPOrPaAMMHOIO 0OeCIeueHUsT
[IO3BOJIAIOT PACCMATPHUBATH YUCJEHHBbIE AJITOPUTMbI U UX KJIACCU(UKAINIO C HOBOI TOYKU
spennst. OOBIYHBIE YUCIEHHBIE AJITOPUTMbI OPHEHTHPOBAHBI Ha, TPOrPAMMHYIO (MJIH armapar-
HYIO) PealM3aliio Ha OCHOBe apiuMeTHKI ¢ IIIaBaroleil nim hbukcupoBaHHoii 3amsToii. Tem
He MeHee, YaCTO YKeJIaTebHO BBIIOJIHSITh BBIYUCICHUS C U3MEHSIIONIEHcs (1 TPOU3BOJIHHOI )
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TOYHOCTBIO. /19 9TOro oT ajmropurma Tpedyercd HE3aBUCUMOCTH OT TOYHOCTU BBIYUCIEHUN
1 OT 0COOEHHOCTEN MAaITMHHOTO Ipe/icTaBIeHns Jucesa. Ha camoM Jiesle MHOTHE aJrOpUTMbI
TaKKe He 3aBHUCAT HE TOJHKO OT MAIIUHHOTO MPEJCTABICHUS YUCET, HO U OT KOHKPETHBIX
MaTeMaTHIeCKuX (aJrebpandecKnx) omeparuii Ha l JaHHbBIMI. B 9TOoM citydae omeparmn ca-
MU 110 cebe MOTYT PacCMATPUBATbCH KaK IepeMeHHble. Takue ajropuTMbl PeaJn3yioTcs B
BUJIE 0000WEHHT NPO2PAMM, HATTUCAHHBIX HA OCHOBE abCTPAKTHBIX TUIIOB JIAHHBIX, KOTO-
pble OIpEJIENIIOTC T0JIb30BaTe/IeM B JIONOTHEHEe KO BCTPOEHHBIM B s3BIK THIIAM JIAHHBIX.
CooTBeTcTBYyIOIIHE TPOrPAMMHBIE CPEJICTBA MOsABUJINCH CHAYasa B sa3bike Cumyrna-67, Ho co-
BpeMeHHbIe 00'beKTHO-OPUEHTHPOBaHHbIe s13biKu (Takue Kak C++, cM., Hanpumep, [41,47])
6os1ee yI0OHBI JIjIst ODODIIEHHOTO MPOrPAMMHUPOBaHUA. AJTOPUTMBI KOMITBLIOTEPHON asred-
pbI, ucnob3yemble B cucremax Mathematica, Maple, REDUCE u japyrux, Tak»ke BBICOKO
YHUBEPCAJIHHBI.

Hpyroit hopmoit aaropuTMOB ABJSIOTCS UTEPAIUOHHBIE AJITOPUTMBI JIJIs PEIIeHus -
bepennmabHBIX ypaBHeHUi (HAIpUMED, MeTo/bl Diijiepa, diiiepa—Komm, Pyrre-Kyrra,
AjlaMca, HEeCKOJIbKO BAPHAHTOB METOJA PA3HOCTHBIX NPUOIMKEHUN U 110J00HbIE), MEeTO/ bl
BBIYUCJIEHUS 3JIEMEHTAPHBIX U HEKOTOPBIX CIENUAIbHBIX (DYHKINI, OCHOBAHHBIX Ha Pa3JIO-
JKeHnu B pajbl Teiisiopa u Ha HenpepbiBHBIE Apobu (mpubsmkenust [Tane). DT aaropurMer
HE 3aBUCAT OT MAIIMHHOI'O IPEJICTABICHUs TUCEII.

[Tonsitie 0606IIEHHBIX TPOrpamMM ObLIO BBEJIEHO MHOIMME aBTOpaMi: Hampumep, B [30]
TaKye MpOrpaMMbl HA3bIBAIOTCS «IIPOrPAMMHBIMU cxeMaMI». B Hacrosdimell ctarbe Mbl 00-
CYJIUM YHUBEPCAJbHBIE aJTOPUTMbI, PEAJTM30BaHHbIC B BUJI€ OOODIIEHHBIX MPOTPAMM, U UX
0cobble BO3MOXKHOCTH. DTa CTaThs TECHO CBsi3aHa ¢ paboramu [8,31-33, 35,36, 40|, B KoTO-
PBIX OIIpejieJisieTCs MOHATHE YHUBEPCAJILHOIO aJropuTMa, U 00CYKIaeTcs MporpaMMHas U
alrapaTHas peaju3alii TaKuX aJrOPUTMOB B CBSA3M C 3aJladaMU UJIEMIIOTEHTHON MaTeMa-
TUKH, CM., Hanpumep, [6,39,42 53, 54].

Tak Ha3BIBAEMbIH MJIEMIOTEHTHBIH TPUHIUIT cOOTBeTCTBHs (CM. [32,33]), cBasbIBAIONMI
UJIEMIIOTEHTHYIO MaTeMaTUKy ¢ OOBIYHO MAaTeMAaTUKON HaJl IMOJIsAME, OYJIeT PacCCMOTPEH HU-
’)ke. B 1ByX ciioBax, cyIiecTByeT COOTBETCTBHE MEXK Ty MHTEPECHBIMU, MOJIE3HBIMU 1 BayKHBI-
MU KOHCTPYKIUSIMU U PE3yJIbTaTaMy HaJl [I0JIeM BEelECTBEHHBIX (MJIM KOMILIEKCHBIX) YHCET
U MOXOXKUMHU KOHCTDYKIMSAMU HAJT MJIEMIIOTEHTBIMU MOIYKOJIbIAME. DTO COOTBETCTBHUE MO-
JKeT OBITH ChOPMYJIMPOBAHO B JIyXe XOPOIIO U3BECTHOIO npuryuna coomseemcemeus H. Bopa B
KBAHTOBOI MeXaHWKe: Ha CaMOM Jiesie, 0ba IMPUHIMIIA TeCHO cBsi3anbl (cM. [31-33]). B uzsect-
HOM CMBICJIe, TPAJIUITMOHHYIO MaTEMATUKY Ha/ YUCJIOBBIME IOJIAMU MOYKHO PacCMaTPUBATD
KaK «KBaHTOBYIO» TEOPHIO, B TO BPEMs KaK MJIEMIIOTEHTHYIO MaTeMATUKy MOXKHO PaccMaT-
pHUBaTh KaK <«KJACCHYECKYIO» TeHb (WM JBOWHWK) TPaJUIUOHHON. BaykHO, 9TO mIeMIo-
TEHTHBI [PUHIIAII COOTBETCTBUS BEPEH JJIsl aJrOPUTMOB, KOMIIBIOTEPHBIX IIPOTPAMM U UX
alapaTHbIX peaJu3aliuii.

B kBaHTOBOII MeXaHUKe NPUHUUN CYNEPno3uyuy o3HavdaeT, 9To ypasaenne [1Ipé marepa
(ocHOBHOE ypaBHeHUe Teopun ) JuHeirHO. [10106HbIM 06pa30M, B HIEMIIOTEHTHOI MaTeMaTHKe
NPUHIAT cyTieprio3unun, cpopmynupoBanubiit B. II. MacioBbiM, o3nadaer, 9T0 HEKOTOpbIE
BayKHbIE U OCHOBHBIE 3aJIa9M U YPaBHEHUs, KOTOPbIE SBJISIOTCS HEJMHEHHBIMA B OOBITHOM
cMbicsie (Hanpumep, ypaBHerue [amuibrona—$1ko6u, ojHO W3 OCHOBHBIX ypaBHEHHI Krac-
CUYECKOl MeXaHWKM, KOTOPOe TaK»Ke IMOsABJISIEeTCd BO MHOTUX 3aJladaX ONTUMHU3AINN, WU
ypaBHeHune bBejiMana um ero pasHOBUJIHOCTH U OOOOIINEHUS), MOTYT PACcCMaTPUBATHCS Kak
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JIMHERHbIe HAJT MOJXOANINME WIEMIOTEHTHBIMI MOYKOJIbIIaMu, cM. [4,5,31].

3aMeTHM, YTO YHCJIEHHbIE AJTOPUTMBI JiJIsi OECKOHEYHOMEPHBIX JIMHEWHBIX 3aJad HaJl
UJIEMIIOTEHTHBIMU TIOJIYKOJIBIAME (HAIIPUMED, UIEMIIOTEHTHOE HHTErPUPOBAHNE, HHTETDAITh-
HBIE OIIEPATOPHI U TTpeodpa3oBanusd, ypaBHeHus ['aMuibroHa—AKoOM n 06001IeHHBIE YpaBHE-
HUs1 BesiiMana) IMeroT Je/10 ¢ COOTBETCTBYIOINME KOHETHOMepHBIME Tpubimxkenusiyu. Cire-
JIOBaTE/ILHO, UJIEMIIOTEHTHA JIUHelHasd ajaredpa aBJIsIeTCsl OCHOBON UAEMIIOTEHTHOTO YUCJICH-
HOT'O aHAJIN3a U, B OCOOEHHOCTH, Meoput, uCKpemHolt onmumMudauul.

B. A. Kappe [18,19] (cm. Takxe [24-26]) ncrnop30Basl HaeMIOTEHTHYIO JIHHERHYTO ajreb-
Py, 9TOOBI MOKa3aTh, YTO PA3JIUIHbIE 33/[a9 ONTUMUBAINN JJIsI KOHEYHBIX rpadoB MOryT
OBITH CPOPMYIUPOBAHBI €IMHBIM 00PA30M U CBEJCHBI K PEIICHUIO JUCKPETHBIX MaTPUIHBIX
ypaBuenuii bejiMana, TO €CTb HEKOTOPBIX CUCTEM JIMHEHHDBIX aaredpanvecKux ypaBHEHU
HAJT UJIEMIIOTEeHTHBIMU MOJIyKoJIbIIamMu. OH Takyke 0000 OCHOBHbBIE AJITOPUTMbI BITUCJIH-
TEeJILHON JIMHENHON a/ireOPhl HA UJIEMIIOTEHTHBIN CTydail u 1MoKa3aJjl, YT0 HEKOTOPbIE M3 HUX
COBIIAJIAIOT C AJTOPUTMAMU, Pa3pabOTAHHBIMU PaHee JJIs perleHnd 3a1a4 ontTuMusanun. Ha-
npumep, MeTos beimMana perrenns 3a/1a9n HaX0XKIeHNsT KPAaTIafIero myTH COOTBETCTBYET
Pa3HOBUIHOCTUA MeTojia SIKOOM pellleHus] CUCTEeMbI JIMHEWHBIX yPABHEHUN, TOT/a KaK aJiro-
putm Popja coorBeTcTBYeT MeToy [aycca-3eiiens. Ypasuenus Bejuivana sBISIOTCS OC-
HOBHOH TeMOil JJaHHOI cTaThh, a ujen Kappe UCIOIB3YIOTCs JII TIOTYYeHUS HOBBIX YHUBED-
CaJIbHBIX aJropuTMoB. [loguepkHem, 9TO yHUBEPCAIbHBIE aJTOPUTMBI, ONIMICAHHBIE B JAHHON
CTaThe, MOTYT OBITH MHTEPIPETUPOBAHBI KaK JEMOHCTPAIUs TPUHITUIA UJIEMIIOTEHTHON Cy-
MEPIIO3UIUNA W UJIEMIIOTEHTHOTO MPUHITUIIA COOTBETCTBUS MEXKJy aJITOPUTMAMU JIMHEHHON
aJiredpbl U COOTBETCTBYIOIMIMME 33/[adaMi ONITUMU3AINNA Ha rpadax.

SaMeTnM, YTO MHOTHE aJITOPUTMbI PEIeHUsT MaTPUIHBIX ypaBHeHmnit Besvana MOKHO
nafitu B [8,9,13,18,19,21,24,26,35,36,48|. Ipyrue 3ajauu Tponuveckoil JuHeiiHON ajareGpb
paccMOTpeHbl, Harpumep, B [16].

Takke MBI BKpaTie OOCY/JIUM WHTEPBAJIHHBIN aHAJIN3 HAJ| WIEMIIOTEHTHBIMH W ITOJIO-
JKUTEJILHBIMU TIOJIYKOJIbIIaMU. VI IeMIIOTeHTHBIII MHTEePBaIbHbIN aHau3 BO3HUK B padoTax
[3,10,39], rme on mpumeHsiicst K MaTpu9IHOMY ypaBHeHuto Besvana. [lo3anee pasmmdanbie
3aJ1a4M, BOZHUKAIOIIME B MHTEPBAIBHON MJIEMIIOTEHTHO JInHeiiHoi airedbpe, ObLIN paccMOT-
peHbI, HapuMeD, B paborax [20,22,28,44,45|. BaxHo 3aMeTHTh, 9TO WHTEPBAJIBI HAJT UEM-
MOTEHTHBIMU MTOJTYKOIBIIAMEI 00Pa3yIOT HOBOE MJIEMIIOTEHTHOE TIOJIyKOJIbII0. CliegoBaTebHO,
YHUBEPCAJIBHBIE AJITOPUTMBI MOTYT ITPUMEHATHCS K 3JI€MEHTAM TOI0 HOBOI'O MOJYKOJIbIA U
MTOPOZK/IAI0T MHTEPBAJILHOE PACITUPEHNE UCXOIHBIX AJITOPUTMOB.

JlanHas craThsd MOCBIIIEHA ITPOTPAMMHBIM pPeau3alisaM YHUBEPCAJIbHBIX aJI'OPUTMOB
pelennsi MaTPUYIHbIX ypaBHeHnuit beiuimvana naj nosxykosabiamu. Paszjenr 1. cojiep:KuT BBe-
JIeHHe B MaTeMaTHUKYy IMOJIYKOJIel[ U, OCOOEHHO, B TPOIUYECKYIO (UJIEMIIOTEHTHYIO) MaTeMa-
TuKy. B pasjeiie 2. Mbl OluCbIBa€M HECKOJIBKO XOPOIIIO M3BECTHBIX U HOBBIX YHUBEPCAIbHBIX
AJITOPUTMOB JINHENHOI aareOpbl HaJT MMOTYKOIBIIAME, CBI3aHHBIX C JTUCKPETHBIM MATPUIHBIM
ypasHenrneMm Bejmana m ajnrebpandeckoii 3ajiadeil 0 KpaTdaifieM MyTu. ITH aJTOPUTMbI
TECHO CBSI3aHBI C WX MPOTOTHIIAMHU B TPAJIUIIMOHHON JIMHEHHOW ajredpe, OnuCcaHHbIME, Ha-
npumep, B 3uamennToii kuure JIx. Tony6a u Y. Baun Jloyna [1], KoTopast ¢iy?KUT OCHOBHbBIM
HCTOYHUKOM Takux npororunos. Ciegys cruio [1], Ml 3anuceiBaeM ux Ha s36ike MATLAB.
OnBIT TPOrpaMMHOI peaN3aInN yHUBEPCATHHBIX AJITOPUTMOB U JTaIbHEHIINe epCIeKTUBBI
X Pa3BUTHS TaKXKe PACCMaTPUBAIOTCA.



YHUBEPCAJIBHBIE AJITOPUTMBIL 397

1. MaremaTuka IOJJyKOJIEI]
1.1. OcHoBHBIE onpe/ieJIEHUs

[Tupokwuii Kj1acc yHUBEPCATBHBIX AJITOPUTMOB CBSI3aH C IMOHATHEM IOJIyKOJIbIa. Hamom-
HIM COOTBETCTBYIOIIee omnpejiesienne (cM., Hanpumep, [23]). Pacemorpum mHOXKecTBO S,
cHabKEHHOE JIBYMsI aCCOIMATUBHBIMU OIEPAIASIMU: CAONHCEHUCM B U YMHOMHCEHUEM O, Ta-
KUMU, 9TO CJIOXKEHIEe KOMMYTATUBHO, YMHOYKEHIE JTUCTPUOYTHUBHO OTHOCUTEIBHO CJIOYKEHUSI C
o6enx cropon, 0 (coorBercrBeHHO 1) HEHTPATBHBIN JIEMEHT TI0 CJOXKEHUIO (COOTBETCTBEH-
HO, 110 yMHOXKeHn©0), 0 ©x =x© 0 =0 g scex © € S, u 0 # 1. Ilycrs nosykosibio S
YACTUYIHO YIIOPSIOUCHO TAKUM OTHOIIEHHEeM =, 4T0 0 — HAMMEHDLINI JIeMEHT, U U3 Hepa-
BEHCTBA & = Y CJeAyeT, uTo xhz X ybz, xOz R yOz n 20r = 2Oy g Beex T,Yy,2 € 5';
B 9TOM CJIydae IOJIYKOJIBbII0 S HA3BIBACTCH NOA0HCUMEAbHbLM (CM., HAIIpUMED, [23]).

[Tonykombito S Ha3BIBAETCS NOAYNOAEM, €CITN KAXK/IBII €10 HEHYJIEBO 3JIEMEHT OOPaTIM.

[Tonykombio S Ha3BIBAETCST udemMnomenmmvim, ecau @ x = x st Bcex © € S. B atom
caydae CJIOXKeHne @ 3aJaeT KaHOHUYeCkul “YacmuyHoll nopadox = Ha MOJIYKOJbIE S II0
HpaBUIy: T = Yy TOIJa U TOJLKO TOrJa, Korja r @y = y. Jlioboe maeMIoTeHTHOEe KOJIb-
0 TIOJIOXKUTETHLHO OTHOCHTEIBHO 9TOTO MOPsIJIKA. 3aMeTHM Takxke, 9T0 @ y = sup{z,y}
OTHOCUTEJIbHO KaHOHMYECKOI'O HOpﬂ,ZLKa. BHOC.HG,Z[CTBI/H/I MBI IIOJIar'a€M BCE€ HMAECMIIOTCHTHBLIC
KOJIbIla yHOpHJ:[‘OLIeHHbIMI/I KaHOHHWYECKN.

MbI roBOpuM, YTO MOJOXKHUTETHHOE (HAPUMED, UJEMIIOTEHTHOE) MOIYKOJIbIO S NoAHO,
€CJIM OHO TIOJTHO KaK YIOPSIOYEHHOE MHOXKECTBO. DTO O3HAYAET, UTO JJI KarKJIO0rO ITOJIMHO-
xxectBa 1T C S cymectBytor smementsl supl € S u infT € S.

CaMble W3BeCTHBIE U BaXKHBIE TTPUMEPHI MTOJIOKUTE/TBHBIX TOJTYKOJIEI] — ITO «IUCTOBBIES
HOJIYKOJIBIIA, COCTOsAIINE U3 (IIOJMHOYKECTBA) BEIECTBEHHBIX YUCE, YIOPSJIOUEHHBIX OObIY-
HBIM JIMHEWHBIM TOpAAkoM < Ha MHOKecTBe R: mosykosibiio Ry ¢ obbraabimMu onepa-
masiMu @ = +, © = - u HelTpasbHbIMEU ieMeHTaMu 0 = 0, 1 = 1, HOJYKOJBIO
Ru.x = RU{—0o0} c oneparusimu @& = max, ® = + u HEATPATLHBIMHU 3JIEMEHTAMU
0 = —o0, 1 =0, HOJIYKOJIBIIO ﬁmax = Rpax U {00}, mie < 00, @ 0o = 0o Jyist Beex
r, @00 =000x =00, ect £ # 0, 1 0 ® 00 =00 ® 0 U HOIYKOJIBIO S}gﬁmin = [a, D],
e —o0 < a < b < +00 conepanugamMu G = max, © = min 1 HeHTPaJIbHBIMHU dJIEMEHTaAMU
0=a, 1=>b. Honykomsna Ruax, Ruax, I glat]

max,min
~
[a,b]
na RmaX7 SmaxJnjn )

= [a,b] naemmorentHbl. [Toxykosb-

R, = R, [J{oo} mnoumbl KaK ylopsiioueHHble MHOKecTBa. Bermomum,
YTO KazKJ[0€ YACTUIHO YIIOPsI0Y€HHOE MHOYKECTBO MOXKET OBIThH BJIOYKEHO B CBOE IIOIIOTHEHUE
(MEHIMAJIbHOE TIOJTHOE MHOXKECTBO, cojepxKariee ucxoaaoe). [Toaykoabio Ry, = R{J{oo}
c orreparusgMu G = min 1 ® = + u HefiTrpasabubiMu jieMentamu 0 = oo, 1 = 0 uzomopd-
HO TOJIYKOJIBIY Rijax.

[Tonykosbiio Riae HazbiBaoOT anzebpoti maxc-naroc. [lomymons Rpae 1 Rpin Takxke
HA3BIBAIOT MPONUNECKUMU anzebpamu. TepMUH «TpONUYecKuii» BrepBble MOgBUICA B [5H1]
JITS TIEJTOHUCIIEHHON BepCHn ajrebpbl MaKC-IUTIOC, CM. Takke [27,42, 54].

O6oznaunm Mat,,, (S) muoxecrso Beex Marpury, A=(a;;) ¢ m CTPOKAME U C 1 CTOJIOIAMIL,
9JIEMEHTBI KOTOPBIX IPUHAJIEKAT oJyKobily S. Cymma A@ B marpuiy A, B € Mat,,, (S)
u npoussegenne AB marpun; A € Maty,,(S) u B € Mat,,,(S) onpesesnsiorcs B cOOTBET-
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CTBUH ¢ OOBIMHBIME IIpaBH/IAMH JHHeHoi anrebpsr: A @ B = (a;; ® b;;) € Mat,,,(S) n

AB = @ ai; O bkj € Matln(S),

k=1

rae A € Maty,,(S) u B € Mat,,,,,(S).

Eciu mostykosibiio S mMoJIOXKUTETHHO, TO MHOKECTBO Mat,,,(S) ymopsaodeHo mocpes-
crBoM orHomtennust A = (a;;) < B = (b;;) Torma u ToJIbKO TOrna, KOrma a;; = bj; B S s
Becex 2<i<m, 1<y <n.

YMHOKEHHE MATPHI] COIJIACYeTCs C IHMOPSAAKOM =< B CJEIYIOMEM CMBICIE: €eCJIH
A A" € Maty,,,(S), B,B" € Mat,,,(S) u A < A, BB, 10 AB <X AB" B Mat;,(5).
Bosee Toro, muoxkectso Mat,,(S) kBagparnbeix marpuil (n X n) Haj (IIOJOKHTETbHBIM
UJIEMIIOTEHTHBIM ) TOJIYKOJIBIIOM S 00pasyer [[0JI0:KUTeIbHOEe MIEeMIOTEHTHOE| Oy KOJIBIIO
¢ HyneBeM d1eMenToM O = (0;5), tie 0;; = 0, 1 < 4,7 < n, U eIUHAYHBIM 3JIEMEHTOM
I =(d;), tme 0;; =1, ecim § = j, u §;; = 0 B IPOTUBHOM CJIyqae.

MHuoxecTBo Mat,,, — THIHYHBIH IpHIMED HEKOMMYTATHBHOTO HOJIyKOJIbIA (1ipu 1 > 1).

