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Abstract. The traditional numerical process to tackle a linear Fredholm integral equation on
a large interval is divided into two parts, the first is discretization, and the second is the use of
the iterative scheme to approach the solutions of the huge algebraic system. In this paper we
propose a new method based on constructing a generalization of the iterative scheme, which is
adapted to the system of linear bounded operators. Then we don’t discretize the whole system,
but only the diagonal part of the system. This system is built by transforming our integral
equation. As discretization we consider the product integration method and the Gauss–Seidel
iterative method as iterative scheme. We also prove the convergence of this new method. The
numerical tests developed show its effectiveness.
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Аннотация. Традиционное численное решение линейного интегрального уравнения Фред-
гольма на большом интервале делится на два этапа: первый — дискретизация, второй —
использование итерационной схемы для приближения к решению алгебраической системы
большой размерности (полученной на первом этапе). В этой статье мы предлагаем новый
метод, основанный на построении обобщения итерационной схемы, которая адаптирована к
системе линейных ограниченных операторов, при этом мы не дискретизируем всю систему,
а только ее диагональную часть. Рассматриваемая система строится путем преобразования
исходного интегрального уравнения. В качестве дискретизации мы рассматриваем метод
интегрирования произведения, а в качестве итерационной схемы — итерационный метод
Гаусса–Зайделя. Мы также анализируем сходимость этого нового метода. Численные те-
сты показывают его эффективность.
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Introduction

Numerical approximation of linear Fredholm integral equations leads to linear algebraic
systems. The size of the matrices obtained in the linear systems depends on the order of
convergence. So, we have to solve a huge system to get a small error. However, this system can
not be solved directly, so we use the Gauss–Seidel iterative scheme to approach its solutions.
For this iterative method, many variants have been developed [1–6].

In this paper we propose a new method. First we make our integral equation into a system
of the following form: 

λu1 = T11u1 + T12u2 + . . .+ T1NuN + f1,

λu2 = T21u1 + T22u2 + . . .+ T2NuN + f2,
...

...
λuN= TN1u1 + TN2u2 + . . .+ TNNuN + fN ,

(0.1)

where {Tij}1≤i,j≤N is a family of bounded operators. Next we construct a generalization of the
Gauss–Seidel method adapted to (0.1), after that we discretize only the diagonal part of this
system to approach a solution of the initial equation.

In [7] and [8], a generalization of Jacobi’s method adapted to the same system (0.1) has been
constructed in order to approach a regular and a weakly singular Frehdolm integral equation,
respectively. The numerical study of those papers presents very good results. In this paper,
in a similar way, we construct a generalization of Gauss–Seidel method to approach a linear
Fredholm integral equation of the second kind with weakly singular kernel defined on a large
interval.

Let X = C ([0, τ ]) be the Banach space of continuous functions equipped with the norm

∀x ∈ X ‖x‖X = max
0≤t≤τ

|x(t)| ,

where [0, τ ] is a large interval of R , i.e. τ >> 0 . Let T : X → X be the integral operator
defined by

∀x ∈ X Tx(t) =

∫ τ

0

g(|s− t|)x(s)ds, t ∈ [0, τ ],

where g : (0, τ ]→ R is a weakly singular function in the following sense:

(H) the function g is continuous and decreasing on (0, τ ], summable on [0, τ ], g(s) ≥ 0 for
all s ∈ (0, τ ], lims→0+ g(s) = +∞.

Then T : X → X is a bounded operator [9], and the norm of T is given by

‖T‖BL(X) = sup
‖x‖X=1

‖Tx‖X = max
0≤t≤τ

∫ τ

0

g(|s− t|)ds = 2

∫ τ/2

0

g(s)ds,
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where BL (X) is the Banach space of all bounded operators from X to itself. Let λ ∈ C∗ be
such that

|λ| = 2µ

∫ τ/2

0

g(s)ds, µ > 1,

then λ is in the resolvent set of T . By Neumann’s theorem, we obtain that (λI − T )−1 exists,
and ∥∥(λI − T )−1∥∥

BL(X)
≤ 1

|λ| − ‖T‖BL(X)

,

where I is the identity operator on X . Then the integral equation

λu(t) =

∫ τ

0

g(|s− t|)u(s)ds+ f(t), t ∈ [0, τ ], (0.2)

has a unique solution u ∈ X for every f ∈ X . Equation (0.2) is of great interest to
mathematicians [9–11]. Our goal is to research this equation.

