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Abstract. In this paper, we consider the system of equations that describes air motion
in a chimney. By introducing a method based on the «second approximation», we
prove a theorem on the existence and uniqueness of the global solution.
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Introduction

In [1] we have constructed a numerical solution to the system of equations describing the
chimney’s air motion caused by the latent heat of condensing water vapor. The numerical
construction of the solution has been made by using the approximation of separating the
temporal evolution and the vertical structure. However the question of the existence and
uniqueness of the solution of this system of equations, including that of the sub-system for
the vertical structure, has not been solved yet.

In [2| the author proposes a theorem of the existence and uniqueness of a system of
equations similar to the sub-system for the spatial structure studied in [1|. The result in
[2] advances the classical theorem of the existence and uniqueness of the local solution (For
an example see [3]). However, this theorem only provides the existence and uniqueness of
the solution in an interval, which seems too small to guarantee the solubility of a system of
equations of the kind proposed in [1].

In the present work, not only did we use the idea of [2], but we also introduced another
method based on the “ second approximation”. We prove a theorem of the existence and
uniqueness of the solution of a nonlinear system for ordinary differential equations, a theorem
which develops the result of [2].

The system of ordinary differential equations that we will consider corresponds to the
sub-system of vertical structure studied in [3]. We find this type of equations always in
the study of the motion of the air caused by the latent heat of condensation of the water
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vapor as storms. This has captured most researchers’ attention and maintained their interest
(see [4-T]).

1. Main concepts

We denote by T' the temperature of the air, o the density of the air, v = aw the velocity
of the air, g the gravitational acceleration, R; the constant of gas divided by the molar
mass, ¢, specific heat , 7,s(7) the density of saturated vapor in the air, ¥ is the quantity
of liquid or solid water in the air. We propose the following system of equations (see [1])

do dw
w% + QE = _Ht'r (11)
dT d
0e, - Rle—g = Lihe, (1.2)
dw dTl’ do
O‘@)zé)wg + RIQE + RITE = —go— g%, (1.3)

in the domain 0 < z < z;, t > 0, to model the motion of the air in a vertical cylinder of
height Z; , such that «(t) is a function of ¢ > 0, while o = o(t;2), T =T(t;2), w = w(t; 2)
are functions of 0 < z < Z; which depend on the parameter ¢ > 0, L;. is the latent heat
due to the phase transition of water from the gas state to the liquid or solid state , Hy, is
the quantity of condensation defined by the relation

_ d_
H,y = (WUS(T)E log o — EWUS(T))U). (1.4)

For the pressure p, we assumed that it is given by the law valid for a perfect gas
p=R{To.
The system of equations (1.1)—(1.3) must be considered with the boundary conditions
0l.=0 = 00, Tl|.=0=To, wl.—o=1. (1.5)

In order that the problem is significant from the physical point of view, the values of gy, Tj,
wo should not be arbitrary, but must correspond to the physical reality of the atmosphere,
so that the solution represent a real evolution of the upward flow of the air: oy and Ty must
be in the neighborhood of values

00 =~ 1204(g/m?), Ty ~ 300(°K), wo =~ 1.

2. Semi-stationary problem — First approximation
We denote by ¢ the probability of permanence of droplets in the air, in the system of
equations (1.1)—(1.3), we suppose «(t) and

0
(1.1)—(1.3) become stationary (in the previous writing ¢ must be considred as a parameter).

Y = Eil fot o(t — s) AL <7US(T)d%logQ — d%ﬁvs(T)>vdzds are given, so that the equations
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Let us now introduce the first approximation. We suppose the following relations

dT]jjS * dQ;’(LS

s s — s d * d_ s
thcU? - RlThs dz = <R1Ths + Lt?") <7TUS(Ths)£ IOg Ohs — ET(U5<Ths)>7 (21)

d * * *
Rl@(thThs) = —Y0Ops, (2-2)

where (0} ,(2),Ty,(2)) are the hydrostatic distributions of the density and the temperature
of humid air. Functions (oj,(2),7},(2)), with the initial conditions

QZS<0) = Qo, T;:s<0) = T07

is such that relations (2.1), (2.2) hold. The couple of functions (o} ,(z),T;,(2)) will be used
as a first approximation of our solution.

3. Second approximation

Now we propose to construct the second approximation.