1.2. Omnepanusi 3aMbIKaHUS

[TycThb 10JIOKUTEIbHOE TIOJIYKOJIBIO S CHAOKEHO YaCTHIHON YHAPHON onepauuet 3amovi-
Kanus * Takol, yTo u3 a =< b cieayer, uro a* X b* u a* =1@ (a*©@a)=1@ (a®a*) Bo
Bceil ee obsiacTu onpejenennd. B qacrHoctu, 0* = 1 1o onpejieieHUIO.

U3 sTux akcuoM crepyer, uto a* = 1@ ada?d--- P (a* © a®), ecom n > 1. Takum
06pa3oM, T* MOXKHO pacCMaTpUBATh KAK «PEryJspH30BAHHYIO CYMMY» Dsijia

d=1dada’e....

B mosioxkuTe/ibHOM TOJIyKOJIBIIE, IIPU YCJIOBUU, UTO OHO 3aMKHYTO OTHOCUTEJIbHO B3ATHS
OTPAHUYCHHBIX YIOPsIOYECHHBIX BEPXHUX TpaHeil W omnepanuii @ u O, JIUCTPUOYTUBHBIX
OTHOCUTEJILHO TAKUX BEPXHUX I'DaHell, MbI MOXKEM OIPEJIETUTD

" =supl @ad... ¢§ak, (1.1)
k>0
€CJIN TIOCJIeI0BATE/THHOCTD IIPABhIX YacTeil orpanndena. B sroMm ciydae a* — HauMeHbIIIee
perrieHue ypasuenuit © = ar®1l nu x = zra® 1, u a*b — HamMeHbIllee pereHne ypaBHEeHN
r=ar®bu xr=2xa®b Ecm S monHo, To 3aMbIKaHHEe OYEBUTHBIM 00PA30M OIIPEIeICHO
14 JII0OOTO 3jeMeHTa & € S.
B ciayuae naemmnorenTHoro cioxkennus (1.1) craHOBUTCS 0OCOGEHHO MPUSATHBIM:

a* = @ai = supa’. (1.2)

. >
>0 20

B 4ncI0BbIX MOJIYKOJIBIIAX OIepalis 3aMBbIKAHUA * OOBITHO PEAJN3YeTCsl OUCHb IPOCTO:
v =(1-2)"' ecm v <18 Ry, wmms Ry, u 2" =00, ecm z>138 R,; 2* =1,

ecsim * 21 B Ruax  Rpax, 8 = 00, ectm > 1 B Ry, o = 1 a1a Bcex =«
B Smax,mm[“’b]. Bo Bcex ocranmbBIX caydasx x* He omnpeeneHo. Omeparus 3aMbIKaHUS B

MAaTPpUYHBIX ITOJIYKOJIbIIaX Ha/J ITOJO2KUTEJ/IbHBIM I10JIYKOJIBIIOM S MoxKeT ObITH OIIpeJesiCHa
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IO MHJIYKINH: BO-IEPBLIX, uMeeM A* = (a11)* = (aj;) B Maty;(S). Bo-Bropsix, mjs moboro
1esIoro yucyaa n > 1 u mo60il MaTpHILb!

An A12)
A= ,
(A21 Ao
rae A11 € Matkk(S), A12 € Matkn_k(S), Aq € Matn_kk(S), AQQ € Matn_kn_k(S), 1<k< n,
OIIPEJICITAM
1@ AL ARD An Ay, AL ARD”

A" = : (1.3)
D* Ay Al D"

e D = Agy @ Ag Af A2, Mokao nokazaTh, 9To n3 onpesenenus A* ciemyer, 9T0 paBeH-
ctBa A* = A*A® [ = AA* ® I BeIMOTHAIOTCS, W, TaKUM oOpa3oM, A* sgBisgercs «peryJis-
pu3oBanHoit cyMmoity paga I & A® A2 @ . ... Bosee Toro, B ciyuae Korma A* omnpeseseno
KaK HaumMeHbIlee pemnienne ypaBuenus A* = A*A® [ u A* = AA* @ I, MoXKHO MMOKa3aTh,
YTO OHO YJIOBJIETBOpsiET ypaBHeHuo (1.3).

BameTumM, 9TO 3TO PEKYPPEHTHOE COOTHOIIEHKE COBIAIAeT ¢ (hOPMYIaMU CKATATOPHO-
ro MeTojia OOpalleHrsl MATPUIl B OOBITHOM JIMHEHO ajrebpe HaJ| MOJISMU BeIeCTBEHHBIX
U KOMILIEKCHBIX YHCEJI ¢ TOYHOCTBIO JIO UCIOJIb3yeMbIX ajredpandeckux orneparuii. Ciiesro-
BaTEILHO, 3TOT AJITOPUTM MaTPUIHOIO 3aMBIKAHUsT TPeOyeT MOJUHOMUAIBHOIO OT 7. YUCTIA
omeparnii, moapodbHee CM. HIKe.

[Iycrs S mosioxKuTEILHOE TTOIYKOJIBIO. Mampuunoe (duckpemnoe, cmayuonaphoe) ypas-
nenue beaamarna mveeT BUL

X =AX ® B, (1.4)

rie A € Mat,,,(S), X,B € Mat,s(S), a marpuria X nemssectHa. [lycts A* 3ambikanue
maTpuibl A. U3 ToxxmectBa A* = A*A @ I cinenyer, uro marpunia A*B  ymoBierBopsieT
5TOMY ypaBHEHHIO. TakKe Kak M B CKAJSIPHOM CJIydae, MOXKHO II0Ka3aTh (IIPH HEKOTOPOM
JIOTIOJTHUTETHHOM TPEJIITOJIOKEHIHN ) , 9TO JIJIsl MOJIOKUTEIbHBIX OJIYKOJIel, ecjin MaTpuia A*
ompeJiesiera Kak B ypasuenuu (1.1), to A*B gBiisiercss HAMMEHBIITIM BO MHOYKECTBE PeIleHui
ypasHenus (1.4) OTHOCHTEILHO YACTHIHO TIOPsiIKa Ha MHOKecTBe Mat,s(.S). Benomuanm, aro

B MJIEMIIOTEHTHOM CJIyYae
A* = @Ai = sup A" (1.5)

i>0 20
Paccmorpum takske ciydait, Korga Marputa A = (a;;) pasMepHOCTH 1 X N sSIBJISETCS
cmpozo eeprnempeyzonvrot (Takoit, 9To a;; = 0 IpH @ 2> j ) WIN CMPo20 HUNCHEMPEY20.40-
not (Takoit, ¥T0 a;; = 0 mpu i < j). B sTom ciygae A" = 0, mysneBoil MaTpHIle, I MOXKHO
mokasaTrh ¢ nomornpio ureparuit X = AX @ I, 9T0o 970 ypaBHEHUE UMEET €JIMHCTBEHHOE
pellenre, a NMEHHO

A=IoAd.. & A" (1.6)

Nnrepecno, 4to B cirydae aaredbpsl Makc-1mioc popmyiia (1.6) paboraer /s 60Jee IHPOKOro
kyracca marpuil. P (1.5) cxomurest Tam TOria n TOJIBKO TOT/Ia, KOTJIa OH MOZKET OBITh yCeueH

0 (1.6). Dro TecHO cBA3aHO ¢ MHTEpIpeTaIHeil MATPUIBl A* KaK «MaTpPHIBI ONTHMAJIBHBIX
myTeity (cM. HEXKe).
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1.3. B3BemenHble OpueHTHPOBaAHHBIE I'Padbl 1 MATPUIILI HA/] MOJIyKOJbIIAMU

[Iycte S — momykosbio ¢ mHyiaem 0 u egmauieir 1. Xopoimo W3BeCTHO, 9TO JHODasT
kBaaparHas Marpuna A = (a;;) € Mat,,,(S) 3amaer essewennvill opuenmuposarnviil epag.
Dra reoMeTpuyuecKas KOHCTPYKIMA BKJIIOYAET TPU BHUAA OOBLEKTOB: MHOMXKECTBO X U3 N
9JIEMEHTOB X1,...,T,, HA3BIBAEMBIX 6EPUUHAMU, MHOKECTBO ' BCEX yIOPSJIOYCHHBLIX IIap
(w;,x;) Taknx, 9ro a;; # 0, HasbBaercs dyeamu, u orobpaxkenme A: ' — S rtakoe, uro
A(z;,z;) = a;j. DieMeHTHl @;; W3 HOJyKOjblia S Ha3bBaOTCH 6ecamu ayr. Haobopor,
060 B3BEIEHHBI OPUEHTUPOBAHHBIN rpad ¢ n BEpIIMHAMHI 3aJaeT HEKOTOPYIO (€IuH-
crBernyio) Marpuity A € Mat,,(5).

DTO olpejiesieHne JIOMYCKAET, YTO HEKOTOPBIE Maphl BEPIIUH MOTYT OBITH HE COEIMHEHDI,
€CJIM COOTBETCTBYMOMNi 3jieMeHT MaTpulibl A paBen 0 U HEKOTOpBIE JIyTH MOI'YT OBITH
METISIME, €CJIN Y MATPHUIBl A ecTh HEHYJIEBbIe 9JIEMEHTHI Ha, IJIABHOM JTHATOHAJIN.

BcenomanM, 4TO 110C/I€10BATEILHOCTD BEPIINH BUIA:

b= (y07y17"'7yk)7

tie k>0 u (yi,yip1) € I, ¢ =0,...,k — 1, massiBaerca nymem JymHbl k, COEIMHSIIO-
UM BEpIIUHY Yo € BepumHOil . O603HAUYMM MHOXKECTBO Beex Takux myTeil Pr(yo, Yk )-
Bec A(p) nytu p € Pr(yo,yx) ONUpEIEsieTCst KaK MPOU3BEJEHUE BECOB JIYT, COEIUHSIIONIIX
IIocJieI0BaTe/IbHbI€ BEPIINHDBI ITyTH:

A(p) = Ao, 1) © -+ © A(Yr—1,Yr)-

ITo oupenenenuto, Bec «irytu» p € Po(x;,x;) amuel k = 0 pasen 1, ecim ¢ = j, u 0 B
IIPOTUBHOM CJIydae.

s kaxxjoit marpunsr A € Mat,,(S) onpenermm A° = I = () (e &;; = 1, ecom
i = j, u &; = 0 B uporunom cayuae) u A¥ = AAM k> 1. Iycrs ay;]] — (4,7)-i
ssement marpunbsl A¥. Jlerko mposepsiercs, 4To

a5 = @ Qigiy © "+ O Qi _y .-
io=i,ix=]
1<, ig—1<n

(%]
]
JUIMHBL K, COeIMHAIOMUM BEPIINHY T;, = Z; C BEPIIMHOR T;, = ;.

Taxum obpazom, a,; — TOUYHAsS BEPXHSAA I'PAHb MHOYKECTBA BECOB, OTBEYAIOIINX BCEM ITyTIM
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[Tycts maTpuna A* onpejeniena B coorsercrBun ¢ dhopmysioit (1.5). Obosuadmm 3/1eMeH-
ES

i LJ=1,...,n; Torna

a;; = @ GB A(p).

0<k<oo pEPk(xi,xj)

ThI MaTpuIbl A* Kak a

Matpura A* gBjseTcs pelieHneM U3BECTHOTO aJredpamvdecKoro o000IeHnst 3adayy Ha
HATONHCOEHUE ONMUMAADHOZ0 NYMU: VIS KaXK 0! Hapbl (T;, T;) TPeOyeTcs BBIYUCIUTD TOY-
HYIO BEPXHIOIO TDaHb BECOB BCeX IyTeil (IIPOU3BOJIBHON JIJIMHBI), COCMHSIONIINX BEPIINHY T;
¢ BepmmHOi z;. Omepanus 3aMbIKAHUs B IIOJIyKOJIBIIE MATPHUIL XOPOIIO U3ydeHa (CM., Ha-
npumep, [2,6,13,16,18,19,21,23,25,26,39| u cCbLIKU B HEUX).

Mpumep 1.1 (Bamaua o kparuaitmenm mytn). [lycrs S = Ry, T. €. Beca sBIISIIOTCS
BEIeCTBEHHBIMU YUCIaMU. B 9TOM ciiydae

Ap) = Alyo, 1) + A(yr, y2) + - - + A(Yr—1, Yi)-

*

Eciu snement a;; 3agaer mauny ayru (z;,2;) B HEKOTOPOW MeTPHUKE, TOIJA a;

— JJIMHa
KpaTdaiillero 1y TH, CoeJJMHAIONIero T; ¢ T;.

[Ipumep 1.2 (3amaga o mytn MakcuMasabHOW mupunsl). [lycts S = R U{0,1} ¢
P = max, ® = min. Torma
a;; = max  A(p),
* p€L>J Py (z4,25) (»)

>1

A(p) = min(A(yo, 1), - - - » AYe—1, Yx)).

Ecisin sjieMenT a;; 3a/1aeT «IMUPUHY» YT (xi,xj), TOrJla HIMPUHA IIyTU P OlIPEJIeIIACTC
KaK HauMeHbIlad IMUPUHA AyTrd, IPUHAJJIEXKAIICH 3TOMY IIYTH, & 3JIEMEHT az‘j ABJIAETCA
MaKCUMaJIbHON MIUPUHON BCEX ITyTel, COeIMHAONIMUX T; C ;.

Mpumep 1.3 (IIpocrasg 3amada JuHAMHYECKOrO IIporpaMMmupoBanus). IlycThb
S = Ripax, U HOJIOXKHUM, ITO @;; 38Ja€T 6bNAGMb IIPH Ilepexoje oT x; K xj. Oupenernm
BekTop B = (b;) € Mat,1(Riax), 97€MEHTBI KOTOPOrO b; 3a/a10T MeEPMUHAALHBIE GbINAG-
Mbl, COOTBETCTBYIONME BBIXOAY u3 rpada B y3iae z;. KoHedHo, oTpuiaTe/bHbIe BLIILIATHI
(TO ecTh YOBITKHI) TaK:Ke JOIMYCKaloTCst. [lyeTh m — MTOroBag BBIILIATA, COOTBETCTBYIONIA
nyta p € Py(x;, x;), T e.
m = A(p) + b;.

Torna Jjierko MpoBepUTH, 9TO HAUOOJIBINA BBIILIATA, KOTOPAsd MOYKET OBITh JIOCTUTHYTa HA
My TaX JUIAHbL k, HadmHAONUXCS B y3ie x;, pasHa (A¥B);, m mambosibmmag BbimiaTa, 710-
crimkuMas 6e3 orpaHmveHuii Ha JUmHy mnyTd, paBHa (A*B);. 3ameTum, 9TO eciau JJIMHA
IIlyTH HEOTpaHWYeHa, TO HAMOOJIBINAs BBIIIJIATA MOXKET ObITh paBHA OECKOHEYHOCTH, KaK 1
coorBeTcTByIOIIEe 3HadeHne (A*B);.

[MIpumep 1.4 (Bamaua obpaienns MaTpuIipl). 3aMeTUM, 9T0 B (hOPMyJIax STOro pas-
JieJia MbI UCIOJIB3yeM JUCTPUOYTUBHOCTH YMHOXKEHUS (- OTHOCUTEIBHO CJIOKEHHsI B, HO He
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UCIIOJIb3YEM aKCHOMY HJIEMIIOTEHTHOCTU. TakuM oOpa3oM, ajaredbpandeckoe 0000IIeHE 3a/1a-
g 00 ONTUMAJBLHOM IYTH MOXKeT ObITh chOPMYIMPOBAHO TAKYKE U JIJIsl HEMIEMIIOTEHTHOTO
nosykosibiia S (M., Hanpumep, [48]). Hanpumep, eciim S = R, 1o

A =T4+A+ A+ =(1-A)""

Ecim ||A|| > 1, HO MaTpuma obparuma, TO 3TO BbIPAYKEHUE OIPEJIETIAeT PEry/IsipH30BaHHYIO

CYMMY PACXOJSIIIErOCsl MATPUTHONO CTELEHHOIO psiga » .o A’

[TogaepkHeM, 9TO 3Ta CBSI3b MEXKIy MaTPUYIHON omepariueil 3aMbIKaHUS W PEIeHIIME
ypaBHeHus bejiiMana MmopoxKiaeT HeCKOJIbKO Pa3InIHbIX aJITOPUTMOB JIJIsi BBIYUCICHUS MaT-
PUYHOIO 3aMbIKaHusI. Bce 9T aJropuTMbl sIBJISTIOTCST & IallTAIldsIMI XOPOIIO U3BECTHBIX aJIro-
PUTMOB TPaIUINOHHON BEITUCINTEILHON TNHEHHOI aaredphl, TaKUX KaK MeTO UCKJIIOTeHHUS
laycca—2Kopaana, pasjimdaHble HTEPAIMOHHBIE U ICKAJIATOPHBIE CXEMbl U T. J. JTO OCOObI
cJrydail MIeMIOTEeHTHOTO TIPUHITAIIA, CYHePIIO3UINE (CM. HUKE).

Ha camowm geste, Teopust AUCKPETHOTO CTAIIMOHAPHOI'O YpaBHEHMsS BesliMana MOXKeT ObITh
pa3BUTa C UCIOJb30BaHmeM paBeHcTBa A* = AA* @ I Kak JONOJTHUTEIHLHON aKCHOMBI Oe3
KaKON-JIn00 CyIIEeCTBEHHOI MHTEPIPETAIINY (TaK HA3BIBAEMBIE 3AMKHYMbLE NOAYKOADYW, CM.,
Harpumep, [23,30,48]). Takas Teopusi MOKeT OGbITH OCHOBaHA Ha CJIEIYIONINX PaBEHCTBAX,
KOTOPBIE B CJIydae MJIEMIIOTEHTHBIX IOJIYKOJIEI MOXKHO IIPOBEPUTD, MCIIOJIb3Ys CBA3b C 3a-
Jadeil Ha HaXOK/IEHWE ONTHUMAJIHLHOTO IIYTUH. DTH PABEHCTBA TaKKe XOPOIIO U3BECTHHI U B
CJIydae BEIIEeCTBEHHBIX YUCE]T ¢ OOBITHON apudMeTUKOi:

(A® B)* = (A*B)* A", o
(AB)*A = A(BA)", (L)

1.4. UWHTepBajbHbI aHAJIN3 HAJ, MMOJOXKUTEJIbHBIMU MOJIYyKOJIbIIAMU

TpaaumumoHHbIl MHTEPBAIBLHBIN aHAN3 — 9TO HETPUBHUAJIbHAS W MOIMyIdpHas MaTeMaTH-
deckast 00J1aCTh, CM., Hapumep, [12,22,29,43,46]. «xemmnorenTHass> BepCHs HHTEPBAJIbLHO-
ro aHaJu3a (M KpoMe TOro, HHTePBAJbLHOTO aHATN3a HaJl MOJIOKUTETbHBIMU TTO0JIYKOJIbI[AM)
nosisusiach B [3,10,39]. JJoBoabHO MHOTO PabOT IO ITOi TeMe TOSIBIIUCEH TI03/[HEe, CM., Ha-
npumep, [20,22,28,44,45]. VlnTepBabHbI aHATN3 HAJ| MOJIOKUTEIBHBIM MOIYKOJBIOM R
obeyxaercs B [15].

[IycTs MHOXKECTBO S 9ACTUYHO YIIOPSIOYEHO OTHOIIEHUEM = . SaMKHYMbLT UHMEPSan
B S — 910 mopMHOXKecTBO Buja X = [2,7] = {x € S | x = X T}, rue seMeHTs
x =X T Ha3BIBAIOTCA HudicHel U eeprmell epanuyed narepBaia X. [lopsmok < mopoxkiaaer
YACTUYHOE YHOPSIOUYCHNE HA MHOYKECTBE BCEX 3aMKHYTBIX HHTEPBAJIOB B S: X =Xy TOrja u
TOJILKO TOTJIa, KOTJla T Xy U T = 7.

Caabvim urmepsanrvrom pacuuperuem 1(S) MOTOKUTETBHOrO MOJTYKOJIbIA S Ha3bl-
BaeTC MHOXKECTBO BCEX 3aMKHYTBIX MHTEPBAJOB B S, CHabKEHHOEe omnepanusaMu & un @,
OIpeJIeJIEHHBIMU CJlelyformuM obpazoM: X By = [z Dy, TD Y|, xOy = 20y, T0OY|, u
YACTHIHBIM [TOPSJIKOM, TIOPOKJIEHHBIM MOpsiJiKoM Ha S. Oneparus 3aMbikanug B 1(S) ompe-
nesstercst Kak X* = 2%, T*|. CymmecTByioT gpyrie nHTepBasbHbIE DACIIIPEHNUS (B TOM YHCIIE,
TaK HasblBaeMble CHJIbHbIE MHTEPBaIbHble pacimupenus [39]), HO ciaboe pacumpenne 6oee
yJ100HO.
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Pacumpenne [(S) nomoxurenshoe; [(S) maemmorentHo, ecim S — HAEMIOTEHTHOE
HOJIYKOJIBIIO. Y HUBEPCATBHBIH aIropuT™ HaJl S MOMKET MpuMeHsiThest K 1(S), u Mbl moJTy-
YUM MHTEPBAJBHYIO BEPCHUIO MCXOIHOTO ajropurma. OObIMHO 00e BEPCUU UMEIOT OJIMHAKO-
BYIO CJIOKHOCTB. JlJIsT TMCKpPETHOTO CTallmOHapHOTO ypaBHEHHUs DBejiMaHa W COOTBETCTBY-
IoINel ONTUMU3AIMOHHON 3a/1a9i Ha I'pacdaX WHTEPBAJILHBIN aHAIU3 MOJAPOOHO PaccMaTpH-
Baercs B [3,39]. [pyrue 3ajadu upeMnoTeHTHON JIMHEHHON ajarebpbl ObLIM PACCMOTPEHBI
B [20,22,28,44,45|.

N nemmiorenTHas MaTeMaTUKa OKa3bIBaETCs IPOIIE ee TPaJMIMOHHOr0 anaJora. Hampu-
Mep, B TPaJUIMOHHON MHTEPBAJbLHON apudMeTHKe MePEMHOXKEHNE UHTEPBAJIOB HE JINCTPU-
OyTHUBHO OTHOCUTEIBHO CJIOYKEHUS, TOT/Ia KaK B MJIEMIIOTEHTHON NHTEPBAJIBHON apudMeTnKe
9Ta JUCTPUOYTUBHOCTDH cOXpaHsgeTcda. BoJsiee TOro, B TpaJulinOHHOM WHTEPBAJIHLHOM aHAJIH-
3¢ MHOXKECTBO BCEX KBaJIPATHBIX MHTEPBAJbHBIX MATPHI] 33/ JaHHOTO MOPsIKa He obpasyer
JlazKe TOJIYTPYIIIbI IO MATPUIHOMY YMHOXKEHHUIO: 9Ta OlEePaIllisd He acCOIUATUBHA, TOCKO/Ib-
Ky JUCTPUOYTHUBHOCTH TEPSETCs B TPAJMIIMOHHON MHTEpBa/bHON apudmeruke. Haobopor,
B WJIEMIIOTEHTHOM (U MOJIOKUTEIHHOM) CIydae acCOIMATUBHOCTh coXpaHsercs. Hakower, B
OOBIYHOM MHTEPBAJLHOM aHaJn3€e HEKOTOPhIE 3aJaui JIMHEHHOM a/iredphl, TaKHe Kak pele-
HUE JIMHEHHBIX CHUCTEM WHTEPBAJILHBIX YPaBHEHWMH, MOXKET ObITh OY€Hb CJIOKHBIM (TOUHEe
roops, oun N P-nosmbie, cM. [29] n cebuiku Tam ke). B [3, 39| mokazano, uro B muem-
[IOTEHTHOM CJIydae PellleHne WHTEPBAJIbHBIX JIMHEHHBIX CUCTEM TPEOYET IOJIUHOMHUAILHOTO
KOJIMYeCTBa oreparuii (Tak yKe Kak ¥ Jjist 0ObITHOrO MeTo/la uckodenus Laycca). /IBa cBoii-
CTBa, KOTOPbIE JEeJIaI0T HAEMIIOTEHTHYIO0 HHTEPBAJILHYIO0 apuMeTUKY TaKoi IIPOCTOi, — 9TO
MOHOTOHHOCTH apu(METUIeCKUX OMePaInii U MOJOKUTETLHOCTb BCEX IJIEMEHTOB HEMIIO-
TEHTHOT'O TOJIYKOJIbIIA.