The paper is organized as follows. In Section 2, we introduce some notation and preliminary
results. In Section 3, by using the previous results, we show how to formulate system (0.1) .
In Section 4, we treat our method of generalization of the Gauss–Seidel method in collocation
with the product integration method. Finally, we give numerical results developed and compare
our method with the conventional Gauss–Seidel method.

1. Notions and preliminary results

For N ≥ 2 , we define a subdivision of the interval [0, τ ] by:

H =
τ

N
, tj = (j − 1)H, 1 ≤ j ≤ N + 1.

Let
{(
Xj, ‖·‖j

)}N
j=1

, N ≥ 2 , be a family of Banach spaces, where Xj = C ([tj, tj+1]) is

associated with the following norm:

∀x ∈ Xj ‖x‖j = max
tj≤t≤tj+1

|x(t)| .

For 1 ≤ i, j ≤ N , we specify the Banach space Bij = BL (Xj, Xi) of all bounded operators
from Xj to Xi with the operator norm

∀S ∈ Bij ‖S‖ij = sup
‖x‖j=1

‖Sx‖i .

Let X̃N =
N∏
j=1

Xj be the product Banach space equipped with the norm

∀Z = (z1, ..., zN) ∈ X̃N ‖Z‖X̃N
= max

1≤j≤N
‖zj‖j.

Let B̃N = BL
(
X̃N

)
be the Banach space of all bounded operators from X̃N to itself

associated with the operator norm

∀S ∈ B̃N ‖S‖ = sup
‖x‖

X̃N
=1

‖Sx‖X̃N
.
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Let {Tij}1≤i,j≤N be a family of operators defined by:

Tij : C([tj, tj+1])→ C([ti, ti+1]), x 7→ Tijx(t) =

∫ tj+1

tj

g(|s− t|)x(s)ds, t ∈ [ti, ti+1].

It is clear that Tij ∈ Bij for all 1 ≤ i, j ≤ N , and

‖Tij‖ij = max
t∈[ti,ti+1]

∫ tj+1

tj

g(|s− t|)ds.

For all 1 ≤ i ≤ N , ‖Tii‖ii < |λ| , then (λIii−Tii) is a bijection on Xi , its inverse is a bounded
linear operator (see [11]), and

‖(λIii − Tii)−1‖ii ≤
1

|λ| − ‖Tii‖ii
,

where Iii is the identity operator on Xi .

Lemma 1.1. For all 1 ≤ i, j ≤ N , we have:

‖Tij‖ij =



2

∫ H/2

0

g(s)ds, if i = j,∫ tj+1−ti+1

tj−ti+1

g(s)ds, if i < j,∫ ti−tj

ti−tj+1

g(s)ds, if i > j.

P r o o f. Consider the following function G : [0, τ ] → R that will play an important role
in the proof:

G(t) :=

∫ t

0

g(s)ds.

Case 1: i=j. Let y(t) : [ti, ti+1]→ R be defined by

y(t) :=

∫ ti+1

ti

g(|s− t|)ds =
∫ t

ti

g(t− s)ds+
∫ ti+1

t

g(s− t)ds = G(t− ti) +G(ti+1 − t).

The function y(t) is symmetric with respect to ti+ti+1

2
, and

y′(t) = g(t− ti)− g(ti+1 − t).

Obviously, y′(t) > 0 if ti < t < ti+ti+1

2
, and y′(t) < 0 if ti+ti+1

2
< t < ti+1. Hence

‖Tii‖ii = max
ti≤t≤ti+1

y(t) = y
(ti + ti+1

2

)
= 2

∫ H/2

0

g(s)ds.

