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Annomavyus. A.B. Apyrionoseim, E.C. 2Kykosckum, C.E. 2KykoBckum uccieno-
BaHbl TOYKU COBIAJEHUS OTOOParKEHUU YACTUIHO YIIOPSIOUEHHBIX TPOCTPAHCTB
(em. Topology and its Applications, 2015, vol. 179, no. 1, pp. 13-33); B uactHOCTH,
JIOKA3aHO YTO YIHOPSAJ0YEHHO HAKPBIBAIONIEE U MOHOTOHHOE OTODPAaXKEHUS, INENCTBY-
IOIlHe U3 YACTUYHO YIOPSJIOYEHHOro mpocrpancTsa (X, EX) B YACTHUYHO YIIODSi-
Jouennoe mpocrpasctso (Y, iy) UMEIOT TOUKY coBmajenus. [lokazano, 4to ycio-
BHSI 9TOTO YTBEPXKIEHUsT MOXKHO OCJIa0UTh: OMHAPHOE OTHOIIECHHE r, He 00s13aHO
OBITH MOPsiIKOM. [IpuBeeH COOTBETCTBYIOIINI PE3yJIBbTAT U JEeMOHCTPUPYETCS IPU-
Mep 0TOOpaXKEHUil, yIIOBJIETBOPSIONIUX €0 YCJIOBUIM, HO K KOTOPBIM HE IIPUMEHUMbI
PE3YABTATHI IUTUPYEMON PabOTHI.

Karouesvie ¢106a: TOUKA COBIAIEHUST, YACTHIHO YIOPSIOUCHHOE TPOCTPAHCTBO; Ha-
KpBbIBaIOIee 0ToOparkeHne; MOHOTOHHOE OTOOparKeHne

Bsegenune

B paborax [1]-[4] npemioxkeno moHsaTHE HAKPBIBAHUS JJisi OTOOpaKeHNil, JefiCTBYOMIX
B YACTUYHO YIIOPSJIOYEHHBIX IIPOCTPAHCTBAX, C MCIIOJIB30BAHUEM STOTO HOHATHS JOKA3AHBI
TEOPEMBI O TOYKAX COBIAJICHUs OTOOPAXKEHUiA, M3 TEOPEM O TOUKAX COBIAJECHUS B YaCTHI-
HO YIOPSIIOYEHHBIX POCTPAHCTBAX BbIBEJEHBI M3BECTHBIE TEOPEMBI O HEMOJBUKHON TOYKe
MOHOTOHHOT'O OTOODasKeHHsI B YACTUIHO YIIOPSAIOUEHHOM IPOCTPAHCTBE, & TAKXKe TeopeMa
Apyrionosa (cM. [5]) o ToUKax coBIaeHNS B METPHYECKIX IIpocTpancTsax. B paborax (6], |7]
OIPEJIETIEHO 1 UCCIIE0BAHO MHOXKECTBO YIIOPSIOYEHHOTO HAKPBIBAHUS OTOOPayKeHNUIl, Ha 0C-
HOBAHUHU STUX PE3YJILTATOB IIOJIYUCHBI AHAJIONM TeOPEeMbl JaIlIbIIMHA O HEPABEHCTBE JIJIsS
HesIBHBIX i depeHInaibHbIX 1 MHTErPaJIbHBIX yPaBHEHUI.

B macrosiieit pabore moka3aHo, YTO yCJIOBUSI TeOPeM 0 TOYKax coBnajenus pabor [1], [3]
MOXKHO OCJIa0UTH M HEe TPebOBaTh, YTOOLI OMHAPHOE OTHOIIEHUE B NMPOCTpaHCTBE Y OBLIO
OTHOIIIEHHEM ODSIJIKA.