OTMmeruM, 9TO MHTEPBAJILHBIE ONEHKH B UJIEMIIOTEHTHONH MaTeMaTHKe OOBIYHO sIBJISIIOTCS
TOYHBIMU. B TpaJIMIMoOHHOI Teopun Takue OIEHKH, KaK ITPABUJIO, CJIUIIKOM TEeCCUMUCTUYe-
CKHe.

1.5. WMaeMnoTeHTHBI NPUHIUII COOTBETCTBUS

Cy1tiecTByeT HeTpUBHUAJIbHAST AHAJOTUST MEXK/Iy MATEMATHKON MOJIYKOJIEI U KBaHTOBOI
MexaHuKoii. Hampumep, mojie BemecTBEHHBIX YUCE/T MOXKHO PAacCMaTPUBATh KaK «KBAHTO-
BBl OOBEKT» OTHOCHUTEIHLHO HMJIEMIIOTEHTHBIX IMOJIYKOJIEI, KOTOPble PacCMaTPUBAIOTCH KakK
«KJIACCUYECKUE» U <IOJIYKJIACCUIeCKHe» OOBLEKTHI OTHOCUTE/IHLHO I0JIsI BEIECTBEHHDBIX YH-
ceJl.

[Iycte R — moJte BemecTBeHHBIX Ynces, a Ry — MOAMHOXKECTBO BCEX HEOTPUIATETHLHBIX
qncesi. PaccMorpuM cjie/1yioniyio 3aMeHy rmepeMeHHbIX:

u+— w = hlnu,

e v € Ry \ {0}, h > 0; takum obpasom, u = /" w € R. O6ozraunmm depes 0
JIOTIOJIHUTEIBHBIN 3JIEMEHT —00 1 Yepe3 S pacIIMpeHHyIo BerecTBenHyo npsmyio RU{0}.
DTa 3aMeHa MEPEMEHHBIX MMEET ecTecTBeHHOe pacimpenue D, Ha Bce S ¢ Dp(0) = 0;
Takke Mbl oJoKuM Dy (1) =0 = 1.

O6o3HaunM S;, MHOXKeCTBO S, cHabKeHHOe JByMs omneparusMu @By (0600IeHHoe C10-
)kernne) u ©p (0060bIenHoe yMHOKeHNE), Takoe 410 Dj — romomopdusm m3 {Ry,+,-} B
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{S,®n, ®n}. D10 03HAUAET, UTO
Dy (uy + u2) = Dp(ur) @n Dip(u2), Dp(uy - ug) = Dp(ur) ©p Dp(us),

TO ecTh Wy Op Wy = wy + wy U wy B wo = hIn(e®/? 4 ev2/h). Jlerko nokaszarn, 4To
wy By, we — max{wy, ws} upu h — 0.

Anrebpandecku R, u S; uzoMopdHBI, 09TOMY MBI moydaeM Ry, KaK pe3yabrar
npegienbuoit jieopmanmun Ry. Mbl nogyepkuBaeM OYEBUIHYIO AaHAJOTHIO C IIPOIETY PO
JleKBaHTOBaHusl, rje h — anajor nocrosuuoit [lnanka. Takum obpaszom, Ry (mwm R)) ur-
paeT pojib «KBAHTOBOTO O0BEKTa», & Ry — «KJIACCHIECKOTO» WU «IOJIYKJIACCUIECKOTO»
00bEKTa, KOTOPBIN MOJyYIaeTCsd KaK Pe3ysbraT Jekeanmosanus KBaHTOBOro obbekTa R .
B ciayaae Ry, cooTBercTBYyIOIIas Mporeypa JeKBAaHTOBAHNS TOPOXK/IACTCH 3aMEHOM T1epe-
MEHHBIX U +— w = —hlnu.

B ciydae mosist BEIecTBEHHBIX M KOMILIEKCHBIX 9UCEJT, UJIEMIOTEHTHOE JIEKBAHTOBAHIE
B TOJYKOJBIO Rpax (mm Ry, ) omnpesessiercst ¢ moMoIbio KOMIIO3UIMUA 0TOOPazKeHUsT
x +— |z| u medopmaruu, ONuCaHHO BBIIIE.

B 10 ke BpeMmsi MJIEMIIOTEHTHOE JIEKBAHTOBAHHE UI'PACT BAYKHYIO POJIb B METOJOJIOTHN
u B dusocopun UIeMIOTEHTHON MaTeMaTUKU KaK ODOCHOBaHUE BO3MOXKHOCTHU IIEPEHOCA C
OCHOBHOTO TOJIsT (KaK MPABUJIO, BEIECTBEHHBIX UJIN KOMILIEKCHBIX IHCeJT) HA HIEeMIIOTeHTHOe
HOJIYKOJIBII0O MHOTUX MATEMATUIeCKUX MOHSTHUH, KOHCTPYKIMI U pe3ysbraros, cM. [31,33].
W nemriorenTHOE JIEKBAHTOBAHUE MTPUBOIUT K CJIEIYIONIEH (hOPMYIUPOBKE UdeMnomenmmozo
npunyuna coomsememeus [31,33):

Cywecmeyem I6PUCTNIUMECKOE COOTNBEMCINBUE M@DfC(?y UHMEPECHBIMU, TLONE3HDL-
MU U 6AHCHDIMU PESYABINAITAMU naod noaem GEULECTNBEHHDILT (’(L/LU %’0M7’L/L€%’CH?)LZL’)
Hucea U nNoOToOHCUMU KOHCMPYRUUAMU U PE3YADMAMAMU Had UeMNOMEHMMHIMU
noAyxonvuamu 6 dyxe npuryuna coomeemcmaeust H BOpCL 68 K6aAHMOBOU MELG-
HUKE.

Hoemnomenmuwiti npunyun

Tpaguuuonnas coomeemcmeust NnaemnorenTHas
MaTeMaTHKA ~| maremaruka
ITonst W neMnoTeHTHEBIE
BElIECTBEHHBIX TOJIyKONbLA
1 KOMIIICKCHBIX U MOJTYTIOJIA

qucen

¥ ¥

Ksantopan |_!/punyun coomsememeus H. bopa | gy cepyeckas

MEXaHHKa MEXaHUKa

UnemmorenTHasT MaTEeMATHKA MOYKET PACCMATPUBATHCS KaK <«KJACCHYECKasl TeHb (W
JIBOMHUK)» TPAJMIIMOHHOM MaTeMaTuKu Hajl 1oJisiMu. CucTeMaTuyecKoe MPUIOKEeHHe 9TOro
[PUHIIAIIA COOTBETCTBUS BEJIET KO MHOYKECTBY TEOPETHIECKUX U IMPUKJIAIHBIX PE3y/IbTaToB,
cM., Harpumep, [31,33,36,39,42,53,54|. Ceasb ¢ kBaHTOBO# (bU3UKOM MOAPOGHO 06CY 2K 18T,
Harpumep, B [31].
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Tenepb MbI 06CY UM HJIEIO O TOM, KaK WJIEMIIOTEHTHBIN ITPUHITAII COOTBETCTBUS MOT OBI
NPUBECTH K YHUDUITUPOBAHHOMY TIOJIXO/LY K pa3paboTKe ammapaTHoro obecredenus. [1oapoo-
Hee 06 9TOI uyee u ee ocymiecTBICHAN cM. B [35,40].

HauboJtee Bazkuble U JaBHO U3BECTHBIE YUCJIEHHBIE &JITOPUTMbBI IMEIOT MHOYKECTBO alllla-
PaTHBIX peasu3aliil B BUJie TEXHUIECKUX YCTPONCTB WK CIIEUAIBHBIX ITPOIECCOpoB. JacTo
9THU YCTPOMCTBA MOT'YT UCIIOJIb30BATHCA KaK IIPOTOTHUIIBI JJIsi HOBBIX allllapaTHBIX YCTPOWCTB,
B pe3yJIbTaTe IMPOCTOl 3aMeHbl OOBIYHBIX apU(PMETUICCKUX OlepaInii Ha UX aHaJIOTH B ITOJTY-
KOJIbIaX (U JIOMOJTHUTE/IbHBIE CPEJICTBA JIJId OPOKJIEHNs HeHTPaIbHBIX 3jeMenToB 0 u 1).
Paszymeercst, citydaii YUCIOBBIX TIOJIYKOJIEIl, COCTOSIIMX U3 BEIIECTBEHHBIX YUCesT (BO3MOXKHO,
KpOMe HeHTPaJIbHBIX 3JIEMEHTOB) U TIOJIYKOJIEI] YUCIOBbIX HHTEPBAJIOB, ABJISETCS CAMBIM ITPO-
CTBIM U €CTECTBEHHBIM. 3aMETUM, UTO JiIst MOJIyKoster (BKodast Ry 1 Ry, ) oneparust
JeJleHns TaK2Ke OIpejiesieHa.

Db deKkTuBHbIE TEXHITIECKNE UEH U PEIIeHIs MOTI'YT ObITh 3aMMCTBOBAHBI 3 TPOTOTHUIIOR
U peajn30BaHbl B HOBBIX allllapaTHBIX yCTpoiiBax. TakuM oOpa3oM, MPUHIUI COOTBETCTBUS
MTOPOK AET SBPUCTUIECKIIT METOJ /It pa3pabOTKU AIMTaPATHBIX CPEJCTB. 3aMETUM, UTO JIJIs
[OJIyYeHUsI ITaTeHTa HEeOOXOMMO IIPEJICTABUTH TaK HA3BIBAEMYIO «(OPMY/Iy HU300pETEHUsI»,
e Tpedyercd yKas3aTh MPOTOTHI IPEJIaraeMOro YCTPONCTBA M PA3HUILY MEYKJLYy yCTPOii-
CTBOM U €r0 MMPOTOTHUIIOM.

PaccmorpuM (Kak THNUYHBIN TpUMep) caMblil BayKHBI U JIABHO M3BECTHBINH aJrOPUTM
BBIYUCJICHUS CKAJISPHOTO ITPOU3BE/ICHNUS JIByX BEKTOPOB:

(T,y) = T1y1 + TaY2 + - + TpYn. (1.1)

YuupepcasibHast Bepcus dhopmyiibl (1.1) s oboro moykosbiia A odeBHIHA:

(,9) = (10%) D (120 %2) B+ ® (T O Yn)- (1.2)

B ciygae A = Ry 9Ta popmysia NpuHUMAET CJICIYIONINN BUI:
(z,y) = max{zy +y1,Z2 + Y2, , Tn + Yn} (1.3)

DTO BBIYUCIEHUE CTAHJIAPTHO JIJII MHOTUX AJTOPUTMOB ONTUMM3AINH, [TO3TOMY IOJIE3-
HO CO3/IATh anmapaTHoe CpeicTBO s Beraucserns (1.3). CymecTByeT MHOKECTBO Pas3iit-
HBIX YCTPOWCTB U TATEHTOB I BbruuciaeHus (1.1), m KaxKJ0e Takoe yCTPOHCTBO MOMKHO
UCII0JIB30BaTh B KadeCTBE IIPOTOTHUIIA JIjIs CO3/[aHUs HOBOI'O YCTPONCTBA Jjis BBIYUC/ICHUS
(1.3) u maxe (1.2). MHorue mporieccopbl /il MEPEMHOXKEHUsT MATPHUIL U JIPYTUX aJrOPUT-
MOB JIMHENHOI aJreOpbl OCHOBAHBI Ha BHIYUCIEHUN CKAJIAPHOIO IIPOU3BEIEHUS U HA COOTBET-
CTBYIOIIUX <«3JIEMEHTAPHBIX» yCcTpoiicTBax. VICob3ys COBpeMEHHBIE TEXHOJOIUU, MOXKHO
CO3JIaTh JIeleBbIe CHEeaJIN3NPOBAHHBIE MHOTOIIPOIIECCOPHBIE YUIBl U CHCTOJNYIECKIE Mac-
CHUBBI 3JIEMEHTAPHBIX [IPOIECCOPOB, PEaTN3YIONNX YHUBEPCAIbHbIE AJITOPUTMbL. CM., HAIIPU-
Mep, [35,40,48], rae 06CyKIAIOTCST CUCTONNIECKIE MACCUBBI U BOIIPOCHI MAPaJUICIbHOTO BbI-
YUCTIEHUS B pPaMKaxX 3aJladd ajredpanmdeckoro myTu. B dacTHOCTH, CyIIeCTBYeT CUCTOJIH-
qecknit MaccuB 3 n(n + 1) s1eMeHTapHBIX MIPOIECCOPOB, KOTOPbIE BBIIOIHSIOT AJTOPUTM
nckmovenns [aycca—2Kopiana 1 MOTyT periarh 3a/ady ajaredpamdeckoro myTH 3a Hn — 2
BPEMEHHBIX II1aroB.
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2. Hekoropble yHUBepCcaJbHbIE AJTOPUTMBI JIMHEIHON aJIiredpsI

B stom pasnesrie MBI pacCcMOTpUM YHUBEpCATbHBIE aJTOPUTMBI Bbrauciaerus A* u A*B.
MpbI HaYHEM C IIPOCTBIX METOJOB: 3CKAJATOPHOIO METOa M MeToja MCK/odenus [aycca—
Kopmana B nojpasjieste 2.1., a ToToM pacCMOTPUM MOJIU(DUKAIIIO STUX METOJIOB JIJIS CJIy-
vag cucreM Témmuna (moapaszen 2.2.). Yuupepcaiabroe LDM-pasiioxkenue Jisi ypaBHEHUs
Bennvana onmcano B nospaszese 2.3., a IOTOM IIPUBOIUTCS AJIAITAIINAS STOTO METO/A JIJIst
CJIy4aeB CUMMETPUIHON 1 JIeHTOIHON MaTpulibl (toapaszen 2.4.) . Janee obcyxkaaorcs aBe
UTEPAIMOHHBIE CXEMbI, 8 TaKKe Peasn3aliis YHUBEPCAIbHBIX AJITOPUTMOB (T1oapases 2.7.).

Camu asiroputmbl OyayT 3amucanbl Ha sa3bike MATLAB, cinenys xkuaure [onyOa u Ban
JloyHa. D70 ¢lIesIaHo 10 CIIYIONMM IIPUYUHAM: 1) YKeJIaHue YIPOCTHTh CDABHEHHE aJIlOPUT-
MOB C UX aHAJOTaMHU, B3dATHIX IpenMyInecTBeHHo u3 [1]; 2) mockonbky 36k MATLAB pas-
paboTaH I MATPUYIHBIX BBITUCICHUN U ya100eH i ux 3anucu. Mbl He Oyiaem gpopMaibHO
omuchbiBarh npasuia Hamero MATLAB-o6pasHoro si3bika, IpeanoYuTas TOJIbKO BBIIEJIUTD
CJIeJIyIONINe BaXKHBbIE OCOOEHHOCTH:

1. OcuoBuble apudmerndeckue omeparuu: a Gb, a©b u a*.
2. Dr1u XKe oneparyu Jijiss BeKTopos cienyior mpasuiam MATLAB.

3. Mar ucnosibzyem ocuoBable KioueBbie cioBa MATLAB: «fors, «ifs u «end», moxoxue
Ha KJIFOUEBBIE CJIOBA JIPYIHUX si3bIKOB Iporpammuposanus (C++, Java, ...).

,D;a,IH/IM HECKOJILKO IIPUMEPOB YHUBEPCAJIbHBIX MaTPUYIHBIX BBIYNCJICHUI Ha HaIlleM g3bIKE.

MIpumep 2.1 v(l:j5)=a*©®a(l:j k) o3nauaer, 9ro pe3yabrarT YMHOKEHHs (CKa-
JISPHOTO) MEPBBIX j KOMIIOHEHT k -if KOJIOHKH MATPUIbl A Ha 3aMBIKAHUE (v IPUCBANBACTCS
IEPBBIM j KOMIIOHEHTAM BEKTOpa 0.

Mpumep 22. a(i,j)=a(i,j)®a(i,1:n)©a(l:n,j) oznagaer, 410 Mbl J006aBIsIEM
(@) K 9steMeHTy a;; MaTpHIBl A pesy/bTaT CKaJIspHOIO yMHOMXKeHHs (YHUBEPCAJIBHOIO)  -i
CTPOKH 1 j-r0 cTosibiia Marpuiiel A (mpennosaraercs, uto A — marpura n X n ).

Ipumep 2.3. a(l:n,k)®b(l,1:m) o3nadaer BHelIHee IPOU3BEICHIE k -I'0 CTOJIOIA
marpuiel A u [-it crpoku Marpurpl B. Diementsl Marpuiibl-pesyibrata C'=(c;;) paBHBI
Cij =i, Oby qmaseex t=1,...,nu j=1,...,m.

Mpumep 24. z(1 :n)®y(n: —1:1) — ckansgpHoe MPOU3BEECHNE BEKTOPA T U
BEKTOpa ¥, YbM KOMIIOHEHTHI OEpyTCs B OOpATHOM IOPSIIKE: IMPABUILHOE aaredpanmdecKoe

n
BbIpazKeHne P, _; T; © Yni1—;.

[Ipuwmep 2.5 Crexyromuii MUK/ BEITUCIAET TOT YK€ PE3yJIbTAT, YTO U IIPE BTy it
IIpUMeEP:
s=0
for i=1:n
s=s®x(i) ©x(n+1—1)
end
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2.1. DckajmaTopHas cxema u mckjaoueHnme l'aycca-2Koppana

CragaJjia MBI TpOAHAIN3UPYEM 0A30BbBIN SCKAIATOPHBIN METO/T, OCHOBAHHBIN Ha OIIpPE/Ie/Ie-
uun 3ambikanus Marpurst (1.3). Ilycre A — kBajipaTnast MaTpuria. 3aMbIKaHUs €€ TJIaBHBIX
nmoamaTpul;, Ap MOryT ObITH HaliJIeHBI 110 WHIYKIMH, HAUUHAS C A’l‘ = (all)*, 3aMbIKaHUA
[IEPBOrO JIMATOHAJILHOTO 3j1eMeHTa. B o0IeM ciryuae Mbl BbIpazkaeM Ag; Kak

(Ar gk
Ak:+1 - (hg azk;+1) )

peJroiaras, 9To Mbl yzKe Hallli 3aMbikaaue st Ay, B aroit dopmyse gy u hy — cTosOis!
¢ k sjeMeHTaMM U djy1 — cKauaAp. Mbl Takxke Beipazkaem A, Kax

« (U w
k1= | T :
Wy U1

Ucnonb3ys (1.3), MBI moIydaem, 9To

w1 = (hi Ajgr © axi1)",
U = ALgrUi1,
wlz = ukJrlthZa

(2.1)

Asropury, ocHoBaHHBIN Ha (2.1), 3aIMCHIBAETCS CIEIYIOMUM 00PA30M.
AnroputMm 1. Jckaramoproiii memod svuucienus s A*

Bxon: marpuna A pasmepom n X n ¢ smementamu a(i, j),
TaKzKe MCIOJIL3YeTCs JIJIs XPAaHEeHUsT Pe3y/IbTaTa, BbIYUC/ICHUS
U [IPOMEZKYTOUHBIX PE3Y/IbTaTOB BLIUUCICHUS.

a(L,1) = (a(1,1))"

for i=1:n-1

Ag=a(l:4,1:i)0a(l:d,i+1)
hA=a(i+1,1:49)©®a(l:4,1:4)

ai+1,i+1) =ali+1i+1)@a(i+1,1:i)® Ag(1:i,1)
a(i+1,i+1) = (ali + 1,7+ 1))*
a(l:ii+1)=a(i+1,i+1)©® Ag

(1
a(z—l—l l:i)=a(i+1,i+1)OhLA
a(l :

ti)=a(l:i,1:9) P AgOa(i+1,i+1)©hA
end

B mosHo#t amajormm co CBOMM TPOTOTHIIOM W3 JIMHEWHON aareOphl aJropuT™ TpedyeT
n® + O(n?) onepammii cnokenuss B, n® + O(n?) onmeparuit ymMuo)enus & u n oneparuii
B34TUs aaredpamvdeckoro 3ambikanus. JIuHeino-ajarebpandeckuii MPOTOTUIl METO/IA, 3alli-
CAHHOTO BBIIIIE, TaK¥Ke HasbiBaeTcst B iureparype [11,18] memodom okatimaenus.

B kauecTBe asbrepHATUBBI, MBI MOXKeM Mo/TyanTh perrenne X = AX @& B B pesysbrare
IpOIecca UCKII0UeHnst, popMaibHOe 00bsICHEHIE KOTOPOro jJano Huzke. Ecam A* ompese-

nstercs kKak @.., A" (Biouas cKaagpHbIil ciiydail), Torna A*B HauMeHbIIee pelieHue

120
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X =AX®B jusascex A u B 10IXomsImx

pa3mepoB. B aToMm ciydae, perenune, HalijieH-

HOE C IIOMOIIIBIO IIPOIEcca UCKIIOUeHNsI, coBiajgaer ¢ A*B.

Ha marpunet A = (a;;) u Bekrop-cTosbnos = = (z;) u b = (b;) (orpanumummcs Ge3

norepu OOIIHOCTH CcJIiydaeM, Korja = u b
T = Az ® b MoOxKeT OBITH 3aIIUCAHO KaK

X1 ailr  aig A1n

X2 ag1  A22 A2p,

Ln an1  QAp2 Ann
Ilocne BBIpaxkeHud x; Yepe3 Io,...,IT,

— BEKTODP-CTOJIOIBI)  ypaBHeHHEe bBesvana

T 10 0 b1
i) 01 0 bz

D (2.2)
T, 00 1 by,

U3 IIEpBOro ypaBHEHUA U IIOJCTaHOBKU 3ITOI'O

BBIDaKeHUs JUId L1 BO BCE JIpyIrUe ypaBHEHUdA OT BTOPOI'O JIO0 71-I'O MBI IOy YUM:

X1 0 (an)*am
ra| [0 an® (a21(ai1)*asz)
T 0 an2 ® (ani(a11)*ar2)
(all)* O
azl(an)* 1

Gnl(an)* 0

BaMeTI/IM, 4TO HeTpuBHUaJIbHbIE 3JIEMEHTLI B

(all)*aln I
azy ® (azi(a11)*a1n) | | 22
nn @ (an1(a1)*ain) Tn
0 by
o1 "™ (2.3)
1 by,

obenx MaTpullaX 3aHUMalOT JOIIOJIHUTEJIbHBIE

110 OTHOIIIEHUIO JIPYTI K APYIY IO3UIUH, IIOTOMY BO BpEMI BBIYUCJIEHU 00e MaTpulbl MOI'yT

XPaHUTHCA B OJHON KBaJpaTHOU MaTpHUILE Ck

) (k)
. Obo3HaUMM ee 3JIEMEHTHI Yepe3 Cij, TAe

k — 4MCJI0 UCKJIIOYEHHBIX IIEpeMEHHDbIX. IIocne | — 1 uckIOYeHNsS MBI IMEEM

l—l *
(i) b,

xr; =
e =iV ey
) =iV e V(e
ij=1,...,01—1,14+1,.
e = (e )l

i=1,...,0—11+1,....n

-1
D

)" (2.4)

T

Y

t=1,...,0—11+1,....n

[Mocre n wmeksmouennii myveeMm x = C™b. Buibupas B KadectBe b 10601 BEKTOP € OHOl

KOODJIMHATON, paBHOU 1, a ocTrajbHBIMHU, paBHbiMU 0, TOIydIUM C™ = A*. Bammmem

CJIEJIYOIIHIA aJITOPUTM, OCHOBAHHBIN HA pekypcun (2.4).