Case 2: i<j. Let y(t) : [ti, ti+1]→ R be defined by

y(t) :=

∫ tj+1

tj

g(s− t)ds = G(tj+1 − t)−G(tj − t).
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Then
y′(t) = g(tj − t)− g(tj+1 − t) > 0 for all ti < t < ti+1.

Hence

‖Tij‖ij = max
ti≤t≤ti+1

y(t) = y(ti+1) =

∫ tj+1−ti+1

tj−ti+1

g(s)ds.

Case 3: i>j. Let y(t) : [ti, ti+1] −→ R be defined by

y(t) :=

∫ tj+1

tj

g(t− s)ds = G(t− tj)−G(t− tj+1).

Then
y′(t) = g(t− tj)− g(t− tj+1) < 0 for all ti < t < ti+1.

Hence

‖Tij‖ij = max
ti≤t≤ti+1

y(t) = y(ti) =

∫ ti−tj

ti−tj+1

g(s)ds.

Theorem 1.1. For integers N ≥ 2, 1 ≤ i ≤ N, consider the positive parameters γ
i
, γi,

βH(i, N) and β∗ given by:

γ
i
=

∑
j<i

‖Tij‖ij

|λ| − ‖Tii‖ii
, γi =

∑
j>i

‖Tij‖ij

|λ| − ‖Tii‖ii
,

βH(i, N) = γ
i
+ γi, β∗ = max

1≤i≤N

γi
1− γ

i

.

We have
βH(i, N) < 1 and β∗ < 1.

P r o o f. Using the formulae obtained in Lemma 1.1, we get

βH(i, N) =

N∑
j=1,j 6=i

‖Tij‖ij

|λ| − ‖Tii‖ii
=

i−1∑
j=1

‖Tij‖ij +
N∑

j=i+1

‖Tij‖ij

|λ| − ‖Tii‖ii

=

i−1∑
j=1

∫ ti−tj

ti−tj+1

g(s)ds+
N∑

j=i+1

∫ tj+1−ti+1

tj−ti+1

g(s)ds

|λ| − ‖Tii‖ii

=

∫ ti

0

g(s)ds+

∫ τ−ti+1

0

g(s)ds

2µ

∫ τ/2

0

g(s)ds− 2

∫ H/2

0

g(s)ds

=
yH(ti)

2µ

∫ τ/2

0

g(s)ds− 2

∫ H/2

0

g(s)ds

,

where

yH(ti) :=

∫ ti

0

g(s)ds+

∫ τ−ti+1

0

g(s)ds = G(ti) +G(τ − ti+1), 1 ≤ i ≤ N.

The sequence yH(ti) is symmetric with respect to τ
2
or τ

2
−H , and

y′H(ti) = g(ti)− g(τ − ti+1).
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It is obvious, that y′H(t) > 0 if 0 < ti <
τ
2
−H, and y′H(t) < 0 if τ

2
< ti < τ. Hence

max
1≤i≤N

yH(ti) = yH
(τ
2
−H

)
= yH

(τ
2

)
=

∫ τ/2

0

g(s)ds+

∫ τ/2 −H

0

g(s)ds.

As N ≥ 2 then H ≤ τ
2
, so we obtain

βH(i, N) ≤
max
1≤i≤N

yH(ti)

2µ

∫ τ/2

0

g(s)ds− 2

∫ H/2

0

g(s)ds

,

≤

∫ τ/2

0

g(s)ds+

∫ τ/2 −H

0

g(s)ds

2µ

∫ τ/2

0

g(s)ds− 2

∫ H/2

0

g(s)ds

≤ 1

µ
< 1.

Finally, since βH(i, N) < 1 , it is clear that β∗ < 1 .

2. Formulation of system (0.1)
In this section, we see how to formulate system (0.1) according to our integral equation.

Let {uj}1≤j≤N be a family of continuous functions such that

uj ∈ Xj, ∀t ∈ [tj, tj+1] uj(t) = u(t).

We have

λu(t) =

∫ τ

0

g(|s− t|)u(s)ds+ f(t) =
N∑
j=1

∫ tj+1

tj

g(|s− t|)uj(s)ds+ f(t), t ∈ [0, τ ] ,

which is equivalent to the same system (0.1) described in the introduction:
λu1(t) = T11u1(t) + T12u2(t) + . . .+ T1NuN(t) + f1(t), t ∈ [t1, t2],

λu2(t) = T21u1(t) + T22u2(t) + . . .+ T2NuN(t) + f2(t), t ∈ [t2, t3],
...

