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Abstract. Let us consider the orthogonal Hermite system {902n(x)}n20 of even index defined

on (—o00,00), where

22

Pan(T) = mlfzn(@’

by Ho,(z) we denote a Hermite polynomial of degree 2n. In this paper, we consider a
generalized system {vo,(z)} with » > 0, n > 0 which is orthogonal with respect to the
Sobolev type inner product on (—o0,00), i.e.

o) = Jim SO0 + [ 10w @t
k=0 -

5132

with p(z) = e, and generated by {y2,(x)},,~,. The main goal of this work is to study
some properties related to the system {20 ()}, <,
bon(e) = =0,
' n!
1 b .
Vrin () = m/ (2 — ) Yon(t)dt, n=0,1,2,... .

We study the conditions on a function f(x), given in a generalized Hermite orthogonal system,
for it to be expandable into a generalized mixed Fourier series as well as the convergence of
this Fourier series. The second result of the paper is the proof of a recurrent formula for the
system {4 2n()},,~,- We also discuss the asymptotic properties of these functions, and this
concludes our contribution.
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DyHKIMN DPMUATA U CKAJITPHOE MPON3BeJ/IeHIe
B nipocTtpaHcTBe CoboJjieBa

Moxamen Axmen BYIPE®D
Yuusepcurer Byupa,
Asxup, r. Byupa, yi. dpuccu dxbsa Byupa, 10000

Annoranmsi. PaccMoTpuM OpTOroHasbHYI0 cucTeMy 9pMuTa {2, ()}, s UETHOro MHIEKCA,
olIpeJIeJIeHHYI0 Ha, (—00,00) dopMysioi

Pan () = 7.];[2”(@,

rue yepe3 Ho,(z) obosnaden nosauHoM Dpmuta crereHun 2n. B panHoil pabore paccmarpuBa-
eTcsa obobimennas cucreMa {¢y o, (x)} ¢ r >0, n >0, oproroHajbHAs OTHOCHTEIHHO CKAJISP-
Horo npoussesierns: CobosreBckoro tuna Ha, (—oo, 0o)

r—1

)= tim Y D000 + [ 1@ @
k=0 -

7‘/1‘52

¢ p(x) = e, u HOpOKIEHHAs CUCTEMOI {2y, (T)},~q . OCHOBHOII 1e/IBIO PAOOTHI SBIACTCA
U3y9eHne HEKOTOPBIX CBOMCTB, CBAZAHHBIX C CUCTeMOH {2, (Z)}, ¢
(z —a)"
wnn(m):Ta n:0a1727"'7’r—1a

1 b
Yrrin(x) = m/ﬂ (x—t)" Lo, (t)dt, n=0,1,2,....

Usyuatorcs ycioBus Ha dbyukimioo f(x), 3agaHHyio B 060OIIEHHON OPTOrOHAJIBHON cuUCTeMe
DpMuTa, JOCTATOUHBIE JJI €€ PA3JIOKEHUs B 0GOOMEeHHbI cMemanHblil psajg Pypoe, a Takxke
cxonuMmocThb 3toro psga Pypre. Bropoil pesysnbrar craThn — J0Ka3aTeIbCTBO PEKYPPEHTHOM
copmyItbl 11 cuCTeMBI {1y 2, (2)}, 5 - TakzKe 06Cy?KIaI0TCS aCUMITOTHYECKIE CBOHCTBA STHX
yHKIHIIT, 9TO COCTAB/IACT 3aK/IIOUUTEILHYIO YaCTh PAOOTEL

KitroueBsbie ciioBa: cKajsspHOE IIpon3Beienne, npocTpancTBo CobosieBa, MHOIOWIEHB DPMUTA

Jns uurupoBauusi: bydpeh M. A. Oyuxknun dpMurta u CKaJIpHOE TPOU3BEICHUE B ITPOCTPAH-
cree CoGosesa // Becrnuk poccuiickux ynusepcureroB. Maremaruka. 2023. T. 28. Ne 142.
C. 155-168. https://doi.org/10.20310,/2686-9667-2023-28-142-155-168.