AnroputMm 2. Memod uckarwuernus Laycca—XKopdara das evuucaenus A*.

Bxoxa: marpunia A pasmepoB n X n ¢ ssementamu a(i, ),

TaKzKe UCIIOJIb3YETCA JJIdA XPaHCHUA OKOHYATE/IbHOI'O peE3yJibTaTa

1 IPOMEZKYTOYHbBIE PE3YJ/IbTATHI BBIYHMCJIEHUI.

for i=1:n

a(i,i) = (a(i,i))*
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for k=1:n

if k=#£1
a(k,i) = a(k,i) ® a(i, )
end end

for k=1:n

for j=1:n
ifk£i&j#1i

a(k, j) = a(k,j) & a(k,i) © a(i, j)
end end for j=1:n
if j#£14
a(i, ) = ali, i) © ai, )
end end end

Sameuyanume. AjropuT™m 2 MOXKET pacCMaTPUBATHCA KaK <«yHUBEPCAJBHBIA aJropuTM
D roitaa- YopiaJiay, 0600MAaonnii XOpOoIo U3BeCTHBIE aJIropuTMbl Yopiajia n Dioiima
JIUTsT BBIYUC/IEHUST TPAH3UTUBHOTO 3aMbIKaHUsI rpada n Bcex ONTUMA/IbHBIX IMyTell Ha rpade,
cM., nanpumep, [7]. B cBowo ouepesib, 9TH METObI MOIYT PACCMATPUBATHCS KAK YACTHDLIE
CIydan aJropuTMa 2 Jjisi TPOIMYECKUX U OyJIeBBIX MOJIYKOJIEIl. AJIropuT™M 2 Takke OJIU30K
K METO/y «ITOTIOJIHEHUs» KpimoBa Jijist oOpalleHnst MaTpUILl U perneHust cucreM Bujga Axr = b
B KJIACCHYECKOI JmHeiinoit anredpe, noapobuoctu cM. |11, riasa 2.

2.2. Cucremnbl Ténaumna

BanuiemM 3CKaJaTOPHBI MeTOJ| JiIsi HaXOXKJeHus pemeHus x = A*b  ypaBHeHust
r=Ar @b, tne x u b — BEeKTOP-CTOJIOIBI, AHAJIOTUIHBIA OMMCAHHOMY B IIPEJIBIILYIIEM
pasJiesie SCKaaTopHOMy MeToxy s Haxoxaenua A*. Haumem ¢ ) = A%, Ilyers ()
— BeKTOD, Haiijenublii mocsie (k — 1) mara. [IpeacraBum ero B BujIE

2D ( < ) .
Ll+1

Ty = uk+1(h2x(k) D bpi1), z= z®) @ AL GrTri1- (2.1)

Ucnonb3ys (2.1), MbI mosrydaem

Tpebyercst Borancantb Ajg,. Jlatee Mbl IOKaxKeM, 9TO 9TO BBIYUCJIEHUE MOYKET OBITH IIPO-
BeeHO ropa3sio dbdexTuBHee, Korma A — cumMmerpuuHas TEIINIEBA MaTPHIIA.

Marpuna A € Mat,,(S) HaspiBaerca ménsuyesot (nmn mampuuyetd Ténauya), ecin
CYIIECTBYIOT CKAJIAPBL T_pii,..., T0,...,Tn—1, TaKme, 9T0 A;; = rj_; g Bcex ¢ U j.
Jpyrumu cjioBamu, TEILIAIEBBI MATPUITHI 00/IaIAI0T T€M CBOWCTBOM, YTO WX JIEMEHTHI 110~
CTOSIHHBI BJIOJIb JIFOOOM JIMHUU, TTapaJslie/IbHON TJIaBHOI IuaroHaJIn (1/1 BJOJIb CAMON TJIABHON
nuaronasn). Hampumep, marpuria

To T1 T2 T3
r-1 To oo
ro T-1 To T
r3 r—2 T-1 To
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Térniensa. Takue MaTpuibl He 00sS3aTE/IbHO CUMMETPHYHbIE, OJTHAKO OHHM BCETJA MePCUM-
MeMPUYHbLE, TO €CTh CUMMETPUIHBIE OTHOCHUTEILHO MOOOYHON JUANOHAJM. JTO CBOWCTBO
asnrebpandecku Belpaxkaerca kKak A = E,ATE,, tne E, = [€n, ... e1]. Hepes e; Mbr 060-
3HavaeM CToJIOel, Jeil ¢-if syiemenT pasen 1, a jpyrue sjiemenTsl paBabl 0. I3 cBoiicTBa
E? =1, (rpe I, — eunHuvHag MATPULA N X 1) CJEJYET, YTO NPOU3BEJICHUE JBYX II€PCUM-
METPUYIHBIX MATPHUIL sIBJIsIeTCs rmepcuMMerpudnabiM. CrreoBaTe/ibHO, J1I00ast CTeleHb Iep-
CUMMETPUIHON MaTPHUIILI IEPCUMMETPUYHA, KaK 1 3aMbIKAHIE [IePCUMMETPUIHON MaTPHUIIBI.
Takum obpasom, eciu A mepcuMMerpudHa, TO

T
E, A" = (A") E,. (2.2)
Jlasiee MBI paccMaTpUBaeM TOJBKO CUMMETPUYHBIE TEIIUIEBLI MATpUIlbl. PaccMoTpum
ypasuenme y = Ty & r™, roe ™ = (ry,...,r,)" n T, onpenenserca ckaigpamu
70, T1s .-+, Tp—1 TaK, uTo Tj; = 7T);_; Jjad Beex ¢ U j. ITo obobmenue sataun FOma—

Yoxkepa [1]. IIpeamosioskum, 9To MBI HOTydnman HamMmenbiiee permenme 3% crmcrembr
y = Try ® r® g mexoroporo k Taxoro, uto 1 < k < n—1, rae T}, — maBnas k X k
nogmaTpuria matpuribl 1),. Torga Tyy; MOXKHO 3aIMCaTh B CJIEIYIONIEM BHUJIE:

o T Be®
k+1 — T’(k)TEk To )

y(k+1) _ (Z) P (T(k)> .
ai)’ Tk+1

Ucnionmszys (2.1), (2.2) u toxaectso Tir® = y*) nmr momyaaem, |aro

a y*tD g ) gak

ap = (10 @ r(k)Ty(k))*(r(k)TEky(k) B re1),
O6ozraanM [ = ro@r®Ty*)  Crnemnyromnias BHIKIaIKA TOKA3BIBAET, 9TO [ MOMKET OBITH
Haiiyien pekypeusno, eciu (S5 ,)~! cymecrsyer:

Br =10 D [r(’“—l)T 7] (Ek—ly(k_l)ak_l D y(k—l))
Qg1

=7y D T‘(k_l)Ty(k_l) D (T(k_l)TEk_ly(k_l) D rk)ak—l

=B ® (Bi_) " O ajy (2.3)

CymecrsoBanue (f;_,)”' He rapaHTHPOBAHO, W TOITOMY MBI 3AIUCHIBAEM J[BE BEPCUN

HAIIIETO AJrOPUTMa, repBas BKodaer (2.3), a Bropas He BKJIOUaeT. Mbl 3amminem obe 31w
BEpCUU B O,Z[HOI?I oporpaMmMe U BBIJICJIHUM BbIPpazKC€HNA, KOTOPbIE OTHOCATCA TOJIBKO K HepBOﬁ
WM TOJLKO K BTOPOi, ¢ momomibio KomMmenTtapues asblka MATLAB %1 n %2 coorser-
crBenno. Cobupas BuIpazkeHus Ijisd [y, p W Z, MBI HOJYYUM CJIEIYIOIIee PEKypPCUBHOE
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BbIpazKEeHHeE!:

Be=Bra®Br )t Oar %1

. = (ﬁk)* @ (T(k)TEky(k) EB Tk-l—l), (24)
(673 '

Pekypcus (2.4) — sro o6obimennast Bepcust meroja lypouna st 3amaqau FOma-Yokepa, mpo-
ToTui ajroputrMma cM. B |1, aaropurm 4.7.1].

AaropurMm 3. Memod Hypbuna oaa 3adavwu FOnra—Yoxepa oaa ypasnenuti Beaamara ¢ cum-
mempusrot mampuuet: Téniuya.

Bxon: rq: ckamap,
r: n—1x1 BekTop;

y(1) =r5or1)

ﬁ:’l“o %1

a=r;or(l)

for k=1:n-1

B=rodr(l:k (lkr) %2

) ©
=B () oa %1
a=0rk:-1:1)0y(l:k)er(k+1))
Lik)=y(l:k)@ylk:—1:1)0Oa
k) = (1 k)
kE+1)=
end

0

<
—_

(
(
(

<

Beixom: BekTop .

B obmem ciayuae amropurm tpebyer 3/2n* 4+ O(n) omnepamumii & u © KaxKoil U TOJIBKO
n? + O(n) omepamnuit & u O, eciu JOINYCKAIOTCA WHBEPCHU ajirebpandecKux 3aMbIKaHuil
(kaK OOBIYHO, TPEOYeTCsl TOJBKO N TAKUX 3aMbIKAHUN B 00OMX CJIydasiX).

n)

Pacemorpum 3ajady Haxoxenns (™ = T;{b( , The T, 3aJaHBl KaK BBINIE, a BEK-

top b™ = (by,...,b,) npomssonen. Takske Mbl BBeseM BekTop-croter y*) | apnaromuiics

k) OcHoBHag I/I,ZLGH COCTOUT B HaXOXKJICHUU

k+1) o plk+1)

permennenm 3agadn Fma- Yokepa: y*) = Tir (
poIpaskenns g ok = T,;‘Jrll)("”rl)7 pmovatormux %) u y® . Bammmen

L) (U> pk+1) _ (b(k)) .
Hi ’ bk+1
k

Hcnons3ysa nepcummerputo 1) n Toxkaectsa 17b, = z® u Tir, = y®) | npeobpazyem

CJIEJIYIOIIUM 0OPa30M:

BeIpazkeHust (2.1) u mosryanm, 9To

pe = (ro @ rTyEN o (b Ea® @ by ),
0= By® @ 2®.
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Koadpdunument ry & r*7T

y*) = B, MOXkKeT GbITH BBIPAsKEH PEKYPCHBHO:

Br = b1 @ (Bi_y) ™ © (1),

ecsi 3aMbIKanue ([Sg_1)* obpaTuMo. YUUTBIBasi 9TY BO3MOYKHOCTD, IIOJIydaeM CJIEJIYIOIIne

BbIPpa2KCHUA:

Br = 1o ® rMTy®)

, o %2

B = Pr—1 & (5;?—1)_1 © 0‘2—17 %01

. = By © (rPTEa® @ byyy),

(2.5)

LR+ <Eky(k),uk D ar(k)) .

M

Beipazkenns (2.4) u (2.5) gaor ciefyioriee 06001ienne aaroputma JIeBuHCOHA perreHnst

JIMHEHHBIX CAMMETPUYHBIX cucTeM Témmiia, M. nporotun B |1, asropurm 4.7.2].

AnroputMm 4. Memod Jlesuricona das cucmem Beasmara ¢ cummempuyuroti mampuyed

Tenauua

Bxoma: ry: ckassp,
r: 1 Xxn—1 BEKTOpP-CTPOKa;
b: n X 1 BekTOpP-CTOJIOEIL.

y(H)=rgorl); =(1)=r;ob1);
ﬁ:TO %1

a=rior(l)

for k=1:n-1

B=ro@r(l:k)oy(l:k) %2
B=pa () 'oa® %l
pu=p0rk: =1:1)0z(l:k)dbk+1))
v(l:k)=z(1:k)dyk:-1:1)oOp
x(1:k)=wv(l:k)

x(k+1)=p

if k<n-—1
a=p0rEk:-1:1)oy(l:k)dr(k+1))
2(1:k)=y(l:k)dyk:—-1:1)0Oa
y(1:k)==2(1:k)

ylk+1) =«

end end

Bpixoa: BekTop .

B obmiem ciyuae anropurm tpedyer (5/2)n? + O(n) ounepamuit ¢ u & KaxKuasd, U TOJIBKO

2n2 4+ O(n) onepamuii & u ©, ecau aarebpandecKue 3aMbIKaHUSA 0OpATUMBI (KaK 0GBIYTHO,

Tpebyercs TOJBKO 1 3aMbIKAHUIT B 000MX CJIyJasix).
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2.3. Pazaoxkenue LDM

Ha1 kyraccmiecKuMu 9ucIoBBIMU TOJISIMU MATPUIHbIE YpaBHeHu:A Bijia AX = B MOXKHO
peraTh ¢ MOMOIIbI0 pas3joxKenusi matpuiiel A B ipoussenenne A = LDM, tne L u M —
HIUZKHSISI 1 BEPXHsIS TPEYTOJbHBIE MATPUITHI C € JMHIIHON THMAroHa b0 COOTBETCTBEHHO, a [)
— JmaroHaJibHasi Marpuiia. Mbl mocTpouM 1oxoxKee pasJyiozKeHue JiJisi pelieHus ypaBHeHUs
Bernvana X = AX @ B HaJl OTYyKOJIbIIAMHA.

B ciyuae cucrembr AX = B HaJ KJIACCHYECKUME YHCJIOBBIME TIOJISIME, Pa3JIOXKEHIE
A = LDM upupomut K cienytomiemy pasyioxkennto AX = B:

LZ=B, DY=Z2 MX=Y. (2.1)

CiteoBaTesIbHO,
At =MD (2.2)

ecu matpuria A obparuma. Ilo cymecrBy, mocratouno Haiitu marpuriel L, D u M, Tak
KaK Tocje 9Toro juHeinas cucrema AX = B permaercs myTeM KOMOWHAIIMNA TTPSIMOM IO/
CTaHOBKM 7 (pellleHne CHCTeMbl YDaBHEHUIl ¢ HUKHE-TPEYTOJIbHON MaTpPUIeii), TPHBUATb-
HOII MHBEPCUY JIMArOHATIBLHON MaTpuIsl Y 1 o6parHoil mojcranoBku X (peleHne CHCTeMbI
YPaBHEHHUIT ¢ BEPXHE-TPEYTOJILHOM MaTpHIIEii).

Ucnonw3ys paznoxenne LDM gns AX = B Kak OpPOTOTHUI, MbI MOYKEM 3aIlfCaTh
aHaJorudHoe pazjoxkenne a1 X = AX @ B:

Z=LZ&B, Y=DYe&Z X=MXaY. (2.3)

Torma
A= M*"D*L*. (2.4)

Tpoiika (L, D, M), cocrosiiiiasi U3 HUXKHEHl TPEYroJIbHOM, JMarOHAILHON U BepXHEil Tpe-
yTOJbHON MaTpull, HazeBaercss LD M -pasaoorcenuem MATPUIbl A, €CJIi BBITIOJTHEHBI COOT-
Homerust (2.3) u (2.4). 3amerum, 9TO B 3TOM CJIydae IVIaBHbIe juaroHasm marpun L u M
— myJseBble. JIpyrumu ciioBamu, mMarpuna L gBJsgeTcs CTPOro HUXKHe-TPEyrosbHoit, a M
SIBJISIETCS] CTPOI'O BEPXHE-TPEYTOJIHLHOM.

Hama ynusepcanbuas mojucdukarnusg LD M -pa3ioxKeHnns: CXoxKa € YHUBEPCAJIBHON MO-
mudukanueit LU -pasnoxenus, npejyioxentoit Kappe B [18,19], cm. Tak:ke Huzke. YHUBEp-
cayibuble aaroput™Mbl LDM wu LU -pas3iioKeHus MOXKHO NPUMEHATH U B CJIydae OOBIYHBIX
YHCJIOBBIX TOJIEN, OHAKO JIUIIhL B TOM CJIydae, eCcli He TpeOyeTcs omepalus <«BbIOOpa Be-
Jytero sjaeMentay (pivoting). B arom cirydae onn Beramcisor kiaaccudeckue LDM w LU
pasJiokeHust i obparenusi Mmarpuiel [ — A.

Ecmu A — cummerpudHast MaTpuIia HaJl MOJTYKOJIBIIOM ¢ KOMMYTATHBHBIM YMHOKEHUEM,
TO KOJIMYECTBO BBIYUCJIEHUN MOXKET OBITH YMEHBINIEHO BJIBOe, Tak Kak M u L mepexoiadr
JIpyT B Jpyra npu tpancnosunnu. CooTBETCTBYIONINE aJIrOPUTMBI OYIYT MOJIPOOHO PACCMOT-
pPEHbI HUKE.

Mbr HavuHEM €O cirydast TpeyrobHol Marpunbl A = L (wmu A = M). Torja naxox ienue
X cBopuTes K npsiMoit (it obpaTHOi) 3ameHe. B stux ciyuasx ypasnenne X = AX & B
MeeT eJMHCTBEHHOE DellleHne, KOTOPOe MOXKET ObITh HailJIeHO C IOMOIIBIO MPOCTHIX AJIro-
PUTMOB, NIPUBEJICHHBIX HUXKE. B arux ajropurmax B — BekTop (0603HAYEHHBIN depe3 b ),
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OJTHAKO WX (HOC.He COOTBETCTBYIOMIEH MOJUMUKAIMNA) MOXKHO IPUMEHSATH U B CJIydae, KOrja
B — wmarpurma Jiroboro mnogaxojdinero pasmepa. Hac unrepecyer ciaydaii cTporo HUXKHETpe-
YTOJILHOI MaTPUIIbl, COOTBETCTBEHHO CTPOI'O BepXHETPeyro/bHoil, Korjga a;; = 0 11 @ < j,
COOTBETCTBEHHO a;; = 0 myra ¢ 2> j.

AaropurMm 5. [Ipamas nodcmarnoska.

Bxona: Crporo HuxkHerpeyrojibHasdg n X n-marpuna [ ;
n X 1 BekTop b.

y==

for k=2:n
yk)=Uk1:k—=1)oy(l:k—-1)
end

Bsixos;: BekTop .
AnropurMm 6. Obpamnas nodcmarosxa.

Bxoz: Crporo BepxueTpeyrojibHas n X n-MaTpUIa m;
n x 1 BekTop b.

y=>=0

for k=n—-1:-1:1

y(k) =m(k,k+1:n)oyk+1:n)

end

Bsixos;: BekTOp .

O6a anroputma Tpebytor n?/2 + O(n) onepanuit & u © ¥ HUKAKHX ajJrebpanvyecKux 3a-
MBIKQHUN.

[Tocne LD M -pasiioxkeHust HaM HY>KHO BBIYUC/IATH 3aMbIKaAHUE IUArOHAILHON MaTPHUILHL.
OTO JesaeTcs IO3JIEMEHTHO.

Cdhopmymupyem asroputm LD M -paznoxkenus, T. €. Beraucjiaenue matpur, L, D u M,
yaosserBopsiormux (2.3) u (2.4). /JokazareabcTBo OyJIeT IPUBEIEHO HUXKE.

Anroputm 7. LDM-pasnooicenue (eepcus 1).

Bxona: n x n-marpuna A ¢ snementamu a(i, j),
TaKzKe UCIOJIL3YeTCs JIJIsl XpaHeHnsl Pe3y/IbTaTa BhIYUC/IeHUil
U TIPOMEYKYTOUYHBIX PE3YJILTATOB BbIYUCIEHUN.

for j=1:n—-1

v(g) = (alj,9))"

a(j+1:n,7) =a(j+1:n,7) ©v(j)
a(j+1:n,j+1:n)=a(j+1:nj+1:n)@a(j+1:n,j)Oalj,j+1:n)
a(j,j+1:n)=v(j) ©a(j,j+1:n)

end

Anropurm Tpebyer n?/3 + O(n?) onepanuit & nu © u n — 1 onepanuii ajre6panuecKoro
3aMbIKAHUSA.
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Crporo TpeyroJibHasi MaTpuiia L 3alnucbiBaeTcs B HUXKHEM TPEYTOJIbHUKE, CTPOTO BepX-
HeTpeyroyibHasg marpuiia M B BepxHEM TPEyroJbHUKe, U JuaroHajbHasg marpuna [ Ha
JIMArOHAJIM MATPUIIbI, BEIYUCJICHHON aJrOPUTMOM 7.

Tenepsr mokazkem, aro A* = M*D*L*. 3amermm, 9TO NPUBEJIEHHOE HIKE JIOKA3a-
TeJIbCTBO dABJIgeTCs Mojudukanuei jokasareabersa [14], JaHHOrO IS yHUBEPCAJIBLHOTO
LU -paznoxkenus. Nnes 3akyodaercd B TOM, YTOOBI ONPEJIEIUTH YHUBEPCAJILHBINA aHAJIOT
«marpur, [ayccay HUKHE-TPEYTOJBHBIX WA BEPXHE-TPEYTOJIBHBIX, COCTOANUX U3 OJIHOTO
CTOJIONA WU OJIHO CTPOKHU, COOTBETCTBEHHO).