...
...

λuN(t) = TN1u1(t) + TN2u2(t) + . . .+ TNNuN(t) + fN(t), t ∈ [tN , tN+1],

where

fj ∈ Xj, ∀t ∈ [tj, tj+1] fj(t) = f(t).

This system is equivalent to the following linear equation:

λU =MTU + F,

where MT : X̃N → X̃N is the operator matrix defined by

MT =


T11 T12 ... T1N
T21 T22 ... T2N
... ... ... ...

TN1 TN2 ... TNN

 ,
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F = (f1, ..., fN) is given in X̃N and U = (u1, ..., uN) is to be found in the same space.
It is clear that MT is a bounded operator. We have

‖MT‖ = max
1≤i≤N

N∑
j=1

‖Tij‖ij = max
1≤i≤N

N∑
j=1

max
t∈[ti,ti+1]

∫ tj+1

tj

g(|s− t|)ds

= max
0≤t≤τ

∫ τ

0

g(|s− t|)ds < |λ| .

We use Neumann’s theorem [12] to conclude that (λIN −MT )
−1 exists and∥∥(λIN −MT )

−1∥∥ ≤ 1

|λ| − ‖MT‖
,

where IN is the identity operator on X̃N . This assures the existence and uniqueness of the
solution U = (u1, ..., uN) of the system (0.1) for all F = (f1, ..., fN) in X̃N .

3. Generalized Gauss–Seidel method

In this section, we construct a generalization of the Gauss–Seidel method suitable for our
system (0.1) .

3.1. Definition of an iterative sequence and its convergence

Consider the following iterative scheme:{
λUk = LTU

k + (MT − LT )Uk−1 + F, k ≥ 1,

U0 ∈ X̃N ,

where LT is the lower triangular matrix part of MT defined by

LT =


T11 O12 ... O1N

T21 T22 ... O2N

. . ... .

TN1 TN2 ... TNN

 .

For 1 ≤ i, j ≤ N , Oij : Xj → Xi is the null operator, i.e. ∀x ∈ Xj, Oijx = 0Xi
. We can write

the precedent iterative scheme in a simple and clear formula: for 1 ≤ i ≤ N, λuki (t) = Tiiu
k
i (t) +

i−1∑
j=1

Tiju
k
j (t) +

N∑
j=i+1

Tiju
k−1
j (t) + fi(t), t ∈ [ti, ti+1], k ≥ 1,

u0i ∈ Xi,

with
0∑
j=1

Tiju
k
j =

N∑
j=N+1

Tiju
k
j = 0Xi

.

Our goal is to prove that Uk → U for k →∞.

Theorem 3.1. We have

limk→∞ ‖Uk − U‖X̃N
= 0.
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P r o o f. For all 1 ≤ i ≤ N ,

λui = Tiiui +
i−1∑
j=1

Tijuj +
N∑

j=i+1

Tijuj + fi,

(λIii − Tii)ui =
i−1∑
j=1

Tijuj +
N∑

j=i+1

Tijuj + fi,

ui = (λIii − Tii)−1
i−1∑
j=1

Tijuj + (λIii − Tii)−1
N∑

j=i+1

Tijuj + (λIii − Tii)−1fi.

In the same way, we get

uki = (λIii − Tii)−1
i−1∑
j=1

Tiju
k
j + (λIii − Tii)−1

N∑
j=i+1

Tiju
k−1
j + (λIii − Tii)−1fi.

Then

(uki − ui) = (λIii − Tii)−1
i−1∑
j=1

Tij(u
k
j − uj) + (λIii − Tii)−1

N∑
j=i+1

Tij(u
k−1
j − uj).