(In Engl., Abstr. in Russian)
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Introduction

Consider an orthogonal system {@,(z)},5, on (—00,00) with p(x) as a weight function,
and let 7 > 0. We construct a new orthogonal system {1, ,(z)}, -, by following the Sobolev
type inner product:

<fgs—1m1§:f 90 + [ 1@ @) 0.1

Quite a few authors have presented this type of construction. For example, I.1. Sharapu-
dinov, in his works [1-4] on the construction of mixed Fourier series, considered some particular
cases of systems generated by classes of orthogonal functions, namely, those of Jacobi, Legendre,
Chebychev, Laguerre, and Haar. The case of the Gegenbauer system is covered in [5].

Hermite polynomials are widely used in mechanics and physics, and are of particular interest
for applications. In this work, we reconstruct the orthogonal system {1, ,(x)}, -, generated by
Hermite polynomials of even index, and this approach is different from that used by M. A. Boud-
ref.

Denote by L?(a,b) the space of measurable functions f(x), z € (a,b), such that

/ﬂﬂmwmmm<am

It is clear that Lb(a,b) is a Banach space with the norm

!umwz(lﬂﬂwvmw¢0;
)

When p(z) =1, we write L(a,b) = LP(a,b).

We can define functions of the system {¢,,(z)} ., for r >0 as follows [4]:

n>0
Urn(2) = u n=01,2...,r—1,
n:

1 b .
77077764_”(1’) = m/ﬂ (ZE — t) 1Q0n(t)dt, n = 0, 1, 2, e

From (0.2), we have for a. e. x € (a,b)
¢T—U,n—v(x)u it 0 <v<r-— ]., r < n,

(0.2)

Yy = § ol TS
7 ¢r—v,n—v($)a if v <n<r,
OJ if n<v S r.

Denote by zp(a ) the Sobolev weighted space. This space consists of all functions f(z) which
p\Y

are r — 1 times continuously differentiable on the closed interval [a,b] and such that =Y (x)
is absolutely continuous on [a,b] and f)(z) € Lh(a,b).

For p =2, we define in WE% (ap) the inner product by (0.1). For any function f € Wzg(a,bw
we can set the norm by

||f||w;2<a‘b) = <fa f>Sa

which allows us to deduce that ( 12(ab) - HWT ) is a Banach space, and < 12(ab) (s >s>
p(a b)

is a Hilbert space.
The system {¢,.,(7)},<, is said to be Sobolev-orthogonal with respect to the inner product
(0.1) generated by the system {@n ()}, -
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1. Some properties of Hermite polynomials

Let ,,(x) be Sobolev-orthogonal polynomials with respect to the inner product

r—1 00
() = Jim 3~ 0070 + [ @)y @y
v=0 -

where w(z) = e~
Here are some properties of Hermite polynomials:

e The Hermite polynomials are given by [6]
H,(z) = (—1)"612£ <e"‘2> reR
n - dmn Y Y
where
Hy(z) =1, Hi(x) =2, Hy(x)=4z*—2.
e Recurrence formula |7, p. 106]:
Hypir () = 20H,(x) — 2nH, _(x), H,, (v) =2(n+1)H,(z),

/

H,(z) =2xH, 1(x) — H, {(x).
e Orthogonality formula:

/ ¢ " Hy(2)Hy(2)dx = Spmcn, where ¢, = 2"nly/7.

[e.o]

A Hermite function is defined by
on(z) = e~ 7 Hy(x).

o We define a Hermite function of even index by

22

where Hj,(z) is a Hermite polynomial of even index, in particular,

HQn(m)a

o) = 08 a0 = B2
e Relation to Legendre functions:
Hon(z) = (~1)"227 Ly * (a2) .
So if o N IV
LnQ(x):x e %(x( 341 ),
then
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e Asymptotic formula for ¢o,(x) [8, p. 594]:

5
2

Pan(T) = ©2,(0) [cos <\/mx> T

W&l(az)] , where — 1< 977,(3:) < 1.

