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POISSON PROBLEM FOR A LINEAR
FUNCTIONAL DIFFERENTIAL EQUATION

© S. Labovskiy, M. F. Getimane

The solvability, existence and positiveness of the Green function of the Poisson problem

A / (uly) — u(@) r(e,dy) = pf. ulyq) =0
Q

are showed. The spectral properties of corresponding eigenvalue problem are considered.
Here © is an open set in R™ | and T'(2) is the boundary of the Q. For almost all =€,
r(z,-) is a measure satisfying certain symmetry condition. The function p is a positive
weight. This problem has a clear mechanical interpretation.

Key words: poisson problem; discreteness of spectrum; Green function positivity; functional
differential equation.

1. The Poisson problem

1.1. The problem

Let ©Q be an open set in R™, and I'(2) be the boundary of the Q. We study the Poisson
problem

Au- / (u(y) - u(x)) re. dy) = o, (1)
Q
u‘F(Q) =0 (2)

where == (x1,...,2,), Au=ul , +---+uj . . For almost all x€Q, the function r(z,-) is a
measure satisfying certain symmetry condition. The function p is a positive weight.

The boundary value problem (1),(2) may describe behavior of an mechanical object. Due to this
mechanical interpretation, we can predict some of the properties of the boundary value problem.
Problems with a similar approach were considered in [1, 2, 3|.

The scheme of method is as following. Represent the problem (1),(2) in the form

Lu = f,
where
Lu— —; Au+ Q/ (uly) — u(@)) r(z,dy) | (3)

Using variational method we show unique solvability of the problem. Multiplying by v, and
integrating, we obtain an equation of the form

[u,v]—/ﬂfvd:r, (4)
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where [u,v] is a bilinear form. Therefore, we start with the bilinear form?*

ef

ol & [uoidet 5 [ @) - u@)o) - o) ¢(do x dy), )

Q QxQ
dx=dx; - --dx, . Then we show that the equation (4) with relation to u has a unique solution in
a space. The operator £ will be constructed automatically.
1.2. Assumptions and notation

Let Q CR™ be a nonempty bounded open set, I'(€2) be the boundary of the Q, and X = be
the closure of . For a real function u=wu(x) defined on © and having derivative of first order,

r /
wy = (Uy,, ... Ul ),
where z=(z1,...,z,). For two such functions v and v,

/ / / /

ror
UpVy = Uy V) + o0+ Uy Uy

1.2.1. The form (5) we use under following assumptions

Let M be the set of all Lebesgue measurable subsets in X =§) . Let the function r7: X x M — R
satisfy two conditions: for almost all x € X , the function r(z,-) is a measure on (X, M), for any
e€ M, r(-,e) is measurable on X .

The set functiom £ defined by the equality

§8) = [ r(wBr)do, By = {y: (1) € B) (0
is a measure. Assume that & is symmetric, i.e.
E(e1 x e9) =&(ea x e1), Ver,eq € M. (7)

The form [u,v] defined by (5) we will use in the Sobolev space I/VO1 2(Q).

Definition 1. Let W be the vector subspace of all elements from W(}’Z(Q) satisfying
[u, u] < oo.

Define the operator T: W — Lo(Q2) by the equality Tu(z)=wu(z), v €. The operator T is
continuous.

1.2.2. LQ(X,/,L)

Let p(z), z€ X, be a positive measurable weight (density). The measure u(S)= [4 p(x)dz we
may imagine as the mass of a measurable part S C X . Let

(f.9) = / f(@)g(x)p(x) da. (8)
Q

Let Lo(X,u) (or simply Lo(X), or L2(R2)) be the set of all p-measurable functions on X with
finite integral [ f(z)?p(z)dx. The Lo(X,u) is Hilbert space.
Q

“the notation &(dx x dy) is equivalent to d&
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1.3. Representation of the operator L

So, our bilinear form [u,v] is inner product in the space W . The image T'(WW) is dense in
Ly(X) . Note first that the equation [u,v]=(f,Tv) has the form

[zt [ ()~ u@) ) - oa)e(ds x dy)

QO QxQ
:/Qf(x)v(x)p(:z)dx, Ywew. (9)

For any f € Lo(Q2) it has a unique solution u=T*f €W .
Now we confirm the representation (3) of operator L.
Theorem 1. W02’2(Q) C D(L) and in WO2’2(Q) operator £ has representation (3).
Proof Forany ueC3P(Q2) or ue WOQ’Q(Q) and v €W integrating by parts one can easily

obtain the identity
/u;v;dm = —/Au-vdx.
Q

Q
Hence, if Au=g, then

Q
Note that C§° C D(L). We take equation (
weak sense.
For any u,veW

5 [ W)~ u@)ow) — v de =~ [ dvota) [(uty) - u(w) o, dy).

OxQ Q Q
From (9) and by definition of the A

Bu =~ | (uly) = @) () = pf. (11)

Q

/u;v;da::—/g-vdx, Yv e W. (10)
Q
10)

as definition of operator A on space D(L) in a

Thus, the operator £ has representation

1
Lu=— [ dut Q/ (u(y) — u(@)) r(z, dy)

1.4. Eigenvalue problem and spectrum of L

Theorem 2. Let Q satisfy the cone condition |4, Paragraph 4.6]. The eigenvalue problem

~u— | (uly) - u(e)) r(z. dy) = Apu, (12)
Q

Ul =0 (13)

has in W a system of nontrivial solutions wu,(x) corresponding to positive eigenvalues A, . This
system forms an orthogonal basis in the space I/VO1 -

R e m ar k. Expression Auw is defined in the weak sense (10).