PaGora Beinossena npu nopigepxkke Poccuiickoro donna dbyHIaMeHTaIbHBIX UCCIEA0BAHUN (IIPOEKTHI

NeNe 17-01-00553, 16-01-00386).
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1. Teopema o TOUKax COBIIQ/IEHUsI OTOOPa>KEeHMIt

[Iycrb 3a7aH0 9acTHIHO yHoOpsiiodeHHoe mpoctparcTBo X = (X EX). st sytemenTa
u € X obosnanmm Ox(u) ={r € X : z=_u}. Samernm, uro

Vo € Ox(u) Ox(z) C Ox(u). (1.1)

[IycTh Tak:Ke 3a/1aHO HEIyCTOEe MHOXKECTBO Y, Ha KOTOPOM OIIpe/ieJIeH0 OMHAPHOE OTHO-
mieHne = € Y2, apnsiomeecss pedpiieKCUBHBIM (TO eCTh It J1I060ro y € Y  BBIIOIHEHO
Y=y ). OTHOMIEHE ., MOXKeT He ObITb HM AHTHCHMMETPHYIHBIM HU TPAH3HTUBHBIM. [[1s1
ssiemerta w € Y oboznaunm Oy (w) = {y € X : yij}. B cuny orcyrerBust TpaH3UTHB-
HOCTH GMHAPHOTO OTHOIIEHHs = cooTHOlIenue, anajoruunoe (1.1), s Oy (w) moxer ne
BBITTOJTHATHCS.

Ha orobpaxkenus, geiicrBytoriue u3 X B Y, MOXKHO PACIPOCTPAHUTD OIPE/IEC/ICHUS, UC-
[OJIb3yEeMBbIe [T OTOOPAXKEHUH YaCTUIHO YHOPSIOYEHHBIX ITPOCTPAHCTB, B TOM YUCJIE OIpe-
JleJIeHre CBOMCTBA YOS I0YEHHOrO HAKPbIBaHUd u3 [1].

Ounpemenenne 1.1. Orobpaxenue f: X — Y HazpiBaeM U30TOHHBIM, €CJIU JIJIs
moObIX 1,72 € X TaKux, 4T0 T1= Tz, BbutonHeno f(x1)=_ f(x2).

Ounpenmenenne 1.2. Orobpaxenne f : X — Y HasbBaeM (yIopsiJloueHHO) Ha-
KpbIBaomum MaO)KecTBo W C Y, eciu

Vg€ X Yy e W y=_f(zg) = Jr € X f(x) =y n 2= 0. (1.2)

[Iycts 3ajanbl orobpaxkenus ¥, : X — Y. g npousBosbHOro ro € X OIpeennm
MHOZKECTBO

X (20,1, 0) = Ox(w0) N~ (p(Ox(w0))) = {x € X : 2= 0, ¢(2) € p(Ox(20))}
u obosnauuM depes S(xg, 1, ) COBOKymHOCTD meneir S C X Takux, 9T0
S C X(wo,¥,9), V€S P(x)= ¢(x), Vai,29 €S 1< 11 = P(22)= p(21).

[IpuBejiem yTBep:K/ICHIE O TOYKAX COBIIAJICHUS OTOOPaYKeHU, aHaJIornaHoe Teopeme 1 u3
[1], Ho B KOTOpPOM He TpebyeTcs, YTOOBl Y GbLIO YACTUYHO YIOPSAIOYEHHBIM TPOCTPAHCTBOM.
Hamomuum, 9To TOUKO# coBlajieHns 0TOOpakeHuit 1, ¢ Ha3bIBaIOT 3jieMeHT £ € X TaKoii,

aro ¥(§) = ().

Teopema 1.1. ITycmwb 0as nexomopozo anemenma o € X uMeem mMecmo HEPAGEHCMEO
W(xo) = @(xg) u svINOAHENHDL CAEIYIOULUE YCAOBUA:
(a) omobpasicenue ¢ : X —Y aeanemca naxpusarouum smuovcecmeo W = o(Ox(x9)) ;
(b) omobpasicerue ¢ : X =Y A6AAEMCA UBOMOHHOIM,
(¢) dan moboti yenu S € S(xo, Y, @) cywecmsyem saemenm u € X makot, wmo

Ve e S u=x x, Ylu)= ¢(u).

Tozda cywecmeyem mouka cosnadenus omobpasicenut ¥, g, npunadaencawsas Ox(xg), mo
ecmnv Cnpasediuso COOMHOULEHUE

e X P(§) =9(€) u = .
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JokaszaTesubcTBO aHaJIOMHIHO JOKA3ATEILCTBY [1; Teopema 1.
I[Ipu nokazarenscrse [1; Teopema 1| Ha MHOXKeCTBE

U={z€ X, v,9): ()= o)}
onpejiessieTcss bunapuoe oTHoreHne < CJIeIyonuM 00pa3oM:
Vup,ug €U up dug & ug =up wm ug<_ur, P(uz)=X o(ur).