It is clear that

5
7}1_{{)10 [cos <\/4n + 1:1:) + y%ﬁn(az)] =0, for each x.

So, the asymptotic formula for Hy,(z) is

n

2 1
H2n(l‘):(—1)”2”-1-3~5-...-(2n—1)e%m [cos (\/4n+1x>+0(4 )] :
e The system {p,(7)},, is orthogonal on (—o0,00), i. e.

/OO Oon (T)pom(T)dx = Sy

—00

e Some particular cases:

wo(x) = 4—\/EHO(SE)’ pa(x) = \/5\4/%

Hs(x).

1.1. Sobolev-orthogonal functions generated by Hermite functions ¢, ()

Definition 1.1. For r > 0, we define the functions ¥, 9,(z) (n=0,1,...) by

(e (I> =

1 X
Vrrion(T) = I / (v — t)r_1902n(t)dt, n > 0.

We will calculate the functions ), ,49,(x) for any n € N and x € (—o0,00).

Theorem 1.1 (Fisrt aim result). For n > 1 and r > 0, we have the following relations:

/ / 2n—1
wr r+2n ¢r+1 r+2n 1/}7' r4+2n— 1 m wr,r+2n—2 (I) .

v

N

xXr
2. ¢r+1,r+1+2n<$) = ;wr,r+2n< )+ wr 1,r+2n— 1( )+ 1/}7'7“—4—211 1(I)

3. For n=0: Y w3
1_\/—1/}r+1r+2<> 1_\/—

To prove this theorem, we need the following lemma.

wr,r( ) wr 7’+1( )
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Lemma 1.1. The formulas for the derivations of the Hermite functions of even index are:

o) = s (5) 1 = ) (1)

P r o o f. First, for the Hermite functions, we put for n > 1

12 2
e 2 -

Pan(T) = Wﬂzn(@, Pan—1(T) = — Hap 1 (),

902n—2(x) =

Use these formulas to prove (1.1), (1.2).
a) We have (see [7, p. 106])

Multiplying both sides by ¢’ —, we get
@i
re 'z ez
n() = ——F—Ho 1(x) —2(2n — 1)———Hon_2(x
P2 ( ) \/W']Ti2n 2 1( ) ( ) 27)/)'7]'%277' 2 2( )
2 2
2 e T 2n —1 e~
= 1 1 H2n—1($) - 1 HQn—2('T)7
2n—1 \/(2n — 1)lg12" 2 2n (2n — 2)lga2n-1

and so we have (1.1).

b) For the second relation, we differentiate

pon(2) = ——=—1—Han(x)
with respect to z, and get

\/(Qn)!wi2”H2n(I)+ (2n)!7ri2nH2"(x)'

Using the fact that H, (r) = 4nHy,_1(z), we get

ol

22 _z
’ e 2 e 2

- Hy(2) + —————H},
902n($) x\/mﬂ'ZQn 2 (:L‘) \/mﬂ'12n 2 (l’)
Z%ne_é
+ Hy, (),
VY ey TR

50 o () = —22(2) + 2v/NP20-1 ().

= —Zpop(T
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Proof. (of Theorem 1.1)
1. First of all, it is clear that
Yo,on(2) = pan(x), Yip(x) =1, Y11(x) = / wo(t)dt.
We have
t2

Urrean(@) = o [ o= e, where panlt) = — = Ha(0). (13)

rrron () = ———— xr — n , where @9, (t) = ————H>,(t). )

T2 G P2 P2 (2n)!7ri2n 2

Then, from Lemma 1.1 and (1.3), it follows that

Vrrion(T) = G / (Vi w— t(x — )" o (t)dt — (>/7) / (z — )" pon_a(t)dt

\/2 1 2n—1
" / ZE—t 902”1 dt "

“r—1)! 7“—1)'/ (2 =t pana(t)dt

In the second term of this expression, we have

1

Vrrin—2(T) = o) /_;(1' — )" pon_a(t)dt.