We suppose
My (2) = Tos(T5(2)) o~ 108 03(2) = s (Tis(2))- (3.1)
Let us define the following relations
d ~ hy ~
—1 == 3.2
7 log U(z) o 15 (32)
d - y~d U .
d - (R\Ty, + L) _ d Ry d _ d s Ly \_ ~
—W = — vsTs*_l s*___ 'Usjjsﬂ< _< > vsTs* Eh7
dz (2) or Ty Tos (T )dz 08 On 0 dz7T (Th )+dz [ Tos(Ths") !
o (3.4)
where the functions (U,V,W) with conditions
~ ~ - TOCU Ltr — *
U0) =00, V(0)= RiTooo, W(0)=log T —————— s (Ths"(0)), (3.5)

are such as relations (3.2)-(3.4) hold.

4. Main results
Lemma 4.1. Let U, V and W be the functions which satisfy equations (3.2)~(3.4) and
conditions (3.5).
Then there ezist functions (0,T,w) satisfying the relations

7 A 7 _ ~ N\ PN _ f(’z)cv L _
02) = 82(:). V(o) = BT (g [ a0, W) = log = Jor 0,

(Ths").
(4.1)

And they are unique.
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P ro o f. It follows from the third equation of (4.1) that
N _ ( Ltr?vs(f)~> cv/R1 < Ltﬁvs(fl)
0(2) = e~ W(2)/Fa <T(z)e (Ry+cv)aT > e \(Riten)eT |

substituting this equality in the second equation of (4.1), we have

_ ~ _ Ry+co (Lt,.?sz(f’)> z . <Lt,.Fvs(f“)N> cv/R1 <Lt7.Fvs(f)~>
V(Z):RIB_W(Z)/RlT(Z) R e\ HieT +g/ G_W(Z)/R1<T(Z)€ (Ry+ev)aT ) e \ (Riten)aT ) 1.1
0

Rytey <7Lms~<f>

By posing y(z) = e*W(z)/Rl’_ZNﬂ(z) R e\ et ) , we obtain

d 9 e, (2D nz)
7 — _ 2 z 17TCy (R1+ev)eT ) 75 R+c ~O — T
u(2) R C e y(z)Fver 4 =——= R y(0) = 0oTo,
or
d _ R — <Ltr?vs(7j)~> = .
4 eyt = O e\ LB s — Ty (42)
y4 Rl R1y<z> Ry+cy
We denote

~ Ry ~ (M)
Y = ?jma ¢(Y) = e \UMteel ’
according to the Taylor formula we have
do
dy

We substitute in the equation (4.2) and obtain

d ~ W __do ~ 1 . - g __w do
Y Fiter) = |o o Y = — Ryi+co J_ o (Ri+co) ( Y: Y, — R Y )
dz + Rle 1 dy |Y*YO ngly 1 * Rle 1 Cb( 0)+ Od |Y Yo - ( )

— (Vo) + d;fi ooy, (V = Yo) + R(P).

Y(0) = Y.
The solution of this Cauchy problem is defined by

W
=~ J7 Z-e (Ritey) 42 dz’'

Y (2) = Yoelt ety

R d¢>
fo —e " (Ry+eu) 1+F11) Sly Yodz”dz

2 g @ d -
- Rq+cy -~ (R1+cw) ' |~
+/0 <R191y e 4 Rle 1t <¢(Y0)+Y6d}7 7—vy +R(Y)>)

Found Y (z) the solution of the Cauchy problem (4.2), we can define immediately T . Being
constructed 7', we can define p(7") as following

N . LtTFUS(f)N co/R1 Ltros(T)N
§:e—W(z)/R1 (T(z)e (Ry+cov)aT ) e \ (Ritcu)aT

and w(z) by the relation (4.1).
The functions (g, 7, w) thus constructed will be used as the Second approximation.
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5. Priori estimates

Let us define the family of distances

d

K(p1,92)(2) = max ( sup |p1(2') — @a(2")], sup }d—cﬂl )= =Z%a()]),
0<z'<z 0<2/<z ¥4 2!
for 0 < z < z; ,we denote
. ~ U
rp(2) = k(0 05)(2),  kKp(2) = K(T,Ty,)(2),  ka(z) = k(w, = )(2),
hs

Au(2) = {(0. T.w) /R0, 0)(2') < rgl="), (T, T)(Z') < w(2), k(w, @)(2') < k().
We suppose that, if (o, T,w) € A.(z1), we will have

1

o(2) T()>2T() w(z) 2 sw(z) Yz [0,2]

L\Dlr—t
L\Jlr—t

o(z) >

Hypothesis (a) On the interval [0, z](z €]0,2]), we suppose that the solution of the
system of equations (1.1)—(1.3) with the initial conditions (1.5) belongs to A(z) .