R em ar k. Each element u & WO1 2 satisfies the boundary condition u‘F(Q) =0 in the following

sense. Since limit value of any ue€ C§°(2) on I'(Q2) is zero, it may be taken as value of u € Wol’Q
on the I'(Q?) .
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2. Positivity of solutions

L e m m a Suppose f>0 and the solution wu(z) of the problem (1),(2) is in C§°(£2). Then
u(z)>0 in Q.
P r oo f. Suppose u(zg) <0. Let u(xp) <h<0 and E={zecQ: u(x)<h}. Since

[ e [ () = @y = [ () = u(w)ie =0
/dx/ r(z,dy) = /dx/X\E (z))r(z,dy) >0
[awin= [ %

where in the right side® is integral on boundary I'(E) of E of the derivative of u along on outer
normal v of w. This integral is positive for some h € (u(xg),0). So

/ (Au + [ (o)~ ul)r(o.dy) + f> dz > 0.

This contradiction proves the lemma.
Lemm a l. Suppose f>0 and u(z) is the solution of the problem (1),(2). Then u(z)>0
in Q.

Proof Since W is closure of C§°(2) the u can be represented as limit u= li_)rn Up, , where
n—oo

up €CEC . Let fr,=Luy, fu=FfF—f, where f;f =(fn+|fnl)/2. Let Dy, ={z: f,;/(z)=0}. Since

we have

/Q(f—fn)de2/Dn(f—fn)de=/Dn(f+f;)2d:cZ/n(fE)Qdﬂf

the sequence f, tends to zero in Ly(Q). Since u, =u,} —u, , where ul =T*fF,

n

u = limu, = limu}.
This limit is a nonnegative function because by lemma 1 u,}7 >0.
Theorem3. Suppose f>#0 and u(z) is the solution of the problem (1),(2). Then u(z)>0
in Q.
Proof From (1)

Aut p(a)u = /Q u(s)r(z, ds) + p(a) (),

where p(z) =7(z,Q). By lemma 1 the right side is nonnegative. Since p >0 the solution of this
equation with boundary condition (2) is positive in €.

Corollary The minimal eigenvalue A of the problem (12),(13) is positive and simple. It
associated with a positive in € eigenfunction.

T h e orem The Green operator G =T* has the integral representation

- [ e () ds (14)

5this follows from the formula / vAudr = —/ VaplUy AT —|—/ va— ds
E E I'(E) ov
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Proof Let u=T*f and z¢=(x},...,20) €Q is a fixed point. Then ur u(zg) is a linear
functional defined on C§°. It is bounded as

T ou

u(zg) = da!

- 1
z) O

where zg= (s, x%, ...,xy) is the nearest point of I'(2) on the line xt ::cf) L i=2,...,n, ' >z}

0>
and )
S 8,11/ S
2 1 1
lu(zo)| </x <8$1> dx '~/451 dz* < Clu,ul.

1
0 0
Let ¢z, be the extension of this functional on all space W .
This functional has the representation ¢z, (u)=[u, gzo), goo €W,

wMWﬂﬂmm:mmm:A%@ﬂW@w

Let G(z,s)=gx(s). For ue C§°(Q2) the formula (14) gives exact value for any x € Q. If ueW | it
is limu, , u, € C§°(Q), and the (14) is fulfilled almost everywhere on 2.
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3ATAYA IIVACCOHA 1JIsd JIUHEMHOT'O
OYHKIIMOHAJIBHO-IJN®PEPEHIINAJIBHOI'O YPABHEHIN A

© C.M. Jlabosckuii, M. ®. 2Kerumane

[TokazaHbl pa3pemnMocTb, CYIIECTBOBAHUE U IOJIOKUTEIbHOCTH (yHknuu ['puna 3agaun
IIyaccona

Au- / (u(y) — u(@)) r(e.dy) = pf.  ulyg =0
Q

PaccMorpenbl crieKTpaJibHBbIE CBOICTBa COOTBETCTBYIOIIEH 3aJla9l Ha COOCTBEHHBbIE 3HAUE-
mua. 3neck ) — oTkpbiToe Muozkectso B RY u I'(Q) asiserca rpamumeit . g moarn
Beex x €8, r(x,-) dABageTCS MEPOIl, YIOBJIETBOPSIONIEH OIPEICIEHHOMY YCJIOBUIO CUMMET-
pun. OyHKIUS p — MOJOKUTEIBHBIN Bec. 3a/ada UMeeT sICHYI0 MEXaHUIECKYI0 WHTEPIIpe-
TaIWIO.

Key words: 3amaga [lyaccona; quCKpeTHOCTD CIEKTPA; MOJOKUATEIbHOCTL (byHKINN ['puna;
byHKIIMOHAIBHO- 1M DEPEHITNATBHOE YPaBHEHNE.
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