Let us calculate

_ 1 v ,_
1=t [ e o
We get
1 X
1 @ . T * _

_ _m/m@ _ t) Sp%_l(t)dtJr m/w(m — t) 1@2n—1(t)dt

= _rwr+1,r+2n(x) + wa:TJFZ"*l(x)'
Then

2 / 2n—1
¢r,r+2n($) =T o — ¢r+1 r+2n wr r42n— 1 m ¢r,r+2n—2(w)-

2. By Lemma 1.1 (formula (1.2)), we have

— 2020 (t) = 0o, () — 2v/Np2n-1(),

SO

_ﬁ/x t(l‘—t)r71§02n<t)dt :ﬁ /_x (x_ty 1(,0l2n(t)dt

o -
C(r—1)!

/x (z — )" g1 (t)dt.
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Let us calculate

1 v 1 x ,
H, = _ -1 H, = o1
1 (r—1)! /_OO t(x — 1) pan(t)dt, Hy =1 /_OO(LE )",y (t)dt,
1 X
He = —— _4\r—1 _ )
3 (7“— 1)' /_OO(ZE t) ©on 1(t)dt
First,
H, = 1 /9C tHx — )" oo, (t)dt = L /z (t—z+2z)(z— t)ril (t)dt
TV AN T
r [* €T x
= (33 - t)r902n(t)dt + (.CL’ - t)r_1§02n<t)dt = _Twr+l,r+2n(x) + xwmﬂr?n(:ﬁ)'
rhJo (r=11/
For H,, integrating by parts we get
1 r—1 z 1 * r—2
H = - o N - .
2= o (=) pan(t)]___+ =] /_OO (x — 1) pan(t)dt
Since .
lim (2 — )" pon(t) = lim (z— )" T,
10 ISR @n)irion
then . N
H2 N (T — 2)' /—oo (J? - t>r_2 902n(t>dt = %—1,r+2n71(1’)-
Regarding Hj, we have
1 X
Hs = (r—1)! /oo(x — )" pon1(8)dt = Yrian-1(2).
Finally,
2\/n

T 1
wr,r+1+2n(x) = ;wr,r+2n(x> + ;wrfl,r+2nfl(x) + Twr,rJanfl(x)-

So we obtain the second formula.
3. For this part, it is easy to see that for n =0, @o(x) = 2v2p1(2) + v2p2(x). Then

Urr(T) = ﬁ /z (z — 1) o (t)dt

—0o0

= [t 2 [ e

SO

_\/§ ‘ r \/ifb’ ‘ r—1
vorl) = 2 | @ 0raan s [ = aa

oo P 750 i
+(r —1)! /Oo(f” — )" po(t)dt,
Vrr(z) = _\/§¢T+1,r+2(x) + m\/ﬁwmﬂ(l’) + \/éwr,r(x).

2 2
Then ¥,,.(z) = —1_—\/?/§¢r+1,r+2(33) + f_—ﬁ%mﬂ(iﬂ)-
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1.2. Problem of mixed Fourier series

Let f € WEQ( 50,00) . If this function is given in the generalized Hermite orthogonal system

{tr2n(x) }n>0, then
:L‘) ~ Z Cr,k¢r,2k<x)- (14)
k=0

This Fourier series will have the form:

v WUr2k (T), (1.5)

with
Crk = fr,k :/ f (£)r 2k (t)dt Z/ FE @) pan_p (t)dt

called the Fourier coefficient. For » = 0, we have

ZCO Ko,k (2 Z Ok% ok (T (1.6)

k=r

1
fo,% Z/ f () par(t)dt

In this section, we will give the expressions of (1.5) and (1.6) taking into account the

with

expression of ¢, (t). Also we will prove the convergence of the series (1.4). The following
result is similar to the one given in [5].