To show the existence and the uniqueness of the solution of the system of equations
(1.1)-(1.3), we pose

T<Z)CU Ltr_

U(z) = o(z)u(z), V() = Rio(:)T(2) + g / o), Wi(z) = log e+ (D)

we note that U, V', W verify the equations

d - -
—(logU—logU) = fi — fi,

dz
d
V — V =g, —
dZ( ) g1 g1,
LW Wy =h -
dZ — It — I't1,
where p p . p
= (Fou(T) L10g 0 — Z7,4(T)) = — v _ 4y
fi (ms( )7 log o — T ))Q7 g=-aU—=—g
(RiT + Lo)_ . d Rid_ d /Loy
hy = S o) (1) Lo o — w1y + L (ZE )7 (T 1
! oT o )dz og e 0 dzms( )+dz<QT>7TUS( ), (5-1)

with the initial conditions
logU(0) —logU(0) =0 V(0)—V(0)=0 W(0)—W(0)=0,

where fi, g1,k are defined in (3.2)(3.4).
For the functions ¢(p,7T,w) we will also use the notation

[p)n(2) = sup e(o, T, w)(z")
(0,Tyw)EAK(2),2'€[0,2]
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Lirvs(T)

Rq+cy
Lemma 5.1. Let y(z) = e WE/RT(2) R e( fuet ) , assuming that (a) is verified
we have

Y(2) = V(o) < /0 My (+')d2. (5.2)

d d ~

@Y( z) — @Y( 2)| < My (2),

(5.3)

where

— D9 e L) 1 %
My<z>—(1+§(m R e (6(06) +—=6(Y) lyey, +R(Y)) )

-w
2Yog 248 oy STt gy do 2eFiter) (=
(T e EE T (G e (R J, (PR etna)d) o

-W_ d¢ do 2 g d vy Rt o
Gy e T [fayy) ) + el Ard ot x

(Gt ™ (e (7)) + [ 7 e 030e))+

2 (T (Y50 vy~ ) + (B(Y) — RO))) +
Ry dy " T gy T YEY
Qeﬁﬁv)

Rt o) /0 (on kg + @gﬂﬁ)dz’/> >>

do ~
+(o(Yo) + Y ly=v, Yo + R(Y))

and QS;”, g,ﬁ,ﬁ,@ are defined as follows

lg1(2) — 1 (2)] < O kg + Pk, (5.4)

where

dw
w o__ 2 *
oy =207, ||

} —1—2042(7,

Al
1

QOIA; = [_} H[ﬁvS(T)]n<R1 + Ly, [l] ,;) ([1] + %

0 T 0" dz

og =202

HESES
2]+ Lm0
o = [mun()] (o122 (2 [;g;;]f” ; %) Lol f[glm'))

(<Rl+[§f];>%]ﬁ\d5§s‘ R Lwndiz(Tigmﬁ) %Hfl—ZH G2

EATCE

dThs

g

(5.6)

K




THE SYSTEM OF EQUATIONS OF THE VERTICAL MOTION OF THE AIR 589

P roof. In a similar way to (4.2), we have

d do 1 —cu g __w do
—Y I (R1+cv) _ Y = — Ri+cy - (Ri+cw) (y _ _ Y >7
dz Rle ay ly=r; ngly Rle Cdy Iy=y +R(Y)

Y (0) = Y.

The solution of this Cauchy problem is defined by

w
Z g9 ., (Ritey) 99 ’
o R ¢ avly=vpdz

Y(z) = Yoe +

Z —cy 2 7% "
+/ <RiglyR1+cv + Rie (R1+cv) <Yb_ |Y Yo +R(Y)>>€f0 Rile (R1+ )%lY:YOdZ dZ/.
0 1 1

Hence we obtain

i ,
V()= V() = Yool Ao Ao BT )y ()

z =W _
+/ |:€f0 Rfle(Rl-!—Cv) ﬁ(ﬁIY:YO <ch — ie(lecv) (¢(%) -+ —¢ ‘Y =Yp }/E] + R(Y)))
0 RlyR1+cv Rl

f()z Ri (RlJer) d ¢|Y Y, < gl g % Y d =~ Y Y )] !
—e 1 0 —Cv—l——e( 1+ev) + — _ +RY dz'.
Rigm+es I (#(¥0) dY¢ ’Y_YO " &)

From (3.3) we obtain (5.4).
On the other hand, taking into account the relations hy. > 0, and (3.4) we obtain

2exp ( ) z

Hy(z)) Hy(2) Ri+cy

‘6 R11+C11 —e R11+C11| S Rl—_i_lc-i_/ (@ii{@—i— (p;f/ij:)dzl, (58)
v 0

where

Hy(z) = /0 zhl(z’)dz’, Hi(z) = /0 Z?il(z')dz',

and ¢}, @F are defined by (5.5), (5.6). N
By using y(2) = 0(2)T(2), y(z) = 0(2)T(z), from (5.7), (5.4), (5.8) we obtain (5.2) and
(5.3). O