B ycaoBusix [1; Teopema 1| ornomenne < gpisercs mopsiikoMm Ha U, OIHAKO, B yCIOBHSIX
JAHHOI'0O YTBEPXKJICHUA OTHOmeHne <J MOXKET He ABJIATHCH TPAH3UTUBHBIM, IIOCKOJIBKY TAKIM
CBOICTBOM HE 00J1a/1aeT OTHOIIIEHHUE =, [ToaTomMy 11pm JI0Ka3aTEIbCTBE JJAHHOTO YTBEPKIe-
HUA MBI opeeaseM NHOW NOPAIOK:

Vup,ug €U up duy & up =up wmm up<_uy, 3r< up ¢ ¢(u2)jygp(m).

B ocrasbHOM paccyzKJIeHust, yCTaHaBIMBAIONIAE CIPABEIIMBOCTh HACTOSIIEIO YTBEPZK Ie-
HUsI, TIOBTOPSIIOT JIOKA3aTebCTBO [1; Teopema 1]. O

2. IIpumepsl

[IpuBesiem npuMepbl OTOOPaXKEHUit 1, ¢, JEHCTBYIOMMX U3 YACTUYIHO YIIOPSIOICHHOIO
IIPOCTPAHCTBA BO MHOXKECTBO, He SABJISIONIEECS YaCTUYHO YIIOPAIOYEHHBIM, Y/IOBJIETBOPSIIO-
IUX YCJOBUAM IIOJIyYE€HHOTO YyTBep:KJieHnsd. K Takmm oTOOparKeHusM HeIb3sl MPUMEHUTH
pesysbTarhl [1]|, Tem He MeHee, Teopema 1 rapaHTHpyeT CyIIECTBOBAHME TOYKU COBIIAJICHUSI.

B npumepe 2.1 bunapnoe otHorenue Ha Y He SIBJIACTCA TPAH3UTUBHBIM.

[Ipumep 2.1. Oupenermm muokecTBO X = {w, 1, U1, Ta, Us, . ..}, HA KOTOPOM 3a1a-
JUM YaCTUYHBIN MOPSI0K, MoJaras JJjisi HaTypaJbHBIX ¢ < j BBIIOJHEHHBIMU HEPABEHCTBA
mi>—X Z; >—Xw, ui>—X U >—Xw, a dJIEMEHTBI T;, U; IIPU JIIOOBIX %, j IOJlaraeM HeCcPaBHUMBIMHU.
Hanee, onpenesmm muo)ectBo Y = {2, 91, Y2, Y3} U Ha HeM 3ajaguM OHHAPHOE OTHOIICHUE

EY = {(y17y2>7 (y27y3)7 (y3;y1)7 (Z, Z), (yiayi)v (yivz)a L= 17273}’

T0 orHOWIEHHE He 00/1a/[aeT CBOMCTBOM TPAH3UTHBHOCTH (TaK Kak Yi= Yo, Yo Y3, HO
Y1 fyyg) TaKUM 00pa30M, MHOXKECTBO Y He dABJIAETCS YIOPSI0IeHHbBIM.
Onpegenum orobpaxkenue ¢ : X — Y COOTHOIIEHUSIMU:

p(r1) = ya, p(z2) =y3, p(r3) = p(T4) = ... = 2,
p(ur) =y3, @lus) =41, pluz) =p(rs) =... =2, pw) =z

DT0 oTobpazkeHne H30TOHHOE, TO €CTh BBIIOIHEHO yeiaoue (b) Teopemst 1.1.
Teneps onpesenum orobpaxkenue 1 : X — Y caemxytonmum obpaszom. Kaxkipomy Haty-
paJIbHOMY ¢ mocTaBuM B coorBercTBHe i € {1,2,3} tak, uro i = i(mod3). Ilomaraem
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D10 orobparkeHue sBJsieTcs HaKpbIBatommM. JleficTBuTenbHo, ecn y € Y yI0OBIETBOPSET
HepaseHcTBy Y=< y; = Y(7;), TO Yy = ym7 wm y = z. B nepsom ciayuae i = T4
Boimnoseno (1.2), Tak Kak ;41<. %; 1 Y(Tiy1) = y; BO BTOPOM cilydae Jjid T = w TaKxKe
OYEBH/HO BhINONHEHHE coornomenus (1.2). Amasormano mposepsiercs coorHorrenne (1.2)
aa y=_y; = ¥(u;). Urax, spimosmeno yciosue (a) teopembt 1.1.