_ (an A
Mo:KHO TPOBEPUTH, UTO
1 hM g )
<On—1><1 In—l
ay O1xn-1 1 O1xn-1 (2 6)
On-1x1 (h(l)aﬁg(l) S B(l))* aﬁg(l) Iy, ) .

e YMHOYKeHHe B IIPaBoil YacTH BeJeT K BBIParKeHMIO, TIOJIHOCTLIO aHagormanoMy (2.1), rie
(RMa%,g™M @ BM)* urpaer poib upii. 3aech u ganee Oy O3HAMACT k X [ -MaTPHIDL,
COCTOAIIE TOJBKO U3 HyJseil, a [; O3HaYaeT eJMHIIHYI0 MATPHUILy pasMmepa [. DTO TakxkKe
MOZKHO HepeHI/IcaTb KaK

A* = M;D¥ (AP Lt (2.7)

(1) %
M, — ( O nWax, )’
Om-1x1 Otm—1)x(n-1)

Dy = ( a1 le(n—l) )
Otm-1x1 Om-1)x(n-1)/

4@ _ ( O1x1 le(n—l))
Owm-1nyx1  R® )’

L, — ( O1x1 O1x(n-1) )
a>1k19(1) On—1)x(n—1) ’
R® — h(l)a’flg(l) @ BW. (2.8)

BJiech Mbl HCHOIB3YeM, B 4acTHOCTH, 4To L2 = 0 u M? = 0, u, ciejgosarenbno, L = [® L,
u M; =1 M.
[lepsorit mar aaropurma 7 (k = 1) Beraumcssier

an  hWaj, 2
AL, oM eD 2.
(g "gét) = 4% e @ nep, 29)

YTO COJIEPIKUT BCIO HYKHYIO UH(MOPMAIIHIO.
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Tereps Mbl pososkuM ¢ nomMarpuiel R marpuner A, packiagsiBast ee Ha MHO-
xKuresn 1o anajgoruu ¢ (2.7), u 7. 1. Onurrem dopMaiabHO k-ii 1mar 3Toil KOHCTPYKIIUH,
oTBevamoNuit k-my mary ajaropurma 7. Ha srom obiiem mare mbr pabotaem ¢

O— _ O— _
A _ ( (k—1)x (k—1) (k=1)x(n k+1)>7 910
O(n—k+1)x (k1) R®) (2.10)

rje
RY =00 (55 0) " @ BEY =

(k) (k)
(‘L@g h(k)> . (2.11)
g B

Kaxk u Ha mepBoM 1m1are, Mbl IIpeJICTaB/IgeM
(AW = My Dy (A®FD)* Lx (2.12)
rae

Ote—)x(k=1)  Oe—)x1 O(e=1)x (n—k)
My = O1x(k-1) O1x1 h(k)(a,(g];; A
Otm—t)yx(k=1) Om—r)x1 Om—k)x (n—k)

OGe—1)x(k=1)  Oe=)x1 O(e=1)x (n—k)

Dy, = le(kfl) a;ﬁ'};) le(nfk) )
Otm-ryx(k=1) Om=tyx1  Om—t)x(n—k)
(2.13)
Ote—1)x(k=1)  Ote—1)x1 Oh—1)x(n—k)
Ly =1 Oix@- O1x1 Oixtmn-r)y |,
k)
Otn—myxte—1y (@) 9™ Otueiyxnn)
A(chrl) _ kak OkX(n—k)
Om-ryxx ~REFD )7
RO 09 () 8) @y g,
BaMeTHM, 9TO MMeeTCs CJIEIyIONee PeKYPPEHTHOe cooTHOIe e Ha 1emeHThr AR :
(k+1) 0, ecm i < k nwmn j < k,
T ) ) By () : : (2.14)
a;;’ © ay (ay, ) ap;, ecmi>kuj>k.

DTa peKypcust cpa3y BUIHA B ajropurMe 7. Bojee Toro, MoXKHO 1MOKa3aTh 110 UHIYKIIUH, ITO
MaTpHIila, BEIYUC/IeHHAd Ha k-M IIare aJropuTMa, paBHa

k k k

A e B Lo M e P D (2.15)

i=1 =1 i=1

Nnaue rosops, 3Ta MATPHL COCTARIIEHA I3 rMat,, ..., bR (agz))* (kB BEpPXHEM TPEyTroJlb-
muke), al,g", .., (a,gk))*g(k) (B HUKHEM TPEYTOJIbHUKE), @11, . .. ,a,ik) (Ha JquaroHasm) u

R*+1D (B 10ro-BocTouHOM yTIIY).
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[Tocsie packpbiTust Beex Bbipazkenuit (2.12) s A®) pne k=1,...,n, MBI IOTydaeM
A*=M{Dy---M:D;Ly---Lj (2.16)

(ma camowm nene, M, = L, =0 u, ciepoparensuo, My = Ly = I ). 3amerus, aro Dj u M;
KOMMYTHUPYIOT IPU ¢ < j, Mbl MOYKEM IIEPENNCATH

A*=M;---M:Dy---D; L ---Lj. (2.17)
Paccmorpum pasencrsa

(D1®...®D,)* =Dj---D;,
(Li®...e L) =L} ---Lj, (2.18)
(My & ... M,)" = M- M.

[lepBoe m3 3THMX paBeHCTB O4YeBHAHO. [l0 TOBOMY OCTAJBHBIX JIBYX 3aMETUM, 9YTO
M,f = Lz = 0 g4 Beex k, cnegosarenbno, My = 1S M, u Ly =1® L. Hanee, L;L; =0
upu 1 < j u M;M; =0 npu i > j. Mcnonb3ys 5TH paBeHCTBa, MOKHO II0Ka3aTh, 4TO

n—1
(Li®...0L) =Pia..eL,) =
1=0
=L, --(I&L :LZ"'L*,
( )l nl_)l ! (2.19)
(Me.. . eM)=PMe.. . eM) =
1=0

:(I@Ml)(I@Mn):Ml*M:,

9TO JlaeT JBa MocJaenHux paseHcTBa u3 (2.18). Bamerum, uto B (2.19) MBI HCHOIB30BATH
HUJIBIOTEHTHOCTh Ly @ ... & L, u My @& ... ® M, dro nossosser upuMeHutsb (1.6).

Moxkuo mposeputhb, uro marpunwst M = My & ... M, L =L &...d L,
ulD =D& ... 5 D, comepxKarcd B BEPXHEM TPEYTOJbHUKE, B HUKHEM TPEYyTOJbHUKE
U, COOTBETCTBEHHO, HA JIMATOHAJIA MATPUIIbI, BHIYUCICHHON aJTOPUTMOM 7. DTH MaTPUIIHI
yrnosiaerBopsior L DM -paznoxkenuto A* = M*D*L*. Dtum 3aBeprmaercs o0bsiCHEHUE aJl-
roputMma 7.

B TepMmmHax MaTpUYHBIX BBIYHUCJIEHUI aJroputm 7 ectb Bepcus LD M -pasjioxenud c
BHEITHUM ITIPOM3BE/IEHUEM. DTOT aJTOPUTM MOXKET OBITH Iepejiesan B (hopMy, TOUTH UJICH-
tuanyto ¢ |1, amropurm 4.1.1]:

Anropurm 8. LDM-pasnoscenue (6epcus 2).

Bxon: n x n-marpuna A c smementamu a(i, j),
TaKzKe MCIOJIL3YeTCs /IS XPAaHEeHUsS Pe3y/IbTaTa BbIYUC/ICHHI
1 IIPOMEZKYTOYIHBIX pe3yﬂbTaTOB BBIYUCJIEHUI.

for j=1:n
v(l:j) =a(l:j,j)
for k=1:7—-1
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vk+1:j)=vk+1:j)@alk+1:75k) ©v(k)
end

for 1=1:5—-1

a(i, j) = (a(i, )" © v(i)

end

a(j,j) =v(j)

for k=1:7-1
a(j+1:n,j)=a(j+1:n,5)@a(j+1:nk)ov(k)
end

d = (v(j))"

a(j+1:nj)=a(j+1:n.j)0d

end

DTOT aJrOPUTM BBLIIOJIHAET B TOYHOCTU T€ YK€ OIEPAIUH, YTO U aJTOPUTM 7, BEIYHUC/ISS MO~
CJIEJTIOBATE/ILHO OJIMH 32 JIDYTHM CTOJIONBI pe3yabraTa. A IMEHHO, B TIEPBOMl YaCTH OCHOBHOT'O
[IMKJIa OH BBIYUCJSET 3JIeMEeHThI ai;- ang ¢ = 1,...,7, cHadaJa 1OJ, BUJOM 3JIEMEHTOB U U
OKOHYATEeJIbHO B npucsaumBanun <« a(i,j) = (a(i,4))* ® v(i) ». C10XKHOCTH 9TOrO AIropuTMa
Takas Ke, KaK y aJropuTMa 7.

2.4. LDM -pasiiokeHrne C CUMMETPUEN U JIECHTOYHOI CTPYKTYpPOit

Korga marpuna A cuMmMeTrpudHa, T. €. @;; = Gj; JJId BCeX %,j, €CTECTBEHHO OXKHJIATh,
gyro LD M -pasiozkenue ToxkKe JOJKHO OBITh cuMMeTpuyHo, T. e. M = LT, JleiicturensHo,
MIOBTOPsisi PACCY2KJACHUST NIPEJIBIIYIEr0 pas3jiesia, MOXKHO ITOKa3aTh, 9TO BCE IPOMEKYTOUHbBIE
MaTPUIIBI A) CUMMETPUYHBI, CJiejoBaTe/ibHo, My = Lf st Beex k u M = LT. Te-
1epb MBI [IPEJICTABUM JIBe Bepcuu cuMMeTpudroro LD M -pa3jiokeHus, OTBeJaIONne JIBYM
BepcusiMm L DM -paszyioxKeHus, JaHHBIM B IPEJIbLIYIIEM pasjeie. 3aMeTHM, 9TO 00beM BbI-
YUCJCHUHN B 9TUX AJITOPUTMaX IIPUMEPHO BIIBOE MEHBIIE, YeM B UX IOJIHBIX Bepcusx. B obonx
ciydasax onu Tpebyior n®/6+0(n?) onepannit & u © (kKaxpii) 1 n—1 onepanuit B3ATHA
aJIredpamIecKoro 3aMbIKAHI.

Aaropurm 9. Cummempuunoe LDM -paszrosicenue (6epcus 1).

Bxon: n x n-marpumna A c smemenramu a(i, j),
TaKyKe UCIIOJIB3YeTCs It XPAHCHUsT PE3yJIbTaTa BBIYHCICHUIT
U IPOMEKYTOUHBIX PE3YJIbTATOB BLIMUCICHUI.

for j=1:n—-1

v(j) = (a(j,5))"

for k=53+1:n

for l=7+1:k

a(k,l) = a(k,l) @ a(k,j) ©v(j) © a(l, j)
end

end

a(j+1:n,j)=a(j+1:n,j) ©v(j)
end
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Ctporo TpeyrojibHas MaTpuiia L COJEPKUT HUYKHUN TPEYTOJbHUK pe3y/ibTraTa, a MaTpPUIa
D — na quaronanu. Crenyromas Bepceus obobmaer |1, anropurm 4.1.2].

Anropurm 10. Cummempuunoe LDM-pasnroocenue (epcus 2).

Bxon: n x n-marpuna A c smementamu a(i, j),

TaKzKe UCIOJIL3YeTCs JIJIst XPAHeHUsT Pe3yJIbTaTa BhIYuC/IeHuit
U IPOMEKYTOUHBIX PE3YJIbTATOB BLIMUCICHUI.

for j=1:n

for 1=1:5—-1

v(i) = (a(i,i)*)"ali, j)

end
v(j) =v(j) @a(j,1:-1)0vl:j-1)
a(j,j) = v(j)

for k=1:7-1
a(G+1:m,7) = a(G+1:n,7)®al+1:n,k) ©v(k)
end

d = (v(j))"

a(j+1:n,j)=a(j+1:n,5) ©d end

Bamernm, 9To 9Ta Bepcus Tpebyer o6paTUMOCTH 3aMbIKaHUN a(i,4)*, BBIYMCIEHHBIX aJro-

PUTMOM.

Bameuanue. B ciiyuae uIeMIOTEHTHOroO MOJIYKOJIbIa Mbl umeeM (D*)? = D*| ciego-
Baresibho, A* = (M*D*)(D*L*). Korma A  cuMMerpudHa, Mbl MOXKEM 3aIHCATH
A* = (GNTG*, tne G = D*L. Ouesuno, Ta WAEMIIOTEHTHOE pa3JjoxKeHue Xo-

JIEITKOTO TIPUBOJIUT JIUITH K HeG0bIof Momndukanuu aaropurma 9 (mwim 10). Cm. takxke
KJIACCUIECKOe pasjiozkenue XoJenkoro B |1, ajgropurm 4.2.2].

A= (aij) Ha3bIBaeTCHd JIEGHTOYHOM MaTpuIlell ¢ BepxXHeil MMPUHOI 10JIOCHl ¢ 1 HUZKHE
HIMPUHOIL 1oJIockl p, eciau a;; = 0 Jist Beex j > i+p U Bcex ¢ > j+p. JlenTounaa marpuna
¢ p = q = 1 HaspIBaeTcd TPUAUATOHAIBHOM. J[j1s1 0bocHOBaHUS YHUBEPCAJIbLHON BEpCUU
LD M -paznozKenus IEHTOYHBIX MaTPHI] HAM HY2KHO ITOKa3aTh, YTO MapaMeTPhl JIEHT MaTPHUIL
A=A® AW ppraucrennsix B nporecce LD M -pasiozkenns, He 60JIbIIE TapaMeTpPOB
marpuiel AY = A Tomokum o maaykmmn, auto A = AW . A% pvetor Tpebyembie

k+1 C . .
ImapaMeTpbl JIEHTbl U PACCMOTPUM 3JIEMEHTHI a§j+ ) g 1> 7+ p. Ecm @ <k wm j < k,

k+1 . .
TO agj ) = 0, 1O3TOMY MBI MOXKEM TPEJIIOJOKUATh, 9TO ¢ > k u j > k. B sTom ciyuae

1>k + p, ciaemoBaTeIbHO, agj) =0mu

k+1 k k), (k)ye (K
az('j )= az(’j) ® az(k)(al(ck)) al(cj) = 0.

TakuM 06pasoM, MBI mokazaam, uro mmkngs mnomoca AP me Gompme p. Takum xe
00pa3zoM MOXKHO TIOKa3aTh, UTO €€ BEPXHss I10JI0CA He MpeBbImaeT ¢. Mbl UCIOIb3yeM 3TO

JIJIsT IOCTPOeHust JieHTO9YHOH Bepeun LD M -pasiozkenusi, € mpoToTui c¢M. B |1, amropurm
4.3.1].
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AgropurMm 11. LDM-pasioorcerue AeHMOUHOT MAMPULDL.

A — JleHTOYHAsI M X N -MaTPUIA ¢ SIeMeHTaMu (i, j), HUXKHss MIUPUHA JIEHTBl P U BEpPX-
Hesl TIMPUHA JIEHTHI ¢ TaKyKe UCIOJIL3YeTCs I XPaHeHHsl OKOHYATEIbHOTO pe3y/bTaTa 1
POMEKYTOUHBIX PE3YJILTATOB BLIUYUC/ICHHUIA.

for j=1:n-1

v(j) = (a(j, )"

for i =7+ 1:min(j+p,n)

a(i, ) = a(i,§) © v(j)

end

for k=j+1:min(j +q,n)

for i =j+1:min(j + p,n)

alk, ) = atk, ) ® a(k, 1) © a(i,

end end

for k=74 1:min(j +q,n)

a(j, k) =v(j) ©a(j, k)

end end

Korma p u ¢ dukcupoBanbl u n >> p,q IepeMeHHasd, JEerKO BUJIETh, YTO aJrOPUTM Bbl-
HOJIHAET IIPUMEPHO Npq KaXKJI0N u3 onepanuiit © un .

Sameuanue. Ecmv nHekomopoie ewe 60aee CNEyUuasbHole U0l AEHTOYHDIT MAMPUY, Ha-
npumep, mampuuv, Xeccernbepea u mpéxduazonarvruie mampuo.. Mampuuyve Xeccenbepeaa
onpedesaAOmes Kax AeHMOYHe mampuuv, ¢ p =1 u ¢ =n, a 68 caywae mpeéxduazonans-
Hor mampuy, p = q = 1. Hecaootcno sanucams darvretiwue adanmayuu aszopumma 11 oas
2MUT CAYYHAES.

2.5. HrepanmnoHHbIe CXEMbI

[To nacrosiemMy yHUBEPCATBHYIO UTEPAIIMOHHYIO CXeMY TPY/IHO HAWTHU, TaK KAK yCJIOBUS,
IIPU KOTOPLIX TaKHe CXEeMbI pa60Ta10T, a TaKzKe yCJIOBUA OCTAaHOBKHU JIJIgd TaKUX CXEM 3aBUCAT
OT IIOJIYKOJIbIIa 1 OT IIPpE€ACTaBJICHNA JaHHBIX. Tem ne MeHee, OCHOBHbBIE OIl€epallii TaKNX CXEeM
OBIBAIOT YHUBEPCAJBHBI U OY€HDb ITPOCTHI.

Paccmorpum  criegytommit mTepallMOHHBIN TIPOIECC pellleHus  ypaBHeHusd besiMana
X=AX®B:

X*D = AX® ¢ B. (2.1)

Urepupys Boipazkenusi (2.1) jjist Bcex k or 0 10 m — 1, MblI mojrydaem

m—1
Xm = AmXx© o P AB. (2.2)

=0

Taxum o6pasom, pesyabrar 3asucut or nosegenmst A™XO) . Ajpropurm Moxker GbITh
HepeIcan cJe/lyomum obpa3oM (Jyist cirydast, Korja B — BEeKTOp-CTOJIOel).

AnropurMm 12. Umepavyuu Hrxobu

Bxona: n X n-marpuna A c smementamu a(i, j) ;
n X 1 BekTOp-cTOJIONLI b U1 x
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situation = 'Beruucienue’

while situation == 'Berunciienne’
r=A0xrdb

situation = newsituation...)

if situation == "pacxomumocTs’
disp('Ureparn fxkobu pacxomsares.’)
exrit

end

if situation ==’cxomumocTn’
disp('Pemenue naiijeno:”)

ezt

end end

Broixoa: curyarus, x.

Jlasee MbI KpaTKO 00CY/ MM TTOBejieHne uTepariuii SIkoou Ha | 06bITHON apudMeTHKON ¢ HeOT-
pHUIATETbHBIMU BEIIECTBEHHBIMU YUCIAMEU U HAJL TOJTYKOIBIIOM Ry.y. st mpocToTs B 060-
UX CIyYasgX Mbl OTPAHUYUMCH CJIYIAEM HENPUu6oduMot MATPUIbl A, TO eCTh KOTJa acCOIH-
UPOBaHHBIN Tpad CUIBHO CBsI3aH.

XopoITo U3BECTHO, 9TO HAJT OOBITHON apudMeTHKOil (B HEIPUBOIMNMOM HEOTPUIATETHEHOM
cirydae) urepanun JIKoOU cXOIdTCst TOrjia U TOJIBKO TOTJA, KOTja HAnbOoIbIiee cCOOCTBEHHOE
suadenne 1(A) marpunpt A cTporo mMenbie 1. DTo CBsI3aHO, B YACTHOCTH, C TEM, KAK BEJET
ceba mocaenoparensaocts {A™x 0}, oo, Bamernm, uro nreparum fkobu, maxke B cIydae
CXOJIMMOCTH, KaK IIPaBUJIO, JAIOT JIUIIb NPUOJIMKEHHOE pelieHne ypaBHerus © = Ax + b.

B cayuae Ry mosenerne mocienosatemsoctn { A™x(0},,50 oTmmaerca or ciywas
0OBIYHOI HeoTpHUIATEIbHON aareopbl. OJIHAKO, KaK W B CIydae HEOTPHUIATEIbHOM asred-
pBI, 970 moBeseHne 3aBucuT or 1(A), HambosbIero cobcrBeHHOrO 3HaUeHnss A B asreGpe
MaKC-TLIIOC (TO eCTh OTHOCUTENILHO coOCTBeHHOM 3ajauun A © x = A @ x B 9100l anrebpe).
A umenno A™x(®) — 0 u, cregosaressuo, urepanun cxonarcs ecau r(A) < 1. Bosee Toro,
B oTOM citydae A* = (IDAD...® A" ) u, crenoBare/bHO, UTEpaIlii JOCTABIAIOT TOTHOE
pelleHne ypaBHeHIs Besuvana 1ocjie KOHeIHoro uncia maros. Haobopor, A™x(®) — 400
u, cIe/IoBaTesIbHO, urepanuu pacxoiaarca upu 1(A) > 1. IlogpobrocTu cm., Hanpumep, [18].

Ha rpanune r(A) = 1 cremern A™ J0CTHralOT MEPUOJMIECKOIO DEXKUMa MOCTE KO-
HevyHOro umcsa maros. CiegoBaresbHO, HOCaeI0BaTeabHOCTE {A*D & Amx(o)}m>0 TaKZKe
CTAHOBUTCS MEPUOIMICCKON MOCIe KOHEIHOTO YUC/a MAros. Kce/u nepros paBeH emHuIe,
TO €CTb €CJIN ITA MMOCJIEIOBATETbHOCTh CTAOUIM3UPYETCsI, TO METOJI, CXOJUTCSA K HEKOTOPOMY
obreMy pereHuto ypasueruss © = Ax @ b, KoTopoe onmchiBaeTcst Kak cyreprosuims A*b u
HEKOTOPOIo COOCTBEHHOrO BekTOpa Marpuiibl A [2,17]. Bektop A*b MoxKer JJOMUHUPOBATH,
B 9TOM CJIydae MeTOJ] cXOauTcst K A*h Kak «0xKuga1ochby. OIHAKO, TEPHUOJL TIOCIEI0BATE b
HOCTH (IIOCJIe BBIXOJ[A HA MEPUOJNIECKUNA PEXKUM) MOYKET OBITh U OOJIbIIE €JUHUILI, B STOM
cirydae urepaiuu JIKoOn He JOCTABJISIOT HUKAKOTO pPellleHnsi ypaBHenust © = Ax @ b Hero-
CPEJICTBEHHO, OJIHAKO TaKOe pEIleHNe MOXKET OBbITh HAMJIEHO C IIOMOIIBI0 CYMMUPOBAHUS 110
nepuoy. CTereHn MaTpHIl U Teopusi COOCTBEHHBIX BEKTOPOB U COOCTBEHHBIX 3HAYCHUN HA/T
arebpoil MaKC-ILIIOC TI0IPOOHO ommcanbl B MoHorpadun Byrkosuya [16], em. Takxke [49,50].
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B 6osee ciioxkuOit cxeme mreparmit ['aycca—3eiiaenss Mbl TaK»Ke MOXKEM HCIIOJIH30BATDH
IIpeIBapUTeNIbHO HaileHHbie KoopauHatel X (¥, B stoMm ciayuae marpuna A 3amuchBaeTcs
B Buge L ® U, rome L — crporo Hm:kHerpeyroJbHas 4actb A, a U — BepxHeTpeyrojbHas
Y9aCThb C JUal'OHAJIBIO. MTepaHI/H/I 3allUCBhIBAOTCA KaK

X® = Lx® gUux*tVep=r1UX*YqgL*B. (2.3)

BameTnM, 4TO Ipeobpa30BaHMs MIPABOI YACTH OJHO3HAYHO, TaK KakK L — CTPOro HUXKHEe-
TpeyroJibHasg MaTpula, u L* ojHosHauHo onpeenserca kak [ & L& ... ® L™ (rme n —
pasmeprocTh A ). JIpyrumu cioBamu, Mbl TOJBKO MPUMeHsIEM (DOPMAIBHYIO MOJCTAHOBKY.
Urepupyst Boipaxkenust (2.3) jjist Bcex k BIUIOTb JIO 1M, Mbl MOJIY UM

m—1
X = (LU)y"x© e @(LU)LB. (2.4)

=0

[IpaBas gacrb Hamomunaer dopmyny (L & U)* = (L*U)*L*, cm. (1.1), mosromy ecrecTBeH-
HO OXKHJIATh, UTO TU HTeparmu cxoiarca K A*B npu xopomem soibope X, Pesymsrar
sapucut ot nosegenns (L*U)™X ). AnropurM MozKeT GBITH 3aIIMCAH CJICLYIONIIM 06Pa30M
(MBI CHOBa mostaraeM, 9T0 B — BekTOp-croJbern).