Lemma 5.2. We suppose that hypothesis (a) is satisfied, then we have

T — T| < Wik, ki, k) (2), (5.9)
|E - £| < 2 (I{LN K, “w)(z) (5.10)
o — 0l < U(kg ki, ki) (2), (5.11)
|E - _| < v, (’iga HT,Hw)(Z> (5.12)

w(z) — W(2)| < (kg k7, 53)(2). (5.13)
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dw dw
E(Z) - E(ZN < W, (K, kg, k) (2). (5.14)
Where . ;
TSR iy AR Y
T(HQ K:T K ) %(Z(T*) y(z) z
Ul (Kg, ks Kg) = ;( d Z(T* )My (z) — —Z T") / My (2 dz
e (-£Z(T*))> \dT dT?
1 Ri+c
U (ks kim, k) = [0T )= o 4 L R1+C“/ M,(
Q( e 'vr ) [Q ] T[T]K T R]_

1~~~_iL 0; 1R1+Cv/
\Ijg(ﬁw/{Ta’iw) - [ dZ([T]T)HH\IjT_’_[[T]HT} MY dz dZ
1d

Py Ri+c¢, 1
?E[QT]H Y = ?[QT]HMY(Z)-

elfis rq 1 :
— [Fl]h‘, _ T o /
5 [QL\IJQ(z)%—Qe [Q} X/o (QOf/'iT—i-gOflﬁg)dZ.
1 1 .do 1 dp olFilx
Ul (kg k7, ka) = (= w+ ==—|l>|lx + = — [Fal \IJO—|—~ \If1
(ko7 5) = (Ll + 1 e = )e =
d, 1 [fles [ 1, =
2elFile( (=) + / Thr + 0%k, d2 + [=] e (o] kT + ok
(dZ<[Q]N) [Q]n) 0 (Spf T (pf Q) [Q]R (Spf T (pf .Q)

. ©f @} are defined as follows

(BT

1

\II?U(KVE? K, Hfﬁ) =

such as Z(T)

Ly, Toys(T)
Z(T) = TG(R1+C11)QT s

(e[, 030, + (310 + (LI [zm=0],).

ar

o= () 150, + B Lgme], + G, + 152 i

— WUS(T)] ) (5.16)

(5.15)

P r o of. We define the function

Ltr?vs (T)
Z(T) = T@(R1+Cv)eT’

so we have

LiyrTos(T)
T = Z }(TeWiFeoer), (5.17)
Taking into account the relation (5.17),we have

T(:) = T() = 24 Z) (Y = V) = 94—

dz LZ(T*)
with

T fvs - ﬂ
iZ(T) = e(Rth-;cUU)SgT (1 + LtT . Lt'rﬂ-vs (T) iz )
dr (R + Cv)@ (Ry + ¢,)oT
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Therefore, according to (5.2) we obtain (5.9).
In addition, we have

dT  dT 1 d
- = Z(T*) M- ——ZT* My (2")dz'
dz  dz  (LZ(T7)) (dT (T)My (2) = G / r( Z
Similarly to estimate (5.9), we obtain (5.10).
For estimation (5.11) we have
0= oW/ R (Te (RthJ::vv)égT ) Rr R e (RthJ::vv)ng

With a simple calculation we obtain

_ e w/Rap e (RﬁZ:UU)SgT 1 _ l
‘Q 1 e T yT’
i 1 1 1
0-T=y(z— =)+ =
(7 T) T(y Y)
In addition we have
do do d, 1 1 d
— - — T-T)+ ——(T-T)+
dz dz dz(TT)( )+Tsz( )
Ri+c,rd 1 - 1,d re—d ~
— 1+Cv <R1+Cv) 1Tev —
(DWW =)+ (™Y = F) 4 ) 2 - 7))).
and
¥ =7) = oy - ) (515)

From (5.18), (5.9), (5.10) we obtain (5.11), (5.12).
To obtain (5.13) and (5.14), we denote by:

9= R Fi(e) = / Rz

According to (3.2)—(4.1), we have

w(z) =) = (@ 0) + 5 =)
L %(Z—é)@— 0+ ()@ 0+
Fy i~ fl F F d1 F "7
+e 1(9—9)( +£@)+(6 t—e 1)55*-—( et f)]

From (1.4), (3.1), (5.1), we have
Fy — 1?1 = 2¢l1l- /0 (SO?HT + @f‘ﬁg)dzl7

where ¢7, ¢% are defined in (5.15), (5.16).
Thus we find (5.13), (5.14). O
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Theorem 5.1. Let 0 < z; < Z7. If there is €y such as 0 <y < 1 and the relations

max(Wy(kg, kg, k) (2), Uyka o7, wa) (2)) < (1 —Zo)rig(2) (5.19)
max(Vy (kg o7, £5)(2), Ur (kg 7. £5)(2)) < (1 = Bo)kz(2), (5.20)
max (¥ (k3 K, Ka)(2), ! (K3, K, k) (2)) < (1 —Eo)ka(2) (5.21)

are verified for all z € [0, z1], then there exists a unique solution for the system (1.1)—(1.3)
with initial conditions (1.5) in [0, zq] .