Theorem 1.2. For n >0, r > 0, the system of functions {1, 2,(x)} generated by Hermite
functions o, (x) by the formula

1 v .
Vrryon(T) = -1} /_OO(I —t)" g (t)dt, n >0,
18 complete in WEQ(fowo) and orthonormal via Sobolev’s inner product
r—1 00
— i @) () ®) ™) (4) g™
(.0) = im 35000+ | 1wg e
It follows from the formulas
1 * .
Verin@) = =5 [ @0 (0t n >0
x2n
wr,2n(x) - (QTL)" n_0717- 7T_17

that for all x € (—00,0),

wrfvﬂnfv(x), 0 <v<r-— 1, r< 271,

@ _ ) Pon—o(2), v=r<2n,
(¢T72n(l’>) wr_v’gn_v((l})’ v < o < .
0, 2n < v <r,

with o.2n(z) = @on(x).
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1.3. Study of the convergence of the series (1.5)

Let feWr, then f) € LP with

(—O0,00) ’

f(” ZO kex(z), where CA’NC :/ f(r)(t)gpk(t)dt, for all k> 0.
k=0 —00

Theorem 1.3 (Second aim result). For x € [A,B] (A< B < o0) and f € W],, where
% < p < 4, the Fourier series

:L‘Zk 0
~ ZO Jim FO0) G + kz Crrsthron ()

converges uniformly to the function f.

P r o o f. We note the following partial sums:

r—1
Srn (f5 @) :ZH Oof(}C v kW21 (T), W (f 2 ZCrk<P2k
k=0
Then .
1 T r4+n
|f(l’) - Sr,rJrn (f7 iL’) | = W/A (.’L' - t)rilf(r) (t)dt - Z Cr,kwr,ﬂc(l‘)
) k=r
with . .
Yy rron(z) = m/A (z — )" pan(t)dt,
SO . .
Vrok(T) = W/A (x — )" "o (t)dt.
Hence,

r+n

0= Surnl0)l= | s [0 0 - i | o= o (D)t

1 T r+n
:m/f‘( —t)" 1(f(r Zcmwkr ) ‘
with
r+n
ZCerPQk r S* (f .T)
Then

1 z
|f(l') - Sr,r—i—n (fa J])| < (T — 1)' /A (l’ - t)r_l ‘f(r)@) - S:,n (f(T)7t)| dt.

Using Holder’s inequality, we get:

\f(x)—sr,r+n(f,x>|s(r_ll)! (/:cv— " ”dt) (/ [F7@) (f““),t)}pdt);,

: 1 1 _
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Calculate

(r—1) (t —x)at—H

xx_ (r—Dq g4 — (_q\a(r-1\" )
/( t) dt = (—1) =1 +1

A

A

A— I)q(r71)+1 (B _ A)q(r71)+1
= < 00.

gr—1)+1  qr—1)+1

(_1>q(r—1) (

Then

— A)ar=1)+1 ‘
F(@) = Sppin (o)) < (r_lm ((i(r—>1)+1 ) 177 @) = S5 (7 2) [,

)HLP — 0 as n — oo, it results that |f(x) — Sy,qn (f, 2)] — 0,

and since || f")(x) — 57, (f*), 2
[

uniformly on [A, B].
2. Asymptotic forms of the functions ), .9,(x)

We say that
e 2 HQn d

O I =

Integrating by parts and using the first formula of Lemma 1.1, we will have:

2 2
u=-e 2 du = —te~ 2 dt
P11420(T) = )
dv = Hy, (t)dt v = 55,7 Hon1 (1)
SO
1 e 1 ¢ e
Y1140 (2) = NeEEE 1)H2n+1(1:) + —\/mwﬁn /_OO te” = Hyp,yq(t)dt,
w=e5 du:<e T 2 _*>dt
V11420 (T) =
dv = Hyp o (t)dt V= sy Honva(t)
Then

