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Introduction

Theories of differential inclusions and condensing mappings are of great importance in
modern mathematics (see [1], [2]). In our work, we present further development of these
theories for differential inclusions of fractional order.

For a semilinear fractional order differential inclusion in a separable Banach space E of
the form

CDqx(t) ∈ Ax(t) + F (t, x(t)), t ∈ [0, T ], (1)

consider the problem of existence of mild solutions to this inclusion satisfying the following
periodic

x(0) = x(T ) (2)

and anti-periodic
x(0) = −x(T ), (3)

boundary value conditions under the following basic assumptions.
The symbol CDqx denotes the Caputo fractional derivative of order q ∈ (0, 1). We

suppose that the linear operator A satisfies condition (A)
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(A) A : D(A) ⊆ E → E is a linear closed (not necessarily bounded) operator generating
a C0 –semigroup {U(t)}t≥0 of bounded linear operators in E

We will assume that the multivalued nonlinearity F : [0, T ] × E → Kv(E) obeys the
following conditions:

(F1) for each x ∈ E the multifunction F (·, x) : [0, T ] → Kv (E) admits a strongly
continuous selection;

(F2) for a.e. t ∈ [0, T ] the multimap F (t, ·) : E → Kv (E) is u.s.c.;

(F3) there exists a function α ∈ L∞
+ ([0, T ]) such that

∥F (t, x)∥E ≤ α(t)(1 + ∥x(t)∥E) for a.e. t ∈ [0, T ],

(F4) the χ -regularity condition: there exists a function µ ∈ L∞([0, T ]) such that for each
bounded set Ω ⊂ E we have:

χ(F (t,Ω)) ≤ µ(t)χ(Ω),

for a.e. t ∈ [0, T ], where χ is the Hausdorff MNC in E .

Along with inclusion (1), for a given sequence of positive numbers {hn} converging to
zero consider the inclusion

Dqxh(t) ∈ Ahxh(t) + Fh(t, xh(t)), t ∈ [0, T ], (4)

where h ∈ H = {hn} is the semidiscretization parameter, Ah : D(Ah) ⊂ Eh → Eh are
closed linear operators in Banach spaces Eh generating C0 -semigroups {Uh(t)}t≥0 . We
assume that E0 = E,A0 = A,F0 = F and continuous maps Fh : [0, T ] × Eh ( Eh

satisfying conditions (F1)− (F4) for each h ∈ H.

1. Basic concepts

D e f i n i t i o n 1. A mild solution to the Cauchy problem for inclusion (1) with initial
condition

x(0) = x0 (5)

on an interval [0, τ ] ⊆ [0, T ] is a function x ∈ C([0, τ ];E) which can be represented as

x(t) = G(t)x0 +

∫ t

0

(t− s)q−1T (t− s)ϕ(s)ds, t ∈ [0, T ],

where ϕ ∈ P∞
F (x),

G(t) =
∫ ∞

0

ξq(θ)U(tqθ)dθ, T (t) = q

∫ ∞

0

θξq(θ)U(tqθ)dθ,

ξq(θ) =
1

q
θ−1− 1

qΨq(θ
−1/q),

Ψq(θ) =
1

π

∞∑
n=1

(−1)n−1θ−qn−1Γ(nq + 1)

n!
sin(nπq), θ ∈ R+.
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By the symbol ΣF
x0
[0, τ ] we will denote the set of all mild solutions to the Cauchy problem

(1), (5) on an interval [0, τ ] ⊆ [0, T ] . In articles [3] and [4] we proved the following local
existence result.

Theorem 1. Under conditions (A), (F1) − (F4) there exists τ ∈ (0, T ] such that
ΣF

x0
[0, τ ] is a nonempty subset of the space C([0, τ ];E).

D e f i n i t i o n 2. We will say that problem (1), (5) satisfies condition (Q) provided:

(Q1) ΣF
x0
[0, T ] is a non-empty compact subset of C([0, T ];E);

(Q2) the following extendability condition holds:

ΣF
x0
[0, τ ] = ΣF

x0
[0, T ]|[0,τ ]

for every τ ∈ (0, T ].

We suppose that there exist linear operators Qh : Eh → E, h ∈ H,Q0 = I and projection
operators Ph : E → Eh, P0 = I such that

PhQh = Ih, (6)

where Ih is the identity on Eh and

QhPhx → x (7)

as h → 0 for each x ∈ E . We suppose that the operators Ph and Qh are uniformly
bounded

∥Ph∥ ≤ 1, ∥Qh∥ ≤ 1 (8)

for all h ∈ H.

An initial condition for equation (4) will be given by the equality

xh(0) = xh(T )(or xh(0) = −xh(T )) (9)

2. Main results

Theorem 2. Under conditions (A), (F1)− (F2), (Q1)− (Q2) let problem (1) - (2) (or
(1) - (3)) has the solution x⋆ on the interval [0, a]. Then, for a sufficiently small h > 0

problems (4), (9) have solutions xh on the interval [0, a] and

Qhxh → x⋆

as h → 0.

Various applications of the theory of differential inclusions of fractional order can be
found in papers [5], [6] and [7].
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