Therefore

‖uki − ui‖i ≤ ‖(λIii − Tii)−1‖ii
i−1∑
j=1

‖Tij‖ij‖ukj − uj‖j + ‖(λIii − Tii)−1‖ii
N∑

j=i+1

‖Tij‖ij‖uk−1j − uj‖j

≤

i−1∑
j=1

‖Tij‖ij

|λ| − ‖Tii‖ii
‖ukj − uj‖j +

N∑
j=i+1

‖Tij‖ij

|λ| − ‖Tii‖ii
‖uk−1j − uj‖j

≤ γ
i
‖Uk − U‖X̃N

+ γi‖Uk−1 − U‖X̃N
.

Let im ∈ N be such that
‖ukim − uim‖Xim

= ‖Uk − U‖X̃N
.

We obtain

‖Uk − U‖X̃N
≤ γ

im
‖Uk − U‖X̃N

+ γim‖U
k−1 − U‖X̃N

,

(1− γ
im
)‖Uk − U‖X̃N

≤ γim‖U
k−1 − U‖X̃N

,

‖Uk − U‖X̃N
≤

γim
1− γ

im

‖Uk−1 − U‖X̃N
,

‖Uk − U‖X̃N
≤ β∗‖Uk−1 − U‖X̃N

.

Repeating this operation k times, we find that

‖Uk − U‖X̃N
≤ βk∗‖U0 − U‖X̃N

.

Now we use the fact that β∗ < 1 to conclude the proof.

To get an approximation of the solution u , we construct it, for the k -th iteration, using
the following formula:

∀t ∈ [ti, ti+1) u(t) ≈ uki (t), 1 ≤ i ≤ N,

and u(b) = ukN(b) .
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3.2. Product integration method

In practice, for 1 ≤ i ≤ N , (λIii − Tii)−1 can not be found exactly. For that, we need to
approximate it using product integration method [10]. It will be easy, because, for 1 ≤ i ≤ N ,
[ti, ti+1] is not very large compared to [0, τ ] .

First of all, we study the following equation in order to explain the product integration
method: for 1 ≤ i ≤ N

∀t ∈ [ti, ti+1] λui(t) = Tiiui(t) + gi(t).

It is clear that ui ∈ Xi exists and is unique for all gi ∈ Xi . For n ≥ 2 , 1 ≤ i ≤ N , we define
a subdivision of [ti, ti+1] by

hn =
H

n− 1
, si,p = ti + (p− 1)hn, 1 ≤ p ≤ n.

For 1 ≤ i ≤ N , let {ei,p(s)}np=1 ⊂ Xi be such that for 2 ≤ p ≤ n− 1 ,

ei,p(s) =

1− |s− si,p|
hn

, si,p−1 ≤ s ≤ si,p+1

0, otherwise.

ei,1(s) =


si,2 − s
hn

, si,1 ≤ s ≤ si,2

0, otherwise.

ei,n(s) =


s− si,n−1

hn
, si,n−1 ≤ s ≤ si,n

0, otherwise.

Let Tii,n : Xi → Xi be a linear operator defined by

∀x ∈ Xi Tii,nx(t) =
n∑
p=1

wi,p(t)x(si,p), t ∈ [ti, ti+1],

with weights

wi,p(t) =

∫ ti+1

ti

g(|s− t|)ei,p(s)ds.

From [10], it follows that for 1 ≤ i ≤ N , Tii,n ∈ Bii and

‖Tii,n‖ii ≤ 2

∫ H/2

0

g(s)ds.

Let us denote

δH := 2

∫ H/2

0

g(s)ds.

Theorem 3.1. For all 1 ≤ i ≤ N , for n large enough, (λIii − Tii,n)−1 exists and∥∥(λIii − Tii,n)−1∥∥ii ≤ κ,

where κ is a positive constant independent of i and n .
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P r o o f. For all 1 ≤ i ≤ N , using Lemma 4.1.2 [10], we get

lim
n→∞

‖(Tii − Tii,n)Tii,n‖ii = 0.

From Theorem 4.1.2 [10], we obtain that (λIii − Tii,n)−1 exists for n large enough and

∥∥(λIii − Tii,n)−1∥∥ii ≤ 1 + ‖(λIii − Tii)−1‖ii ‖Tii,n‖ii
|λ| − ‖(Tii − Tii,n)Tii,n‖ii

.