T

1 e‘é 1 re 2
(2) = Honr () — Han Ru(2),
11420 () \/WW%Q”H 2n+2) ant1(T) \/WW%Z”“ 2n+2) ont1(2) + Ru(2)

where )
R, (z — %) H nto(t)dt. 2.1
(z)= 21+3(2n + 1)(n + 1)y/(2n)lms 2 (f) (2.1)

Theorem 2.1 (Third aim result). The following asymptotic formula holds:

22

2
1 e~ T 1 re 2z
n - H n - H n Rn )
Vi (z) (Qn)!wignﬂ (2n + 2) nt1(2) (Qn)!ﬁiznﬂ (2n +2) 2n1(2) + Fin(7)

where R,(x) is given by (2.1) and satisfies the estimate R,(z)=o0(%).
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P r o o f. By the relationship between Hermite and Laguerre functions
1
Hy, (1) = C,Ln? (2%),  where C,, = (—1)"22",

we have N

21
Ra(w) =maCovs [ (1) 7% LA (@)t

where )
Mn = . , Ly is a Laguerre function.
(2n+1)(n +1)y/(2n)lri2n+3

Introducing a new variable u = t2, we get

C G Y
Rn(x) = i 2n+1 \/a 6_%L;E1(u)du
0

To estimate the residue R, (z), we must consider two cases:
1. First case: 0 < 2? < % For this case, we can use the weight estimate [9, 10|

e % |Ly(2)] < c(a)Ap(x), a> -1,

and ) .
S-i, -1-1 1 0
0 *x271, <r<Z
A (@) = , oo
[en (0;’;+|x—6’n|>] , TS
_1 30
[ e 1, R

b« e
-5 |12 ‘ 2 ’
‘ U Tr
then
z2 1 x?
nnCn—l-l l—wu ‘C(_ﬁ)‘ nncn-i-l/ 1
" < duy < ———= — d
[Fnlo)l < 75 /0 Jil s ="o ) \gatve)d
- 2 +g 1
dn+1 3(dn+1)3
So Ry(z)=o0(%).
2. Second case: = < 2?2 < w. We have
2
MCnr [T |1 —u -3 ‘
R, < L,? du.
R)] < 25 [t )

For this case, we use the following estimate:

n!

1
N—n—i-a;— , >0, a>-—1.

e 2x2L%x) =N Jo (2 (N{E)% )+ o(n%_%),

Jo(x) = (%) 2 cos <:,17 - %T - %) + 0(3:_%), x — +o0.
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We have
nnCn+1 n _g].—u —% z? _gl—u é
R,(z) = 5 {/0 e 2 T Ly (u)du%—ﬁ e 2 NG Ly (u)du},
S0
1 N Ch ’ w1 —u -1
R o) + 252 [T et (R Lt
1 nnCn-i-l ez 1 %Cn+1 v _u -1
<of= ~2 ~3
<ofo)+ ] | Tt '+ - / =¥ /aLy? (u)du

Calculate

On the other hand, we have

140 = () o (VR4 T ) o (v )
= mcos (2\/N_u> +0<(N1)3)'
So
| [ty (AR = ] [T v e oo )

Set a new variable as

12 2t N
t:vNu:>u:N, du = —dt, — <t<zVvN.
U

N
Then
2 wv/N 1 2 =N 1 1
e < - |6082t|dt+0<—> < . dt—{—o(—) :0<—>,

VTNi J /X n VTNt J /& n n

and )
T _u 1 1
A:'[ e\/gan(u)du §0<E>.

For

?

I2
B = '/ e’%\/ﬁL;%(u)du
1
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in the same way, we get
1
B < 0(—).
n
Then | | ] 1
o =o2) (1) ro(2) o)
n n n n
Finally, we have the desired estimate. O]
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