P r o o f. We consider the system for (o, 7, w) and (g, f, w) which is expressed by the
system (ghS,ThS,?) for z=0. We have

0(0) = 2(0) = £;,,(0) = 0o, T(0) = T(0) = T;;,(0) = Ty, w(0) = W(0) = w,(0) = wo, (5.22)
(where o7 ,(0) = 0},(2(0)),T;,(0) = T)5,(2(0)) ), using the expressions hy, g1, g1 in z2=0,

do | dw dg  dw  dg, ~dU

Wo + Qo> 07, Teo- =W Qo5 - = —wohy,(0)
do dT do dT do? dT:
—R1T0d + Cy00—— P —RlTod—i + Col0 = = —RiTy 5;8 + ¢y 00 d;s = (RiTy + Ly ) her (0)
d dT dp dT _
RlTon R1Q0d RITOd + Rioo—— 1 —g00 + 91(0)(= —goo + g1(0)),
ths dT
R T, Ri0oo—— = —g0o.
o= + 11100 e 900
After a simple calculation we obtain
do do dT dT dw div
dzlz=0 dzl:=0 dz l2=0  dz l.=0 dz l2=0  dz l:=0 ( )
On the other hand, we have
d d . U
it S -0
wo— (0= Ohs)| _ F 00 (W st) :
—RTi(N— ) te i(T—T*) =0
1 Odz 0 — Opg o vQOdZ hs o
d d ~
Ty (0 (0 — 0hs) T oo (T -1y, _ = g1(0),
by solving this system we obtain,
o) dg|  _  cgi(0) ar| ATy §i(0)
dzl.—0  dz l.=o RiTo(Ry +¢,)’ dzl:=0  dz l:=0 go(Ry+¢,)’
d_@ - i(ﬁ) _ cywog1(0)
dzl:=0  dz o5, l:=0  RiooTo(Ri+c,)
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It is clear that ¢; # 0, so from (5.22) and (5.23) it follows that there exists z. > 0 so
that the hypothesis (a) is verified on the interval [0, z.].

Therefore, according to Lemma 5.2 and relations (5.19)—(5.21) the solution (w,,T") can
be extended until z; . Which proves Theorem 1.

The uniqueness of the solution results from the uniqueness of the local solution. O

Corollary 5.1. Let 0 =25 < 21 < -+- < 2,1 < 2, = 21 . We suppose that
i) the relations (5.19)—(5.21) with initial conditions 0o = 0(20),To = T(z0), wo = w(zy) are
verified for all z € [z, z1],
i) if o(z), T(z), w(z) are the values in z = z; of solution of system (1.1)—~(1.3) in
the interval [z;_1, 2], relations (5.19)—(5.21) with initial conditions oo = o(z;),To = T'(z;),
wo = w(z;) are verified for all z € [z, zi41], i=1,--- ,n—1.
Then there is a unique solution of system (1.1)—(1.3) with initial conditions (1.5) in [0,Z;] .

Proof By applying Theorem 5.1 successively on each subinterval [z, z;41],
i=0,---,n—1, there exists a unique solution of system (1.1)—(1.3) with initial conditions
(1.5) in [0,7Z]. O

This corollary is a trivial consequence of Theorem 1, but in practice we are usually obliged
to use it, because the interval of the existence of the solution that the theorem guarantees
is often too small, while the actual solution exists in relatively longer interval.
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Annomayus. PaccmarpuBaercst cucreMa ypaBHEHHI, ONMUCHIBAIONIAS IBUKEHIE BO3-
nyxa B apIMoxoje. IIpeamaraercs MeTol, OCHOBAHHBINA HA «BTOPOM IPUOJIMKEHIHT .
Jlokazana TeopeMa CyIIeCTBOBAHUS U €IMHCTBEHHOCTU <«IJIO0AJIHLHOTO PEIICHUSTY.
Karouesvie crosa: TaobaabHOE PeEIlleHre; NBUKEHNE BO3IyXa
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