But
‖Tii,n‖ii ≤ δH ,

∥∥(λI − Tii)−1∥∥ii ≤ 1

|λ| − ‖Tii‖ii
=

1

|λ| − δH
.

Then

lim
n→∞

1 + ‖(λIii − Tii)−1‖ii ‖Tii,n‖ii
|λ| − ‖(Tii − Tii,n)Tii,n‖ii

≤ |λ|−1
(
1 + (|λ| − δH)−1 δH

)
.

To conclude the proof, we take

κ = 1 + |λ|−1
(
1 + (|λ| − δH)−1 δH

)
.

For 1 ≤ i ≤ N , for n large enough, let ui,n ∈ Xi be a unique solution of the following
equation:

λui,n(t) = Tii,nui,n(t) + gi(t), t ∈ [ti, ti+1].

Theorem 3.2. For 1 ≤ i ≤ N , for n large enough,

‖ui − ui,n‖i ≤ δHκω (hn, ui) ,

where ω (hn, ui) is the modulus of continuity of ui(t) on [ti, ti+1] defined by

ω (hn, ui) = max
|s−t|≤hn

|ui(t)− ui(s)|.

P r o o f. Follows from Theorem 4.2.1 in [10] and the fact that

ui − ui,n = (λIii − Tii,n)−1 (Tii − Tii,n)ui.

For 1 ≤ i ≤ N , ui,n is calculated by the formula

∀t ∈ [ti, ti+1] ui,n(t) =
1

λ

( n∑
p=1

wi,p(t)xp + gi(t)
)
,

where x = (x1, ..., xp) is a unique solution of the system

λx = Ax+ b, Aqp = wi,p(si,q), bq = gi(si,q), 1 ≤ q, p ≤ n.
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We define the iterative scheme of the product integration version of the generalized Gauss–
Seidel method corresponding to our integral equation by λuki,n(t) = Tii,nu

k
i,n(t) +

i−1∑
j=1

Tiju
k
j,n(t) +

N∑
j=i+1

Tiju
k−1
j,n (t) + fi(t), t ∈ [ti, ti+1], k ≥ 1,

u0i ∈ Xi,

for 1 ≤ i ≤ N and n ≥ 2. For k ≥ 0 , we define Uk
n =

(
uk1,n, u

k
2,n, . . . , u

k
N,n

)
∈ X̃N . For

technical reasons, we need to define Ûk
n =

(
ûk1,n, û

k
2,n, . . . , û

k
N,n

)
∈ X̃N : let for 1 ≤ i ≤ N and

n ≥ 2 , λûki,n(t) = Tiiû
k
i,n(t) +

i−1∑
j=1

Tiju
k
j,n(t) +

N∑
j=i+1

Tiju
k−1
j,n + fi(t), t ∈ [ti, ti+1], k ≥ 1,

u0i ∈ Xi.

Theorem 3.3. For k ≥ 1 , n ≥ 2 , we have

‖Uk
n − U‖X̃N

≤ ϑδHκ

1− β∗
max
1≤i≤N

0≤l≤k

ω
(
hn, û

l
i,n

)
+ βk∗‖U0 − U‖X̃N

,

where ϑ :=
|λ|

|λ| − ‖MT‖
.

P r o o f. We have, for n ≥ 2 ,

‖Uk
n − U‖X̃N

≤ ‖Uk
n − Ûk

n‖X̃N
+ ‖Ûk

n − U‖X̃N
.

But, for 1 ≤ i ≤ N ,

(ûki,n − ui) = (λIii − Tii)−1
i−1∑
j=1

Tij(u
k
j,n − uj) + (λIii − Tii)−1

N∑
j=i+1

Tij(u
k−1
j,n − uj).

Therefore

‖ûki,n − ui‖i ≤ ‖(λIii − Tii)−1‖ii
i−1∑
j=1

‖Tij‖ij‖ukj,n − uj‖j

+ ‖(λIii − Tii)−1‖ii
N∑

j=i+1

‖Tij‖ij‖uk−1j,n − uj‖j

≤ γ
i
‖Uk

n − U‖X̃N
+ γi‖Uk−1

n − U‖X̃N
.