AnropurMm 13. Hmepauuu [aycca-3etidens

Bxon: n x n-marpuna A c smemenramu a(i, j) ;
n X 1-BeKTop-cTOJIONBI b U

situation = 'Buramciienue’

while situation == ’Berunciienne’
for i1=1:n

y(i) =a(i,i:n)©x(i:n)® b(i)
end

for i=2:n
z(i)=a(i,1:i—1)Ox(1:1-1)

‘end

situation = newsituation...)

if situation == "pacxogumocTn’
disp('Ureparun Taycca-3eiinens pacxomusires.”)
exit

end

if situation == ’cxomuMocTn’

disp(’Perenne naiineHo:”)

exit

end end

Beixoma: curyanus, x.

Anamusz paborsl cxembl [aycca-3eiiieniss B cirydasx TPOIHIECKON (MAKC-IUTIOC) ajreOpbl i
HEOTPUIATETHLHOM JTUHEHHON areOphl MbI 3/1eCh HE TIPUBOJINM, OTHAKO SICHO, ITO €r0 MOYKHO
IIPOBECTH TI0 AHAJIOTUHU C UTepamussMu JKoou.
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2.6. LU -pazioxkeHue

Ob6cymmm Gostee KpaTKO yHEBEPCAJbHYIO Bepcuio pasjoxkenns A = LU, koropasi Obl-
na onmcana B paborax B.A. Kappe [18]. Dror pasgen comepxkur jminb GOpMYITUPOBKE
COOTBETCTBYIOIINX AJTOPUTMOB, TaK KaK JOKa3aTe/JIbCTBA ObLIN JaHbl B paborax Kappe n
Bekxayca [14,18,19] u MoryT 6bITh OJIy9IeHbI (KAK U CAMI AJTOPUTMBI) IIyTEM HEOOJIBINOl
MOMDUKAIIII COOTBETCTBYIONIIX PACCyKAeHnil B passese upo L DM -pasioxkenue (cM. BbI-
me).

Hanomunm, ato B ciydae Kiaaccudeckoit cucreMbl AX = B Haj| 9UCIOBBIMU OJISME
pasnoxenne A = LU, rine L — HUXKHsAsI yHUTPEYTOJIbHAsSL (C JMATOHAJIBHBIME SJIEMEHTAMI
pasubiMu 1), a U — BepxHsisi TpEyrojbHas MATPUIA, IPUBOJIUT K CJIEIYIOMIEMY Pa3JIozKe-
HUIO MCXOJIHOTO YPaBHEHUSI:

LZ =B, UX=1"Z
Taxum 0OpaszoM, MbI MOy YaeM
Al =yt !

pu ycjaosun, aro marpuria A obparuma. Jocrarouno naiitu L um U, Tak Kak 10OC/€ 3TOrO
nmHeiiHasg cucrema (2.6.) MOXKeT OBITH pelieHa KOMOMHAIMEH IPAMON IIOJCTAHOBKA It 2
1 0OpaTHON MOJACTAHOBKU st X.

B ciyqae cucrembr X = AX @ B HaJ nosyKosIblaM, ciaeays [18], Mbl MozKeM 3ammcaTh

Z=1Z&B, X=UX&Z

Takum obpasom,
* * *
A*=U"L",
e U — BepxHe-TpeyroJibHasd, a L — CTpPoro HMKHE-TPEyroJibHas MaTPHUIla.

Jlajiee MbI IPUBOJIUM AJTOPUTMBbI IIPAMOI 1 0OPATHOI T10/ICTAHOBKH, & TaKKe JIBe BEPCUN
yHuBepcaibHoro LU -pasjioxkenus (TO eCThb 0JJHOBDEMEHHOro Bbruncenus marpur, L u U ).

AgaropurMm 14. [Ipamas nodcmaroska.

Bxos: Crporo HmzkHETpeyroibHas N X n-Marpura I ;
n X 1 BekTop b.

y==

for k=2:n
ylk)=1lk1: k=1 oyl :k—1)
end

Boixoxa: BekTop y.
AnropurMm 15. Obpamnas nodcmanoska.

Bxox;: Bepxuerpeyroibnas n X n-MaTpura u;
n x 1 BekTop b.

y=>0

y(n) = (u(n,n))* ©y(n)

for k=n—-1:-1:1
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y(k) =ulk,k+1:n)oyk+1:n)

y(k) = (u(k, k)" © y(k)
end

Bsixos;: BekTOp .

OrmernM, 4TO OOpaTHas IIOJICTAHOBKA oTyinydaercd or ciaydas LD M -paznoxkenus, Tak
kak Marpuna U (B oriamane ot M ) siBJIsieTcst JINIIb TPEYTOJIbHOI, & He CTPOro TPEYTrOJIbHOIL.
[Ipsimbre oICTAHOBKY 1151 0OEUX CXEM, pa3yMeeTcs, UJIeHTUIHBI.

Asropurm 16. LU -pasaoorcenue (eepcus 1).

Bxox: n x n-marpunia A c snementamu a(i, j), TaKKe HCHOJb3YETCs sl XPAHEHHsT Pe-
3yJIbTaTa BBIUUCJIEHUN U IIPOMEXKYTOUHBIX PE3YIbTATOB BHIYUCIEHUM.

for j=1:n—-1

v(j) = (a(j, )"

a(j+1:m,5) =a(j +1:n,7) © o))
aj+1l:n,j+1:n)=a(f+1:nj+1:n)@a(j+1:n,7)©alj,j+1:n)
end

Anropurm 17. LU -pasaosicenue (6epcus 2).

Bxom: n x n-marpuna A ¢ sgmementamu a(i,j), Tak:Ke HUCIIOJIb3YETCs JIJisi XPAHEHUST Pe-
3y/bTaTa BBIYUCIEHUI U TPOMEXKYTOUHBIX PE3YIbTATOB BBIYNC/IEHUIA.

for j=1:n

v(1:5) = a(l:j,j)

for k=1:7-1
vk+1:j)=vk+1:7)@alk+1:7k)©vk)
end

a1+ 4,5) = v(1: j)

for k=1:7—-1

a(+1:m ) =ali+1:n,9) ®a(i+1:n,k) ©v(k)
end

d = (v(5))”

a(j+1:nj)=a(j+1:n,j)@d

end

DTH aJrOPUTMBI OCHOBAHBI Ha CJIE/IYIONINX OLPEJIeJIeHUsX, aHAJOrnIHbIX (2.12) u (2.13).

1)
(1) . 4 _ A h
A -—A—(gu) B<1>)7

Juts jioboro k= 1,...,n noaydaeMm

Tlonarasa

(AW = Ur(AkTDy x (2.1)
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rie
O-1)x(k=1) Ow-1)x1  Oh=1)x(n—k)
U= Oix@-p ai’? h®) ;
Otm-tyx(k-1) Om-t)x1  Om—k)x(n—k)
O-1)xk=1)  Op—1)x1  Oh—1)x (n—k)
Ly = O1x(k—1) O1x1 O1x (n—k) , -
k) s .
Otn—iyxte—ty (@) 9™ Otueiywnn) (2.2)
A(k+1) _ Ohkxk Okzx(n—k)
Om-ryxx REFD )7
(k+1) B (k+1)
R+ — h(k)(ag?)*g(k) @ B® = [ D141

g(k+1) B+

2.7. HpOI‘paMMHaﬂ pea/in3danud yHUuBepCaJIbHbIX aJl'OpUTMOB

[IporpammMHubIe pean3anuy yHIBEPCAIBHBIX aJTOPUTMOB Ha, MOTYKOIbIIaX HE MOTYT OBIThH
TakuMU 2Ke dPMEKTUBHBIMU, KAK U CTaHJIAPTHBIE MPOrPAMMHbBIE pean3aIii (OTHOCUTE b
HO CKOPOCTHU BBIMHCJIEHWI), HO OHM HAMHOTO OoJiee ruOKue. I[IporpaMmHbIe MOYIH MOTYT
UMETh JIeJIO ¢ abCTPAKTHBIMU (U MEePEMEHHBIMU) OllepAIUsIMU U THIIAME JaHHBIX. KKOHKpeT-
Hble 3HAYEHUS STUX OIEPAIUil ¥ TUIOB JIAHHBIX MOTYT OBbITh 3a/IaHbl COOTBETCTBYIOIIUMU
BXO/ITHBIMU JTAHHBIMU. B 3TOM cjIydae KOHKpPETHBIE ONEPAIUNH W THUITbI JAHHBIX ITOPOKIAIOTCS
JIOTIOJIHUTE/IbHBIMU TIPOIPAMMHBIMU MOIY/ISMU. B mporpaMmax, HalMCAHHBIX B TAKOM JIyXe,
y/I00HO MCITO/TE30BATH CIIeNUaIbHBIE METOJIBI TAK HA3BIBAEMOT'O 00 bEKTHO-OPUEHTUPOBAHHOTO
(1 byHKIMOHATIBHOIO) Jin3aiiHa, ¢M., Harnpumep, [41,47,52]. K cuacrbio, HeJIaBHO NOSBUIIUCDH
MOIIHBIE UHCTPYMEHTBI, TOEPKUBAIOIINE 00 bEKTHO-OPUEHTUPOBAHHBI JTU3aiiH IIporpamm,
BKJIIOYAOIINE KOMIMJIATOPBI JIJisl PEabHbIX U YJO0OHBIX sI3bIKOB IIPOrpAMMUPOBaHUsI (Ha-
npumep, C+-+ u Java) u coBpeMeHHbIe CHCTEMbI KOMITbIOTEpHOH ayreOpbl. C HeJaBHUX TIOD,
STOT TUI IPOIPAMMHBIX METOJIOB ObLI Ha3BaH 0OOOIIEHHBIM IIPOrpAMMUPOBaHUEM (CM., Ha-
upumep, [47]).

Peanruzavyus na C++. Vcnonb3ys mabmoHbl 1 00bEKTHO-OPUEHTUPOBAHHOE TTPOTPAMMU-
posanue, A.B. Uypkun u C. H. Ceprees |9 coznanu nporpavmy (na Visual C++), kKoropas
JIEMOHCTPUPYET, KaK HEKOTOPbIE YHUBEPCAJIbHBIE aJrOPUTMbI BHIUUCISIOT 3aMbIKAHUS MAT-
pury, A* u pemarot ypaBaenusi beivana x = Az @b B pazmudHbIX MoTyKoJbiax. [Iporpam-
Ma TaK:Ke MOXKeT pelraTh OObIYHYyIo cucreMy Az = b B 0ObIUHOI apudmeTnke, npeodpas3o-
BbIBas ee B (hopmy «Bemnmmanas. [lepen nHaxkaTnem KHONKH «Solves MOJIB30BaTENb JTOJIZKEH
BBIOPATH MOJIYKOJIBIIO, 33/1a4y u ajaroputM. [locsie sToro HadasbHble JJAHHBIE 3AITMCHIBAIOT-
cs B Marpuie (s yao6cTBa 0ToOparKeHnsl pa3sMepHOCTbh MaTpHilsl orpanndena 10 x 10).
Pesynaprar MoxkeT ObITH W BEKTOPOM, M MATPUIEHl B 3aBUCHMOCTH OT DeIlraeMoil 3ajadu.
OO0BbEKTHO-OPUEHTUPOBAHHBIN I0JIX0/] TIO3BOJISET PEAN30BaTh PA3IUIHbIE TOJTYKOJIbIA KaK
OOBEKTHI C PA3JIMIHBIME OIPeIeIEHUsIMI OCHOBHBIX OIE€PAIlNii, TOr/Ia KaK caMa IIporpaMma
AJITOPUTMA 3aIMCAHa KOMIIAKTHO U B €JMHCTBEHHOM <«3K3eMILIApes (ImabJioHe).

Hpumepnvt noayroney. IloyKOIBIIO COOTBETCTBYET OOBEKTY, UCIIOJIHL3YEMOMY YHUBEPCAJIb-
HBIM &JICOPUTMOM, U OIIpeJiesisseT KOHKPETHYIO PeaTn3alinio 9Toro ajaropurma. [loabp3osarennb
MOXKET BBIOPATH OHO U3 CJICIYIOMUX TTOJIYKOJIEIL;:
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1) G =+ u ® = X: obbluHag apudMeTuKa HaJ JEHCTBUTE/IHLHBIMUA YUCIaMU;

2) & =max u ® = +: apudmernka Maxc-noc Hag R U {—oo};

3) & =min 1 ® = +: apudmernka mMuH-1uTI0C HaL R U {400} ;

4) @ =max 1 ® = X : apudMeTHKa MAKC-YMHOKUTH HaJl HEOTPUIIATEIbHBIMU TUCJIAMI;
5) @ = max n ® = min: apudmMernka MaKC-MUH HaJ| BEIECTBEHHBIM OTPE3KOM [a, b

(KOHIBI @ U b MOYXKeT BBIOMPATH MOJIB30BATED);

6) @ =0OR u ® = AND: 6ysieBa soruka naj aByxaaemenTaoM muoxkecTBoM {0, 1}.
Anzopummoi. Tlonb30BaTeb MOXKET BBIOPATDH OJIMH U3 CJIELYIONIUX METOJIOB:

1) Meton uckiiodenusi I'aycca, BKIOUYarOmuil yHUBEPCAJIbHbIE DeAU3AII ICKAIA-
TopHOoro meroja (amropurm 1), @oiiga-Yopimawia (agropur™ 2, ajropurm Epriosa
(ocroBanHBIT Ha TporoTuie u3 (11, r1. 2|) u yauBepcaabHblii aaroputm Pors [48];

2) Metoap! aysi cucrem Téruia, BKIIOYAIONINE YHUBEPCAIbHBIE PEATH3AINE CXEM
Hypbuna u Jlepuncona (ajaropurmer 3 u 4);

3) LDM -pasnoxkenue (ajropur™m 7) U €ro aJanTalii K CHUMMETPUIECKUM (aJl-
roput™ 9), jgeHTOYHBIM (agroput™ 11), TPEXIMAroHATBHBIM MATPUIIAM W MATPHUIIAM
Xeccenbepra.

4) Urepanmonnbie cxeMbl Skoou u [aycca-3eiiness. Kak ObLI0 yIIOMsIHYTO BBIIIIE, 3TH
CXeMbl HE YHHBEPCAJIbHBI, T. K. KPUTEPUU OCTAHOBKHM U YCJIOBHS, IPU KOTOPBHIX OHU
CXOJIATCA W JAIOT MPABUIbHBIN OTBET, PA3JIHYHbI I OOBITHON apudMETHKI U HUJIEeM-
HOTEHTHBIX MOJIYKOJIEl] (B 9aCTHOCTH, MAKC-TLITIOC).

Tunwv, mampuy,. Iloyib30BaTEIH MOYXKET BBIOPATH PAOOTY € OOIUME MATPUIIAMU UJIA C MaT-
pUTIAMHE CIIENUaJIbHOIO BUJIA, HAIIPUMED, CUMMETPUYIHbIe, CAMMETPUYIHbBIE TEILIUIEBbI, JIEHT-
HOYHBIE, XecceHOepra u TpuiuaroHaJjbHbIe.

Omobpasicerue. B citydae maeMIIOTEHTHBIX TOJTYKOJIEI] MATPUTIA MOXKET ObITh 0TOOpazKe-
Ha KaK B3BENIEHHBIN HallpaBjieHHbIN rpad. lociie BbIIOTHEHNST BRIYUCIEHNN 110/I30BATEb
MOYKET 3aX0TeTh HANTH ONTUMAJIHLHBIN TyTh MEXKJLy JIAHHO IMapoil BEPIIUH WU OTOOPa3UTh
JIEPEBO ONTUMAJIBHBIX ITyTeil. D9TU 3a/la9i MOI'YT OBITH PEIIEHBI, UCIOJIb3Ys POJIUTETLCKHIE
CCBLJIKU, KaK B CJydae ¢ KJjaccmieckuM MetojioM Dyioitjia- Yopiasia, BLIYAC/IAIONIIM BCe
ontuMasbhble myTn. Cm., Hanpumep, [7]. B Hammem cirydae MeXaHU3M POIUTEIBCKUX CCBLIIOK
MOKET OBITh PeaJM30BaH IPSIMO B KJIAaCCe, OIMMCHIBAIOIIEM HIEMIIOTEHTHYIO apu(pMeTHKYy.

Apyeue apupmemuru u unmepsasvroie pacuiuperus. Bo3MoKHa TakzKe peau3aliist pas-
JINYHBIE TUIIOB apuMEeTUKN KaK THUIIOB JAHHBIX U MX COYETaHHE C BBIOOPOM IOJIYKOJIEIL.
BoJtee Toro, Bce peaim3oBaHHbBIE TOJYKOJIBIIA MOT'YT OBITh PACIIUPEHBI 10 UX UHTEPBAJIb-
HBIX Bepcuil. Takume BO3MOXKHOCTH He ObLTH peaju3oBaHbl B mporpamme A.B. Uypkuna n
C. H. Cepreesa |9, oru orsioxkenst j10 ciaemyrormeii Bepcuu. CHUCOK 9TUX apudMeTuK BKJIIO-
YaeT IeIble YUCTIa, IPOOHYI0 apudMETHKY ¢ MEMHBIME JIPOOIMU W YIIPABJISIEMON TOYHOCTHIO.

Peasusayuu 6 MATLAB. Best pabora (KpoMe MHCTPYMEHTOB OTOOpazKkeHusi) ObLIa 10-
Bropera B MATLAB [9], xoropeii Takyke 00ajaeT  BO3MOMKHOCTSMHE OOBEKTHO-
OPUEHTHPOBAHHOI'O IIPOrpaMMHUPOBaHusA. Pa3ymeercsi, yHUBepcasbHbIE aJrOPUTMbI, 3allu-
canubie B MATLAB, ouenb OIM3KM K ONMMCAHHBIM B HACTOSAIIEH CTaThe.
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Ilepcnexmusvt wa 6ydyuwiee. Tlo-Buanmomy, OCHOBHas 3a/1a9a 3aKJII0YAeTCAd B TOM, 9TO-
OBbI, UCITOJIb3Ys MJAEMIIOTEHTHBIN ITPUHIIAII COOTBETCTBUSA U BBIYUC/ICHUS HAJl TOJIYKOJIbIIAMU,
pa3paboTarh IPOrpaMMHYIO CHCTEMY IMHPOKOTO Ha3HAYEHHSI, OCHOBAHHYIO Ha KOJLICKIIUN
YHUBEPCAJIBHBIX aJITOPUTMOB. PaszpaboTka Takoil CHCTEMBI Ha, OCHOBE YHUBEPCAJBHBIX AJIN0-
PUTMOB MOKET rapaHTUPOBATh COKpalleHne pabodero BpeMeHn it TPOrPaMMUCTOB U T10JIb-
3oBaresieit barojgaps yHuduKaIium mporpaMMHOro obeciiedeHusi. Tak»ke MoxKeT ObITh TrapaH-
TUPOBAHA MTPOU3BOJIbHASI TOUYHOCTD M OE30ITaCHOCTDb YUCJIEHHBIX Bhruucenuii. [Ipu sTom Ha 10
y4ecTh, 9YTO BBICOKOYPOBHEBBIE HHCTPYMEHTHI, Takue Kak STL [47,52], obramaror u oueBuI-
HBIMHI TIPEUMYIIECTBAME, ¥ HEKOTOPBIMU HEJIOCTATKAMM, TO3TOMY JTOJI2KHBI UCIIOTH30BATHCS
C OCTOPOXKHOCTBIO.

Cucrema JIOJZKHA COJIEp:KaTh HECKOJIBKO YPOBHE( (BKJIOYas YPOBHU MOJIH30BATENs U
IPOTrpaMMIECTa) 1 GOJIBIIIOE KOJIUIEeCTBO MOyseil. ['pybo roBopsi, ona J0/KHA OBITH pas-
JeyleHa Ha Tpu dacTu. llepBas dacTh JO/KHA CO/EpPXKATH MOJY/IN, KOTOPBIE PEAU3YIOT
MOJLYJIM JIOMEHOB (KOHEUHBIE MPEeJICTABIEHUsI OCHOBHBIX MaTeMaTHYeCKUX O0OBEKTOB). Bro-
past 9acTh JOJKHA PeaT30BbIBATH YHUBEPCAJbHbIE (MHBAPUAHTHBIE) METO/Ibl BBIUUC/ICHUSI.
Tperbst 9acTh JOIKHA CO/IEPKATH MOJIY/IH, PEATN3YIOIIIe aJITOPUTMbI, KOTOPhIE 3aBUCAT OT
MOJEIN. DTU MOY/IN MOT'YT OBITH UCIIOJIb30BAHbI B ITOJIb30BATE/ILCKUX ITporpaMmax Ha C++,
Java, Maple, MATLAB u jp.

B wacrHOCTH, crcTeMa JIOJIKHA COJEPKATD CJAEIYIONINE MOJLYJIN:

— ,L[OMGHHI)IG MOAYJIN:

— IeJIble YHUCJa, IIPOU3BOJIBHOU JIJIUHBI;

— paluoHaJIbHbIC YUCA;

— paluoHaJIbHBIE YHC/Ia KOHeYHON TouHocTH (eM. [8]);

— KOMILJIEKCHBIE pallMOHAJIbHbIE YUCIa KOHEYHON TOYHOCTH;

— pallmoHaJIbHBIE YHC/Ia ¢ (DUKCUPOBAHHON U IIJIaBalOIIeil 3aI1dToil;
— KOMILJIEKCHBIE pallMOHAJIbHbIE YUCIA;

— BEIIECTBEHHBIC YNCJIa C ILIABAIONIENH 3alATON ITPON3BOJBHON TOYHOCTH;
— KOMIUJIEKCHBIE YMCJIa HPOU3BOJIBHON TOYHOCTH;

— p-aauyecKue Yuciia;

— HMHTEPBaJIbHbIE YHUCJIA;

— KOJIbIIa MHOT'OYJIEHOB HaJ PA3JIMYHBbIMU KOJIBIIAMU;

— MAEMIIOTEHTHBIE ITOJIYKOJIbIIA;

— MHTEPBaJIbHBbIC UJIEMIIOTEHTHDBIE II0JIYKOJIBIA;

— U gpyrue.

— AsropurMmbr:

— JImHeliHas ajaredpa;

— YHCJIeHHOe WHTErPUPOBaHUE;

— KOPHHU MHOT'OYJIEHOB;

— MHTEPIOJISIUS CIIAfHAME U AIlIIPOKCUMAIINN;

— palnoHAJIbHBIE U IIOJMHOMHAIbHBIE HHTEPIIOJSIIANA U AIlIIPOKCUMAIINN;
— BBIYNC/IEHUE CIIEeNMUATBHBIX (DYHKIIHIL;

— s depeHimaabuble yPaBHEHNS;

— ONTUMHU3AINNA U OINTHMAJILHOE YIIpaBJICHUE,;
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— MJIEMIIOTEHTHBIN (DYHKIIMOHAJILHBIN aHAJNS;

— U JIpyTue.