CupaseymBocts yeiaoBust (¢) Teopems 1.1 ciremyer u3 roro, 4ro yobas mens S C X
MMeeT HUKHIOI MPaHUIly w, JJisi KOTOPOil cripasesanBo (w) = p(w).

Hakoner, a4 snementa 1 € X Boimosneno ¥ (x1) = y1=_y2 = p(x1). IT0 cooTHOImIE-
HIEe 3aBepIaeT MPOBEPKY yCaoBuil Teopembl 1.1.

B cienyromem npumepe 6uHapHOe OTHOIIEHNE Ha Y HE sIBJISIETCS aHTHCHMMETPUIHBIM.

Mpumep 2.2 3amaagum muokecrBa X = {w, x1,,%s,...}, Y ={z,y1,y2}. Oupeje-
UM Ha MHOKeCTBe X yHODSI0MeHHOCTD, OJIarast, ITO BBIOJHEHO Tj>= Tj> W TPH JIOObIX
Harypasibhbix i < j. IIpocrpancreo X = (X, >_-X) JimHeiHo yriopsiaodeno. Ha Y ompee-
mim Guraproe orromerme = = {(y1,42), (Y2, 41), (2,2), (¥, %), (Wi, 2), @ = 1,2}. Do
OTHOIIIeHHe He 006JajaeT CBOHCTBOM aHTUCHUMMETPUIHOCTH (TaK Kak iz Y2 M Yo Y1 ),
TaKuM 00pa30M, MHOXKECTBO Y He SBJISETCA YIOPSIOYCHHBIM.

Kaz1oMy HaTypaJbHOMY i HOCTaBUM B cooTeTcTBHe i € {1,2} Tak, uTo i = i(mod 2).
Omnpenenum orobpazkerns 1, p : X — Y COOTHOIIEHUSIMU:

Vi=1,2,... ¥(z)=y;, Y(w)=2z o)=y7g ew) =z

[Ipu Takom ompejiesieHun OTOOpaXKeHne 1) SBJISIeTCS HAKPBIBAIONMM ([IPOBEpKa HE OTJIU-
JaeTcsi OT MPOBEPKU HaKpbIBaHWs OToOpazkeHusi 1 B mpuMepe 2.1), a orobpazkeHue ¢ —
u30TOHHBIM. TakmM 06paszoM, BbIOIHEHB! ycaoBus (a), (b) Teopemsr 1.1.

Kak u B mpumepe 2.1, cripaBe/ymBocTh ycioBust (¢) Teopembl 1.1 ciemyer u3 Toro, 9to
mobast nenb S C X uMeeT HUXKHIOI MPAHUILy w, JJIsd KOTOPOi cipaseaanBo (w) = o(w).
U naxonern, st ssiementa r1 € X Bbinoseno ¥(zr1) = y1>=_y» = ¢(x1). Urax, see ycnosus
TeopeMbl 1.1 BBITIOJTHEHHI.

B npumepax 2.1, 2.2 orobOpaxkenus 1, p, KOHEYHO, UMEIOT TOYKH COBIIQJCHUS, U ITO
rapaHTUPYeTCsl BBIOJHEHUEM ycjioBuit TeopeMbl 1.1. OHako, MHOXKeCTBO Y He SABJISETCH
YACTUYHO YIIOPSAJIOUYEHHBIM, YTO HE TI03BOJISET BOCIIOJIL30BATHCS Pe3y/IbraraMu |3].
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Abstract. A.V. Arutyunov, E.S. Zhukovsky, S.E. Zhukovskii studied the coincidence
points for mappings of partially ordered spaces in particular, it was proved that an
covering and monotone mapping, acting from a partially ordered space (X, tx) to
a partially ordered space (Y, i—y), have a coincidence point. It is shown that the
conditions of this assertion can be weakened: the binary relation i should not be
in order. We give an appropriate result and and demonstrate an example of mappings
satisfying its conditions, but to which the results of the cited work are not applicable.
Keywords: coincidence point; partially ordered space; covering map; monotonic