DTa mporpaMMHas CUCTEMa MOYKET ObITh OCOOEHHO T10/Ie3Ha Pa3pabOTINKaM aJIrOPUTMOB,

nporpaMMucTaM, CTyJeHTaM U MaTeMaTUKaM.
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In this paper we offer a variant of Radon transforms for a pair of dual hyperboloids in R?:
the one-sheeted hyperboloid X' : [z, x] =1 ([x,y] = —21y1+X2y2+x3y5 ) and the upper sheet
of the two-sheeted hyperboloid YV: [y,y] = —1,y; > 1 (the Lobachevsky plane). For a kernel
of these transforms we take 0([z,y]), = € X, y € Y, (t) being the Dirac delta function.
This kernel gives two Radon transforms R : D(X) — C>*()) and R*: D(Y) — C®(X). We
describe kernels and images of these transforms. For that we consider a sesqui-linear form
with the kernel §([x,y]) and write the decomposition of this form into inner products of
Fourier components. Results of this paper were announced in [4].

1. Hyperboloids

Let G be the group SOy(1,2), it is a connected group of linear transformations of R3,
preserving the form

[z, y] = —z191 + T2y + T3Y3.

We consider that G acts on R? from the right. In accordance with this we write vectors in
the row form.
Let us take the following basis of the Lie algebra g of the group

G
00 0 010 0 01
Lo=lo0o0 1|, =100, =00 0]. (L.1)
01 000 1 00
The Casimir element in the universal enveloping algebra of g is (1/2)A,, where

Ay =L+ L+ L3. (1.2)

Consider subgroups K, H, A of the group G generating by elements Ly, L;, Lo,
respectively. The subgroup K is a maximal compact subgroup of G.

Denote by X the one-sheeted hyperboloid [z,z] =1, and by ) the upper sheet of the
two-sheeted hyperboloid [y,y] = —1, y; > 1 (we consider that the x;-axis goes up). These
hyperboloids X and ) are homogeneous spaces of the group G with respect to translations
x +— xg, namely, X = G/H and Y = G/K. The subgroups H and K are stabilizers of
points 2% = (0,0,1) € X and 3° = (1,0,0) € Y respectively.

These hyperboloids have a G -invariant metric. It gives rise to the measures dx and dy
and the Laplace-Beltrami operators Ay and Ay respectively (all are G -invariant).

As local coordinates on the hyperboloids we can take any two variables from =z, zs, x3.
For Y it is natural to take ys,y3. Then we have

dv = |z1| 'daodrs, dy = y; ' dysdys,
0? 0? 0 0
Ay = D?+ Dy, Dy = 11—
X 83:'1 8 -3 + + Dy, D 5618 1+x28x2
0? 82 0
Ay = 2 D>+ Dy, D, =
y B2 (932 + Dy + D, Dh y28 " +Ys7— o0

If M is a manifold, then D(M) denotes the space of compactly supported infinitely
differentiable C-valued functions on M, with the usual topology, and D’(M) denotes
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the space of distributions on M — of antilinear continuous functionals on D(M). For a
differentiable representation of a Lie group, we retain the same symbol for the corresponding
representations of its Lie algebra and of the universal enveloping algebra.

Let us denote by Uy and Uy representations of our group GG by translations on functions
on X and X respectively (quasiregular representations):

(Ux(9)f)(x) = f(zg), (Ux(9)f)y)= f(yg).

The representations Uy and Uy on the spaces L*(X,dz) and L?(Y,dy) are unitary with
respect to the inner products

(F, fix = /X F(a)f@)de, (F, f)y = /y F(u)T()dy. (1.3)

We have
Ux(Lg) = Ax, Uy(4g) = Ay. (1.4)

2. Representations of the group SOy(1,2)

Recall some material about the principal non-unitary series of representations of the
group G = SOy(1,2), see, for example, [5]. Let CT be the cone [z,z] =0, x; > 0. The
group G acts transitively on it. For o € C, let D,(C") be the space of C'* functions ¢
on C™ homogeneous of degree o :

o(te) =t7p(x), t > 0.

Let T, be the representation of G acting on this space by translations:

(T5(9)p)(x) = p(z9).

Take the section S of the cone C* by the plane z; = 1, it is a circle consisting of points
s = (1,sina, cos ). The Euclidean measure on S is ds = da. For a function ¢ on S,
sometimes we write ¢(«) instead of ¢(s). The representation 7T, can be realized on the
space D(S) as follows (index 1 indicates the first coordinate of a vector):

L)) = ¢ (5 ) o)t

The element A, see (1.2), goes to a scalar operator:
T,(Ay) =0(c+1)E. (2.1)

The Hermitian form

¢¢s—/¢ (2.2)

is invariant with respect to the pair (7,,7 5_1)

(To(9)0, 0)s = (0, T5-1(g7 " )p)s- (2.3)

This formula follows from ds = (sg); ' ds, where 5 = (sg)/(s9):.
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Define an operator A, in D(S):

(Aop)(s) = / (5, u)~" ().

The integral converges absolutely for Reoc < —1/2 and can be continued as a meromorphic
function to the whole o -plane. It has simple poles at ¢ € —1/2 + N. Here and further
N=1{0,1,2,...}. For A, we have

(Ao, p)s = (¥, Azp)s. (2.4)
The operator A, intertwines T, and T_,_q, i. e.
Tfafl(g)Aa = Ang(g), g ed.

A sesqui-linear form (A,v, p)s is invariant with respect to the pair (7,,7%). In particular,
for o € R, this form is an invariant Hermitian form for T,.
Take a basis ,,(a) = e™* m € Z, in D(S). It consists of eigenfunctions of A, :

Aowm = a(07 m)djm? (25)
where r( 2 )
— 902 (1) i . 2.6
alo,m) LS~ s pp—— (2:6)
The composition A,A_,_1 is a scalar operator:
AO-A,U,1 - 1 . E
8nw(o)
where w(o) is a “Plancherel measure” (see (5.2)):
(6) = o (20 + 1) cot (27)
wlo) = 55 5(20 coto. )

The representation 7, can be extended to the space D'(S) of distributions on S by
formula (2.3) where ¢ is a distribution and (i, ¢)s is the value of the distribution ¢ at a
test function . It is an extension in fact, since D(S) can be embedded into D’(S) by means
of the form (2.2), namely, we assign to a function ¢ € D(S) the functional ¢ — (¢, ¢)g in
D'(S).

Similarly the operator A, can be extended to the space D’(S) by means of formula
(2.4).

If o is not integer, then T, is irreducible and T, is equivalent to T_,_; (by A, or 20)

Let 0 € Z, n € N. Subspaces V,, and V, . spanned by %, for which m > —o and
m < o respectively are invariant. For o < 0 they are irreducible and orthogonal to each
other. For ¢ > 0 their intersection FE, is irreducible and has dimension 20 + 1.

Let V4 =D(S)/E, and V% _,=V_, 1, +V_, 1 _. Let us denote by T, o € Z, the
representation on V¢ generated by T,. The operator A, vanishes on E, and gives rise to
the equivalence 7% ~ T4, .
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There are four series of unitarizable irreducible representations: the continuous series
consisting of representations T, with ¢ = —1/2+ip, p € R, the inner product is (2.2); the
complementary series consisting of T, with —1 < ¢ < 1, the inner product is (A,v, p)g
with a factor; the holomorphic and antiholomorphic series. We need only their sum T, We
shall call T? the representations of discrete series. For ¢ € D(S), denote by @ the coset
of ¢ modulo E,. Then the invariant inner product (-,-), for T¢ is

(0, P)n = calAnth, @), n=a(n,n+1)"". (2.8)

3. Poisson and Fourier transforms

First we determine distributions ¢ in D’(S) invariant with respect to the subgroup H
under the representations T,. We shall use the following notation for a character of the
group R*:

= [t (sgnt)™,

where t € R* = R\ {0}, A € C, m € Z. In fact this character depends only on m modulo 2.
Here and further the sign “ =" means the congruence modulo 2.
It is easy to check that the distribution

90’,5 = Sg,a = [ 07 5]0757

where 0 € C, € =0,1, is H -invariant. Sometimes we write an integer instead of ¢ with the
same parity as €. As a function of o, 0,. is a meromorphic function — with simple poles at
points 0 € —1—&—2N. Its residue at ¢ = —n—1, n = ¢, is the distribution const-§™(s3)
concentrated at two points s = (1,£1,0). Here §(¢) is the Dirac delta function on the real
line (a linear continuous functional on D(R) ). The space of H -invariants has dimension 2
for ¢ # —n — 1, n € N; and dimension 3 for ¢ = —n — 1. Every irreducible subfactor for
T,, o € Z, contains, up to a factor, precisely one H -invariant. In particular, 6_,_; ,1; and
Onn+1 have non-zero projections into V', ;. and D'(S)/V], .. respectively.
The operator A, carries 0,. to _,_1. with a factor:

Aaea,e = j(U, 6)97071,57 (31)

where

jlo,e) =279 1/2T (—a - %) ['(o+1)[1—(—1)°coson]. (3.2)

It is easy to check that
j(O', €)j<—0' - 17 6) = (Sﬂ-w(o’))ila

where w(o) is given by (2.7) or (5.2). The factor j(c,e) has simple poles at 0 € —1/2+N.

By a general scheme [3], the H -invariant 6, . gives rise to the Poisson kernel P, .(x,s) =
[z,s]7¢, x € X, s € S. This kernel gives rise to two transforms. The first of them, the
Poisson transform P,.:D(S) — C*(X) is a linear continuous operator defined as follows:

(Pre)(z) = / (2. 517 (s)ds.

S
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It intertwines T_,_; with Uy, therefore, its image consists of eigenfunctions of the Laplace—
Beltrami operator:
AyoP,.=0(c+1)P,.

of parity e (see (2.1) and (1.4)). As a function in o, the Poisson transform behaves like
5. it depends on o meromorphically and has simple poles at 0 € —1 — ¢ — 2N.
Formula (3.1) gives
P, A, =j(o,e)Py_qp. (3.3)

Consider o € Z. The transform P_,_;,4; vanishes on F,, it generates an operator
on D(S)/E, which intertwines T¢ with Uy. The Poisson transform P, ,; considered on
Ve | intertwines T¢, , with Uy. By (3.3), P,,+1 has the same image as P_,_ 1,11

The second transform generated by the Poisson kernel is the Fourier transform F,. :
D(X) — D(S) defined by

(Fyef) (5) = / [z, 57 f (x)d.

It is meromorphic in ¢ with simple poles at points ¢ € —1 — ¢ — 2N. It intertwines Uy
with T,. It follows from (3.1) that

AUFU,.E = j(a, 5)F—U—1,a- (34>

For a function f € D(X), let us call two functions F,.f, ¢ =0,1, the Fourier components
of f corresponding to the representation 7.
The Fourier and Poisson transforms are conjugate to each other with respect to forms
(1.3) and (2.2):
(Poew, fla = (¢, F5cf)s-

This relation allows to extend the Poisson transform to distributions on S.

Consider the reducible case. The Fourier transform F, corresponding to T¢ is defined
as the map of D(X) to D(S)/E, which assigns to f € D(X) the corresponding coset of
the function F, ,1f. By (2.8) and (3.4) we have

(Bof, Fuh)n = do{F 1 nirf, Funiih)s, dn=2n1*/m(2n + 1)L

The Fourier transform corresponding to T‘_in_1 is Iy 11

The representation 7, has one up to a factor K -invariant, it is the function 7, equal
to 1 identically on S':

To(s) = [y s]7 = 1.
The representations of the discrete series have no K -invariants.

The corresponding Poisson transform @, : D(S) — C*()) and Fourier transform
D(Y) — D(S) are defined by

Qo)) = / =y, sl°p(s)ds,
(Goh) (s) = /y —y, s h(y)dy.
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Notice that [—y,s] >0 forall y €)Y and s € S.
The Poisson transform @), intertwines 7_,_; with Uy, therefore, its image consists of
eigenfunctions of the Laplace-Beltrami operator:

AyoQo:=0(04+1)Qpe. (3.5)

4. Spherical functions

Let 0 € C, ¢ =0,1. Let us define a spherical function ¥, . on the hyperboloid Y as
follows

Voely) = (T5(9)00:e T-5-1)s (4.1)
= <60,€>T—E—1(971)T—E—1>S
= /0075[—3;, 577 ds, (4.2)
S
where g € G is such that y% = y. As the distribution 6,. does, the spherical function
U, . is given by an integral absolutely convergent for Rec > —1 and can be continued
analytically in ¢ to a meromorphic function. It has poles where 6,. has and of the same

(the first) order.
The function ¥, (y) is a function of class C*> on ) invariant with respect to H :

U, (yh) = V,.(y), he H.
Therefore, it depends on y3 = [2°, 3] only:

Voe(y) = Poelys), (4.3)
where ®,.(c) is a function in C*(R).
Lemma 4.1. The function ®,. has the following integral representation:

o,

D, (c) = /O27r (c +Ve2+1-cos a) dov. (4.4)

P roof. Let us take in (4.1) as ¢g the matrix a = expt Lo, see (1.1),in A:

cosht 0 sinht
a = 0 1 0
sinht 0 cosht

We have
(T,(a)b,.) (s) = [2°, sa]”° = (sinht + s3 cosht)”< .

By (4.1), the value of W, at the point y’a = (cosht,0,sinht) is just (4.4) with ¢ = sinht.
0

It follows from (4.4) that the function ®,. has parity e:
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Equality (4.2) shows that the spherical function WU,. is the Poisson transform of the
H -invariant:

\IIO',E = Q—cf—lea,s- (45)
Consider ¥, . as a distribution on Y:

(Ve fy = /y U, () F(0) . (4.6)

where f € D(Y). The right hand side in (4.6) can be rewritten as an iterated integral, then
we obtain:

(U, fy = / " By (VML) () de (4.7)

—00

where

(MF)(e) = / 5y — o) f(y)dy,

y

The map M assigns to a function f its integrals over H -orbits. It is a continuous operator
from D(Y) onto D(R).

Lemma 4.2. The value (4.6) is expressed in terms of Fourier components:
<\IJU,£a f>y = <90',€7 G—O‘—lf)S' (48)

Proof. Let h(y) be a majorant of the function f(y), depending on y; only. Then for
Reo > —1 the right hand side in (4.8) is majorized by the integral

2w
/ |cosa|7da/ ‘[y, s
0 Yy

where 7 = Reo. In fact, the integral over ) here does not depend on s. Therefore, integral

—7—1

h(y)dy, (4.9)

(4.9) converges absolutely and the order of integration can be inverted. So we get equality
(4.8) for Reo > —1. To other o this equality is extended by analycity. O

Let ® be a distribution on ) invariant with respect to H. Assign to it two things: a
convolution with ® of functions f in D()) and a sesqui-linear functional K on the pair
(D(X), D(Y)). The convolution ® x f is the following function on X’:

(@ f)x) = (2,Uy(9)f)y
= /y D(y) f(yg)dy,

the functional is:

K(Q)’h,f) = <h76*f>/\’
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0

where h € D(X), f € D()Y) and g is an arbitrary element in G carrying z to z.

Since ® is H -invariant, these formulae do not depend on the choice of ¢ for given z. The
convolution is a linear map D(Y) — C*°(X), intertwining Uy and Uy :

D x (Uy(9)f) = Ux(g) (®* f).

For the spherical function W, ., the convolution and the functional are expressed in terms

of the Poisson and Fourier transforms:

(Yo x f)(2) = (PrcGo-1f)(2),
K(Woelh, f) = (Foeh,G5-1])s. (4.10)

The kernel K, (x,y) of the functional (4.10) is

Koe(x,y) = /5[56, 8|7 [—y, s] 7 'ds.

Lemma 4.3. The function U, . has the following property of symmetry in o :

1 —1)°
g, = tF(EDcosor (4.11)
' sSInomw ’

Proof By Lemma 4.2, (3.1), (2.4), (2.5) and Lemma 4.2 again we have:

0 616 Gzf)s

(0,6) " (Aboc, Gz f)s
(0,8) " (0, AzG5f) 5
(070)j(075>_1<90,5uG—E—1f>s
(0,0)5(0,) N (Wyr, fy.

Substituting here values of a(c,0) and j(o,¢) from (2.6) and (3.2), we get (4.11). O

<\Ij—a—1,87 f>y = <
= J\o
J

Q

= Qa >

Lemma 4.4. The spherical function V,. is an eigenfunction of the Laplace—Beltrami

operator:
Ay, =o(c+1)U,.. (4.12)

P r o o f. The function V¥,. is the Poisson transform of the function 6,., see (4.5).
It remains to remember (3.5). O

On functions depending on y3 = ¢ only, the operator Ay becomes to the following
differential operator (the H -radial part of Ay ):

L= (c+ 1)6— + 2c—=. (4.13)

Lemma 4.5. The function ®,., see (4.3) and (4.4), is an eigenfunction of L :

Lo, =0(c+1)P,,
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The lemma follows immediately from Lemma 4.4.

Theorem 4.1. The spherical function Y, (y) is expressed in terms of the Legendre
functions P, (see [2, Ch. IlI]) of the imaginary argument:

B 2m
o elom/2 + (_1

Vo) ezt Folins) + (Z1)Po(—iny) | (4.14)

P r o o f. Denote for brevity:
Py (it) = B, (t), (4.15)

also for a function ¢(t) on R we shall denote

Equality (4.14) is equivalent to the following expression of the function @, :

2T

(I)(T,E(C) = eio‘7r/2 + (_1

Jee—ion/?2 {Bo(c> + (—1)637(@)} : (4.16)

So we have to prove (4.16).
The Legendre function P,(z) is analytic in the z-plane with the cut (—oo, —1], satisfies
the equation:

((22 - 1)% + 22%) w=o(c+1)w (4.17)

and has the integral representation

P(2) = — /OQW (Z + /22— 1cos oz)a da. (4.18)

:27'('

Let o be not integer. Then the functions P,(z) and P,(z) form a basis of solutions of
equation (4.17). For z =ic equation (4.17) becomes the equation:

Lw=o(0c+ 1)w.

In virtue of Lemma 4.5 the function ®,. is a linear combination of functions B, and
B\O. Coefficients of this linear combination could be found out by computing values of
functions ®,., B, and EU and their derivatives at the point ¢ = 0, using (4.6) and
explicit expressions |2, 3.4(20),(23)]. But it is more convenient for us to find them in another
way.

Let z tend to ic, ¢ € R, in (4.18) such that Rez > 0. We get:

1 . 2m o
B,(c) = —e“’”/z/ (c + V24 1cosa — iO) dov. (4.19)

27 0

Denote

2m o
Z,(c) :/ <c+\/62+1cosa—i0> da.
0

+
Then

27 P
Zy(c) = / <c+\/02+lcosoz—z'0> da.
0 -
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Applying to (4.19) the formula:

(t —i0)7 = t7 4+ e "7,

we obtain .
B, = — [ew’r/QZa v e_i”/zz,} , (4.20)
2m
whence .
B, = — [e_i"”/QZg n em/QZ,} . (4.21)
From (4.20) and (4.21) we have
_ m iom/2 —ion/2 D
Z, = — [e B, —e Bo}, (4.22)
isinom
7, = - .7T [ _eTioT/2B 4 eioﬂ/2§gi| ' (4.23)
isinom
Since
Oy = Zy + (177,
we obtain (4.16) by (4.22) and (4.22). O

Let us establish some estimates for spherical functions of the continuous series
(0 =—1/2+1ip). They show that values of these spherical functions at f decrease rapidly
when their parameter p tends to infinity.

Theorem 4.2. Let 0 = —1/2+1ip, p € R. For any compact set W C Y, there exists a
number C > 0 such that for any f € D(Y) with the support in W the following estimate
holds:

|<\I}U757 fivl<C- m;xx ‘ (Agbf) (y)| (102 +1/4)7™", meN. (4.24)

Proof Take h € D(Y) depending on y; only, such that h(y) >0, h(y) =1 on W.
Then ph, where p = max|f(y)|, is a majorant for f depending on y; only. Arguing as in
the proof of Lemma 4.2, we obtain

|<\Ilcr,sa f>37‘ < C',u, (425)

where C' is the number
2
C:/ \cosa\l/zda/[—y, s]7Y2h(y) dy.
0 y

Now apply the estimate (4.25) to the function AY f, m € N, transfer the operator Ay to
the function ¥, ., since it is self-adjoint, and use (4.12). Since |o(c + 1)] = p* + 1/4 for
o=—1/2+ip, we get (4.24). O

Let us write expressions of VU,. for o integer. In the notation ¥,. sometimes it is
convenient to write an integer instead of £ with the same parity as e.
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Let n € N. Let first 0 =n. For U, 1 we have to evaluate an indeterminacy in (4.14).
We have

an,n(Q) == QWZ_nPn(Zys),
\Ijn,n—&—l = _421_71@:1(2?43)7

where P,(z) is the Legendre polynomial and Q7 (z) is the Legendre function which differs
from the Legendre function of the second kind @,(z) by the cut on the z-plane: for @, (2)
one takes the cut [—1, 1], but for @ (z) one has to take the cut (—oo, —1]U[1, c0) ; therefore,
we have:

. 1 1+2

Qr(z) = éPn(z) In .

cf. |2, 3.6(24)], where the principal branch of the logarithm is taken and W, _1(z) is a
polynomial of degree n — 1 indicated in |2, 3.6.2].

For ¢ = —n — 1 we use the relation (4.11). For ¢ = n the function ¥,. has a pole at

— Wii(2),

o = —n — 1 because of 8,.. We have

\IIfnfl,TH»l = 07
Resoe 1V, = (1) (2/7) 0,

5. Eigenfunction decomposition of the radial part
of the Laplace-Beltrami operator
In this Section we obtain the eigenfunction decomposition of the operator (see (4.13))
02 0
L=(*41) = +2c=
(" + )802 - “ac

defined on the real line R. We use the function ®,.(c), see (4.3) and (4.4). Recall that it
has parity ¢ and satisfies the equation:

Lw=o(0c+ 1)w.

Let us denote by (p,%) the L?(R) inner product of functions ¢, :

(0, ) = / " (0 de.

Theorem 5.1. There is the following eigenfunction decomposition of the operator L :

(e = [ )Xo 0@l 6.0)

where

w(o) (20 4+ 1) cotom (5.2)

~ 3272
so that

1 1
w —E—Hp :Wptanhpﬂ.
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P roo f. Let us write the resolvent Ry = (A\E — L)™' of the operator L. Let h € L*(R)
and Ryh = f, then h = (AE — L)f, so that

Lf —\f =—h. (5.3)

Let us take A in the form A = o(o 4+ 1). The correspondence o +— A maps the half plane
Reo > —1/2 onto the A-plane with the cut (—oo,—1/4] one-to-one.

Let fi1, fo be eigenfunctions of the operator L with the eigenvalue A\ = o(c + 1) with
Reos > —1/2. They behave at infinity (+o00) as Alc|” + Blc|™7!. Let us take them such
that they are square integrable at +0o0 and —oo respectively. Then for ¢ — +o00:

f1(6> ~ Blc_”_l,
f2(C) ~ A200+BQC_U_1,

and for ¢ = —00:

fl(C) ~ Cl‘C|J+D1|C’_J_1,
fale) ~ Dyle| =t

The wronskian W of these functions is

Wo
W = 62——{—]_’ WO = (26 + ]_)BlAQ
We have already several eigenfunctions: P, (ic), P,(—ic), Z,(c), Z,(c), ®,.(c), e=0,1
By [2, 3.2(18)] the Legendre functions behave when ¢ — +oo as follows:

PU(’iC) ~ p(O') . ez‘mr/Z c +p(_0_ _ 1) . ei(—a—l)rr/Q . C_U_l,
PJ(—iC) ~ p(O’) . e—i(ﬂr/Q ° +p(_0_ i 1) X ei(a+1)7r/2 . C—U—l7

where
1 1

:20 71B - -
p(o) ™ (0+2, 2),

B(a, b) being the Euler beta function.
By (4.22), (4.22) it gives that when ¢ — 400 we have

Zo(e) ~ 2m-p(0) - — —— p(—o—1)- 7,
—o—1

Zy(c) ~ 2m-cotom-p(—o—1)-c

Therefore, as a mentioned-above basis f;, fo of solutions of the equation Lw = A\w,
A =o0(o+ 1), we can take the pair Z,, Z,. Then

Wy = (204+1)-27p(0)-2wcotonm - p(—o — 1)
= Am.

Therefore, the solution f of equation (5.3) is

Flo) = i{}(c) /_ " Z,(Oh(t)dt + Z,(c) / N Z(t)h(t)it )

[e.9]
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Thus, for ImA # 0, the resolvent R, is an integral operator with the kernel

(/A Z () Z, (1), ¢ > t,
Balert) = { (1/47) Z, () Z, (1), ¢ < 1, (54)

here A = o(0c + 1) and o belongs to the half plane Resc > —1/2 with the cut along the
real axis.
Let ¢,v € L*(R). By the Titchmarsh-Kodaira theorem |1, XIII| we have

1 9] 0
(()07 w> = al—i>r—l;-10 % |:/_Oo (R)\fisgp7 ¢) X — /_OO (R/\Jrisgpa w) d)\‘| .

Let us pass to 0. Then d\ = (20 4+ 1)do and we denote S, = R). The operator function
S, is analytic in the half plane Reo > —1/2. Therefore,

1 o0
= — 2 1) (S5,
() =5 | CotDiSwen)|
We can keep here only the even part in p of the integrand:
1 o0
(po0) =4 [ @+ DS = Seo)e)

o o=—1/2+ip

Let us compute the kernel M,(c,t) of the operator S, —S_,_1. Let ¢ >t. By (5.4) we
have

dp.

dp.

Molert) = 3= 2o(0)Z0(t) = 2y ()75 1(8)}

Let us insert here (4.22) and (4.22) and use that the Legendre function P, is unchanged
under o +— —o — 1. We obtain (recall notation (4.15)):

M, (c,t) = —M{Ba(c)éo(t) n Eg(c)Ba(t)}. (5.5)
2sin“om
For ¢ < t, we obtain the same expression.
Further, if 0 = —1/2 +ip, then for the Legendre function P, on the imaginary axis we
have

P,(ic) = Ps(—ic) = P_,_1(—ic) = P,(—ic),
or, in terms of B, :
Bo() = By(c) = Bo-1(c) = Bo(0)
Therefore, equality (5.5) gives

o) = — [ BLENSTT b 5,.0)

oo 8sin” omw

+ (9. B)(Bov)}

dp. (5.6)

o=—1/2+ip

This formula is the desired eigenfunction decomposition — in the basis B,, EU.
Now let us pass in (5.6) from B,, B, to ®,., ¢ =0,1, by

1 o .. oT
BU = % <COS 7 . (I)0-70 “+ 281n 7 . (1)0-71> s
~ 1
B, = o (COS % - D, 0+ isin % . <I)071> ,

then we obtain (5.1). O
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6. Decomposition of a sesqui-linear form on the pair of hyperboloids
Let us consider the following sesqui-linear form A(h, f) defined on the pair (D(X),
D(Y):
At )= |8l )@ F)dady,
XxY

The main result of our work consists of Theorem 6.1, which gives the decomposition of this
form in terms of Fourier components of functions A and f. The decomposition contains
Fourier components of the continuous series (o0 = —1/2 +ip).

Theorem 6.1. The sesqui-linear form A(h, f) decomposes into Fourier components of
the continuous series F,of and G,h, 0 =—1/2+1ip, p € R, as follows:

Alh, f) = / " 0) (Froh, G f)s ap, (6.1)

0o o=—1/2+ip

where
o) = 20008 (-3, 5) (62)

1 o 1
= 6 (20 +1)cotom - B <—§, 5) , (6.3)

the factor w(o) is given by (5.2), so that

IR W S . (1 p ’ 1 p ‘2
,u( 2—1—2,0)—87r ptanh pm sm(4—|—2 m- I 4+2
Proof. Let ustakein (5.1) as ¢ the characteristic function of the interval [0, a] divided
by a and as v the function M f, f € D()). We can consider that a € [0,1]. We obtain

1 a— [o¢] 1 a—
2/ UCIEDS | o] ; [ # e i (6.4)
where we denoted
Q(p) = w(o)(Pos MS)

= <\I/O',67 f>y

o=—1/2+ip

Y
o=—1/2+ip

see (4.7). Let a tend to 0. Then the left hand side of (6.4) goes to M f(0). Let us prove
that we can pass to the limit under the integral over p in the right hand side of (6.4). By
the mean value theorem, the integral in the right hand side of (6.4) is equal to

F0) = [ 00 a1 (6.5)

—00

where 7 is a number in [0,a] (depending on a, p and €). We have to prove that

Fe(a) — F(0) (6.6)
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when a — 0, where
PO = [ Q)8 a0 (6.7

Let us take an arbitrary number 7 > 0. In virtue of Theorem 4.2 both functions Q.(p),
e =0,1, decrease rapidly when |p| — 0. Therefore, there exists a number A such that

[ Jooo < (6.8)
lp|=A
It follows from formula (4.4) that the function ®_;/51,,.(c) is bounded, i. e.

1 2ripe0) <V, (6.9)

N being some number, for all p € R, ¢ = 0,1, and all ¢ from some finite interval, for
example, [0,1]. Indeed, formula (4.4) implies the inequality

2m
‘(bm(c)‘é/ c+ Vet +1-cosa
0

since the function of ¢ in the right hand side of (6.10) (it is the function ®_1/59) is
continuous with respect to c.

‘1/2

dov (6.10)

On the other hand, since the function ®_;/54,,.(c) is continuous with respect to p and
¢, there exists a number § > 0 such that

‘(I)—l/Q-i-ip,a(n) - ‘P—l/zm,a(o)‘ <7 (6.11)

for |p| < A and 0 <7 < 4. Then for 0 < a < § we have

F() = RO < [ 1000)] - [0oymeine) = ©1pmrine 0)]do
|

A
.
—A

pI=A
A
< v/ |owlaocon [ Jap)d
-A lp|=A
< (C.+2N)y, (6.12)

where

Ce. /_: Qs(p)‘dp,

here we used (6.5), (6.7)—(6.9), (6.11). Inequality (6.12) proves (6.6).
Now we may pass to the limit in (6.4) when @ — 0. We obtain

w7 - [ " o) Y B0 (U )y

dp. (6.13)

o=—1/2+ip

By (4.4) we have
27
®,.(0) = / (cos ) dyp
0

= [1+(—1)5]B(g;1, %)
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We see that @, .(0) is equal to zero for € = 1, so that only one summand in (6.13) remains
— with ¢ = 0. Since
cg=—0c—1 for o=-1/2+1ip, (6.14)

equality (6.13) is

MO = [ o) enidl| o (6.15)
where u(o) is given by (6.3), (6.4).
The left hand side in (6.15) is
MF0) = [ o (1a".) Ty (6.16)

Taking into account (6.16) let us apply (6.15) to a shifted function (Uy(g)f) (v) = f(vyg),
g € G. We get

/y 5 ([ y]) T@)dy = / " )W, Up(9) )y ap. (6.17)

0o o=—1/2+ip

where z = 2.

Now multiply both sides of (6.17) by a function h(x) in D(X) and integrate over x € X.
In the right hand side we may invert the order of integrations — in virtue of Lemma 6.1, see
below. We obtain:

A )= [ e /X (o0, Uy(9) )y h(z)dz dp.

o o=—1/2+ip

The integral over X is nothing but the functional K (WU, |h, f). Substituting its expression
(4.10) in terms of Fourier components and taking into account (6.14), we get (6.1). O

Lemma 6.1. For any function f(y) in Dy the integral in the right hand side of (6.17)
converges absolutely and uniformly with respect to © = 2% on any compact V C X.

P r oo f. The hyperboloid X can be embedded into the group G as the product AK of
subgroups A and K. By continuity of Uy, the union of supports of all functions Uy (g)f,
where g = ak is such that 2°g € V' is some compact W in Y. By Theorem 4.1 there exists
C > 0 such that for any g = ak, 2°g € V, the following inequality holds

(Vo Up(g) )y | < € max | (A5UM(9)S ) )] - (62 + 1/4)
Since Ay commutes with translations, we have

max | (A§Uy(9)) (v)] = max | (Un(9)A5F) ()| = maxx | A5 £(y)]

so that there exist numbers C,,, m € N, such that
(Vo Un(9) )y < Con- (22 4+ 1/4)77,

for all # = 2% € V and all m € N, whence the lemma. O
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The quasiregular representation of G = SOg(1,2) on X contains representations of

the continuous series with multiplicity two and the analytic and antianalytic series with
multiplicity one, and the quasiregular representation of G on ) contains representations of
the continuous series with multiplicity one. Theorem 6.1 gives

Theorem 6.2. The kernel of the Radon transform R consists of functions belonging to

the discrete spectrum and to the odd part of the continuous spectrum on X, its image goes
in C*®(Y). The kernel of the Radon transform R* is {0}, its image consists of functions
belonging to the even part of the continuous spectrum X.

1]

2]

3]

4]
5]
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Abstract. Let G be a zero-dimensional locally compact Abelian group whose elements
are compact, C(G) the space of continuous complex-valued functions on the group G. A
closed linear subspace H C C(G) is called invariant subspace, if it is invariant with respect
to translations 7, : f(z) — f(z +vy), y € G. We prove that any invariant subspace H
admits spectral synthesis, which means that H coincides with the closure of the linear span
of all characters of the group G contained in H.
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Annoramus. [lycte G — HyJibMepHasi JIOKAJIHHO KOMITAKTHAsT abesieBa IPYIIa, BCe 3Jie-
MeHTbI KoTopoii KomnakTHbl, C'(G) — IPOCTPaHCTBO BCEX HENPEPBLIBHBIX KOMILIEKCHOZHAU-
HbIX GyHKIWHA Ha rpymne G . SamkHyToe nuHeliHOe noxnpocrpanctso H C C(G) Hasb-
BAaETCsl MHBAPUAHTHBIM MOJIITPOCTPAHCTBOM, €CJIM OHO MHBAPUAHTHO OTHOCHTEJIHLHO CJBUTOB
Ty ¢ fx) = flz+y), y € G. B pabore moxkasbBaeTcs, ITO JI0O0E MHBAPUAHTHOE IOI-
[IPOCTPAHCTBO H JIOIyCKAeT CIEeKTPAJIbHBIN CHUHTE3, TO €CTh 7 COBIAJAeT C 3aMbIKAHUEM
JINHEHO# 000JIOUKHU BCEX COJIEPIKAIMXCS B H xapakTepos rpymnsl G .
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1. General definitions

Let G be a locally compact Abelian group (LCA—group), F be a locally convex topo-
logical vector space that consists of complex-valued functions on the group G. This space
is called a translation invariant space if it is invariant under translations (shifts)

Ty fl@) = flet+y), feF, yed,

and all operators 7, on the space F are continuous. A closed linear subspace H C F is
called an invariant subspace if 7,(H) C H for any y € G.

A continuous homomorphism of G into the multiplicative group C, = C\ {0} of
nonzero complex numbers is called an exponential functions or generalized character on
G . A continuous homomorphism of G into the group T := {z € C : |z| = 1} is called a
character of G'.

Continuous homomorphisms of G into the additive group of comlex numbers are called
additive functions. A function = +— P(ay(x),...,a,(z)) on G is called a polynomial if P
is a complex polynomial in m variables and a4, ...,a, are additive functions. A product
of a polynomial and an exponential function is called an exponential monomial, and linear
combinations of of exponential monomials are called exponential polynomials.

Let F be a translation invariant space on G and H be an invariant subspace in F .

Definition 1.1. Aninvariant subspace H admits spectral synthesisif H coincides
with the closed linear span in F of all exponential monomials that belong to H . We say
that a translation invariant space F has the spectral synthesis property if any invariant
subspace ‘H C F admits spectral synthesis.

2. Examples of spectral synthesis

In this section we give some examples of spectral synthesis.

1. G=R,+)

Any exponential monomial on R has the form f(z) = P(z) e, where z € R, A € C,
P(z) is a polynomial. The function spaces C(R) of all continuous functions and
E(R) = C*(R) of all infinitely differentiable functions (all classical function spaces are
equipped with their usual topologies) have the spectral synthesis property. This is result
of L. Schwartz [1]. Some other examples of functions spaces on R with spectral synthesis
property were studied in the papers of J. E. Gilbert [2] and S.S. Platonov [3].

2. G=R"4+), n>2

Any exponential monomial on R™ has the form f(z)=P(z)e*, where z=(xy,...,2,)€
R" A= (A,...,\) € C", Az = My + -+ + ANz, P(x) is a polynomial in 2. In [1]
L. Schwartz conjectured that the spaces C'(R") and E£(R™) = C*°(R™) have the spectral
synthesis property. This conjecture turned out to be false. In 1975, D. 1. Gurevich [4]
costructed an example of an invariant subspace H C E(R?) containing no exponential

A

monomials. Nevertheless, L. Schwartz [5] proved that the space S’(R"™) of all tempered
distributions on R™ has the spectral synthesis property.

3. @ is a discrete group

For the case when G is a discrete group, the most natural function space is the space
C(G) consisting of all complex-valued functions on G with the topology of pointwise
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convergence. The case G = Z" was studied by M. Lefranc [6]. He proved that the space
C(Z™) has the spectral synthesis property. Some results about the spectral synthesis on
the discrete groups were considered in [7]. In particular, the space C(G) has the spectral
synthesis property if G is a finitely generated Abelian group |[8] or a torsion Abelian group [9].
In [10] M. Laczkovich and L. Székelyhidi proved that the spectral synthesis in the space C(G)
holds on a discrete Abelian group G if and only if the torsion free rank of G is finite. For
the case when G is a finitely generated discrete Abelian group and F is the space of all
exponential growth functions on G the spectral synthesis property was proved in [11].

3. Main results

Let G be a LCA-group. An element x € G is called a compact element if the smallest
closed subgroup of G', which contains =z, is compact.

Let G be a LCA-group, such that all elements of G are compact. Any generalized
character of G is a usual character and any additive function on G is zero. Any exponential
monomial on G has the form Ayx(z), where A € C, x(x) is a character of G .

Proposition 3.1. Let F be a translation invariant space on G, H be an inva-
riant subspace in F . If G is a LCA-group, such that all elements of G are compact, then
H admits spectral synthesis if and only if H coicides with the closed linear span in F of
all characters of G that belong to H .

For any LCA-group G let G be the set of all characters of G. The set G is a LCA-
group (dual group of G') with compact-open topology and multiplication being defined as
the pointwise multiplication of functions.

For any invariant subspace H C F, the set o(H) := {x € G : x € H}. is called the
spectrum of H .

If G is a LCA-group, such that all elements of G are compact, and invariant subspace
‘H admits spectral synthesis, then H can be recovered uniquely by its spectrum o(H).

A locally compact topological space X is called zero-dimensional if compact open subsets
of X form a basis of topology. A locally compact Hausdorff topological space X is zero-
dimensional if and only if X is totally disconnected, that is any subset of X | which contains
more then one point, is disconnected.

Theorem 3.1. Let G be a locally compact zero-dimensional Abelian group, such that
all elements of G are compact. Then: 1) the space C(G) of all continuous functions on G

o~

has the spectral synthesis property; 2) a subset o C G is the spectrum of some invariant
subspace of C(G) if and only if o is closed subset of G .

4. Some examples of zero-dimensional LCA-groups,
all elements of which are compact

1. Let {ny}rez be a two-side sequence, ny € N, ng > 2. Let

G =Pz,

kEZ
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where 7Z,, is the cyclic group of order n. Every Z,, is a discrete group and G isa compact
group. Any element of G has the form

& = {2 }rez, T € Ly
Let G be a subgroup of G that consist of all elements
t={x} €G:IN(x)€Z Vk<N(z) x4=0.

The group G is locally compact, zero-dimensional and all elements of G are compact.
If np, =2 Vk € Z, then we have the locally compact Cantor dyadic group. The harmonic
analysis on this group closely connected with Fourier-Walch harmonic analysis (see [12]).

2. Let @Q, be the group of p-adic numbers. Any element x € Q, can be identified with

a formal series
T = Z rp®, 1 €{0,1,...,p—1}, N(x)€Z.
k=N (z)

The group Q, is locally compact, zero-dimensional and all elements of G are compact.

Also, for any two-side sequence a = (ag)kez, ar € N, ar = 2, there exist the group Qa
of generalized a-adic numbers (see [13]). The group Q, is locally compact, zero-dimensional
and all elements of G are compact. A zero-dimensional LCA-group G with countable base
of topology, such that all elements of G are compact, is called a Vilenkin group. Harmonic
analysis on such groups was studied in [14].

5. On the ideal structure of algebras of locally constant functions

Let X be a zero-dimensional Hausdorff locally compact topological space. Let 7.,(X)
be the set of all compact open subsets of X . The set 7.,(X) forms a basis of topology of
X . Any finite set a = {Uy,...,U,} of mutually disjoint subsets U; € 7.,(X) is called a
discrete system of subsets of X . Let 9(X) be the set of all discrete systems of subsets of
X.For a={U,...,U,} € M(X), the support of « is the set

supp « := o Us.

i=1
A function f on X is called locally constant if for any = € X there exist neighbourhood
U = U(xz) of x on which f is constant. Denote by D(X) the set of all locally constant
complex-valued functions on X with compact support. The set D(X) is a linear space. Now
we define a topology on D(X).

For any a € {Uy,...,U,} € M(X) let D,(X) be the set of functions of the form
f=>"¢ly, where ¢; € C, Iy is the characteristic function of U. The set D,(X) is
n -dimensional vector space. With respect to the uniform norm

[flloo == sup [f(2)]
zeX

the set D,(X) is a Banach space. We equip the space

D)= |J DaX)

aeM(X)



454 S.S. Platonov

with the topology of inductive limits of the Banach spaces D,(X), that is a topology of
D(X) is the weakest locally convex topology for which all inclusions D,(X) C D(X) are
continuous. Then D(X) is locally convex space. With respect to the pointwise multiplication
of functions, D(X) is a topological algebra.
Let Z be an ideal of the algebra D(X). Denote by N(Z) the set of zeros of all functions
from Z, that is
NZ)={zeX: f(x)=0 Vrel}.

The set N(Z) is called zero set of Z.
For any closed subset A C X denote by Z4 the set of all functions f € D(X), such
that f(xz) =0 for any x € A. The set Z, is a closed ideal of D(X).

Theorem 5.1. Let Z be an ideal of the algebra D(X) then Iy =I.

Corollary 5.1. Any ideal of the topological algebra D(X) is closed.

6. The proof of Theorem 3.1

Let G be a zero-dimensional LCA-group, C'(G) be the set of all continuous functions on
G, D(G) be the set of locally constant functions with compact support on G . By M., (G)
we denote the set of complex-valued Radon measures with compact support on G. The
space M.(G) can be identified with the dual space of C(G) with respect to the duality

:/f(x)dp(x), feC(@), neMG).

The space M.(G) is a locally convex space with respect to the weak topology
0(M.(G),C(G)).
Let p1, o € M (G). A convolution iy * o is defined by formula

(p1 * piz, ) // (z +y) dpa () dpa(y),

where ¢ € C(G).
The set M (G) is a commutative topological algebra with convolution as multiplication.
For any closed linear subspace H C C(G), let H* be its annihilator in M, (G) that is

Ti={p e M(G): (u, [) =0 YfeH}

The mapping H + H* is one-to-one correspondence between the set of all invariant
subspaces of C'(G) and the set of all closed ideals of topological algebra M.(G).

Let D(G) be the set of all locally constant complex-valued functions on G with compact
support. The set D(G) is a commutative topological algebra with convolution as multipli-
cation:

(fi* fo)(a /flx— Val)dy. fi. fo € D(G).

We will denote this topological algebra by Do, (G) .
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For any topological algebra A we will denote by s(.A) the set of all closed ideals of A.
In particular we have the sets s(M.(G)) and $(Deony(G)) . Using identification a function
f € D(G) with the measure f(z)dz, we have inclusion D(G) C M.(G). The maps

p 1 S(Me(G)) = 8(Deono(G)) and p & 8(Deonu(G)) = s(M(G))
are defined by formulas:
p(H) :=HND(G), HEsMIG)), p(Ho):=[Ho],  Ho€ 5(Deonn(@)),
where [H,] is the closure of H, in the space M(G).

Proposition 6.1. The mapping p is a biection of set s(M.(G)) onto the set
$(Deony(G)) . The inverse mapping p~' coincide with p.

Let G be a LCA-group and G be the dual group. It can be proved that LCA-group G
is zero-dimensional group, all elements of which are compact, if and only if the dual group

G is zero-dimensional group, all elements of which are compact.
The Fourier transform of a function f € Li(G) is the function f on the dual group G

:/f(x)mdx, xeaq.
G

In particular, the Fourier transform is defined for any function f € D(G). The mapping
® : f— f is also called the Fourier transform.

which is defined by formula

Proposition 6.2. If G is a is zero-dimensional group, all elements of which are
compact, then the Fourier transform ® is an isomorphism of the topological vector space
D(G) into the topological vector space D(G) .

Corollary 6.1. The mapping ® is an isomorphism of topological algebra D ony(G) into
the topological algebra Dopu(G) .

Proof of Theorem 3.1 Let H be an invariant subspace of C(G), HL be its
annihilator in M.(G), Z =H*ND(G), 7= ®(Z). Then T is a closed ideal of D pny(G),
and 7 is a closed ideal of Dmult(G) We will say that the ideal 7 corresponds to the invariant
subspace H .

Let x € @ One can prove that y € H if and only if the point x belongs to zero set
of the ideal Z. Thus the spectrum o(H) of invariant subspace H is the same as zero set
N(Z) of corresponding ideal Z C Dyu(G) .

Let H be an invariant subspace of C(G). Denote by H; a closed linear subspace
of C(G), that coincides with the closed linear span in C(G) of all characters of G that
belong to H. Then #; is also an invariant subspace of C(G) and o(H) = o(Hi).
Let 7, = HEND(G), I, = ®(Zy). Since N(Z) = N(Z;) then we have Z = Z; by
Theorem 5.1, and from Proposition 6.1 we have H = H;. This completes the proof of
Theorem 3.1.
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