mapping
REFERENCES

1. Arutyunov A.V., Zhukovskiy E.S., Zhukovskiy S.E. Coincidence points principle for mappings
in partially ordered spaces. Topology and Its Applications, 2015, vol. 179, no. 1, pp. 13-33. DOLI:
10.1016/j.topol.2014.08.013.

2. Arutyunov A.V., Zhukovskiy E.S., Zhukovskiy S.E. Coincidence points principle for set-valued
mappings in partially ordered spaces. Topology and Its Applications, 2016, vol. 201, pp. 330-343.
DOI: 10.1016/j.topol.2015.12.044.

3. Arutyunov A.V., Zhukovskiy E.S., Zhukovskiy S.E. O tochkakh sovpadeniya otobrazheniy v
chastichno uporyadochennykh prostranstvakh [Coincidence points of set-valued mappings in partial-
ly ordered spaces|. Doklady Akademii nauk — Doklady Mathematics, 2013, vol. 88, no. 3, pp. 727-729.
(In Russian).

4. Arutyunov A.V., Zhukovskiy E.S., Zhukovskiy S.E. Tochki sovpadeniya mnogoznachnykh
otobrazheniy v chastichno uporyadochennykh prostranstvakh [On coincidence points of mappings
in partially ordered spaces|. Doklady Akademii nauk — Doklady Mathematics, 2013, vol. 88, no. 3,
pp. 710-713. (In Russian).

5. Arutyunov A.V. Nakryvayushchie otobrazheniya v metricheskikh prostranstvakh i nepodvizh-
nye tochki [Covering mappings in metric spaces and fixed points|. Doklady Akademii nauk — Doklady
Mathematics, 2007, vol. 76, no. 2, pp. 665-668. (In Russian).

6. Zhukovskiy E.S. Ob uporyadochenno nakryvayushchikh otobrazheniyakh i neyavnykh diffe-
rentsial'nykh neravenstvakh [On ordered-covering mappings and implicit differential inequalities].
Differential Equations, 2016, vol. 52, no. 12, pp. 1539-1556. (In Russian).

The work is partially supported by the Russian Fund for Basic Research (projects NeNe 17-01-00553,
16-01-00386).



16 C. Benapa6, E. C. ZKyxosckuit

7. Zhukovskiy E.S. Ob uporyadochenno nakryvayushchikh otobrazheniyakh i integral’'nykh ne-
ravenstvakh tipa Chaplygina [About orderly covering mappings and Chaplygin’s type integral
inequalities|. Algebra i analiz — St. Petersburg Mathematical Journal, 2018, vol. 30, no. 1, pp. 96-127.
(In Russian).

Received 15 January 2018

Reviewed 06 February 2018
Accepted for press 20 February 2018
There is no conflict of interests.

Benarab Sarra, Tambov State University named after G.R. Derzhavin, Tambov, the
Russian Federation, Post-Graduate Student, Functional Analysis Department, e-mail:
benarab.sarraa@gmail.com

Zhukovskiy Evgeny Semenovich, Tambov State University named after G.R. Derzhavin, Tambov,
the Russian Federation, Doctor of Physics and Mathematics, Professor, Director of the Research

Institute of Mathematics, Physics and Informatics, e-mail: zukovskys@mail.ru

For citation: Benarab S., Zhukovskiy E.S. Ob usloviyah sushchestvovaniya tochek sovpadeniya otobrazhenij v chastichno
uporyadochennyh prostranstvah [About the conditions of existence coincidence points for mapping in partially ordered spaces].
Vestnik Tambovskogo universiteta. Seriya Estestvennye i tekhnicheskie nauki — Tambov University Reports. Series: Natural
and Technical Sciences, 2018, vol. 23, no. 121, pp. 10-16. DOI: 10.20310/1810-0198-2018-23-121-10-16 (In Russian, Abstr. in
Engl.).