Let im ∈ N be such that

‖ûkim,n − u
k
im‖Xim

= ‖Ûk
n − U‖X̃N

.

We obtain

‖Ûk
n − U‖X̃N

≤ γ
im
‖Uk

n − U‖X̃N
+ γim‖U

k−1
n − U‖X̃N

.
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Then

‖Uk
n − U‖X̃N

≤ ‖Uk
n − Ûk

n‖X̃N
+ γ

im
‖Uk

n − U‖X̃N
+ γim‖U

k−1
n − U‖X̃N

,

‖Uk
n − U‖X̃N

≤ 1

1− γ
im

‖Uk
n − Ûk

n‖X̃N
+

γim
1− γ

im

‖Uk−1
n − U‖X̃N

≤ ϑδHκ max
1≤i≤N

ω
(
hn, û

k
i,n

)
+ β∗‖Uk−1

n − U‖X̃N
.

Repeating the last inequality,

‖Uk
n − U‖X̃N

≤ ϑδHκ max
1≤i≤N

ω
(
hn, û

k
i,n

)
+ β∗

(
ϑδHκ max

1≤i≤N
ω
(
hn, û

k−1
i,n

)
+ β∗‖Uk−2

n − U‖X̃N

)
≤ ϑδHκ

k−1∑
l=0

βl∗ max
1≤i≤N

ω
(
hn, û

k−l
i,n

)
+ βk∗‖U0 − U‖X̃N

≤ ϑδHκ

1− β∗
max
1≤i≤N

0≤l≤k

ω
(
hn, û

l
i,n

)
+ βk∗‖U0 − U‖X̃N

.

4. Numerical Results

We illustrate the application of our numerical method by considering the following Fredholm
integral equation of the second kind:

λu(t) =

∫ 100

0

u(s)√
|s− t|

ds+ f(t), λ = 40
√
2, t ∈ [0, 100],

where

f(t) = λt2 − 2(3× 104 + 400t+ 8t2)
√
100− t

15
− 16

15
t5/2,

and the exact solution is u(t) = t2 on [0, 100] . The kernel g(s) = 1√
s
satisfies the hypothesis

(H) . We mention that this equation is the same studied in [8].
In order to give a comprehensive view of the procedure of the generalized versions, we study

this example by applying the following methods:
1. Generalized Gauss–Seidel method, our method described in this paper.
2. Conventional Gauss–Seidel method, the method described in [2], the latter applies the

Gauss–Seidel iterative scheme to approach the huge matrix obtained after using the
product integration method.

3. Generalized Jacobi method, the method described in [8].

We fix H = 1 and we take the null function as a starting point for our method and the null
vector for the conventional Gauss–Seidel method. The stopping condition on the parameter k
is fixed by

‖Unew − Uold‖ ≤ 10−8.

EGGS(hn) , ECGS(hn) and EGJ(hn) denote the absolute error obtained by using the Generali-
zed Gauss–Seidel method, Conventional Gauss–Seidel method and Generalized Jacobi method,
respectively. We vary now hn to compare the results of the methods.
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Table 1. Numerical results

hn ECGS EGGS

0.250 9.86E-3 1.20E-3
0.125 2.47E-3 3.12E-4
0.050 3.97E-4 5.15E-5
0.025 1.01E-4 1.38E-5

Table 2. Numerical results

hn EGJ (Results of [8]) k EGGS k

0.250 1.20E-3 34 1.20E-3 20
0.125 3.12E-4 34 3.12E-4 20
0.050 5.15E-5 34 5.15E-5 20
0.025 1.38E-5 34 1.38E-5 20

Table (1) shows that the error committed by the two methods decreases with the decrease
of hn , but the error order of the generalized version of Gauss–Seidel method is smaller than
the error order of the conventional version of Gauss–Seidel method. Furthermore, in Table (2)
we can also see that the both generalized methods (Gauss-Seidel and Jacobi) give the same
results, but the generalized Gauss-Seidel method is faster than the generalized Jacobi method.
So, we confirm that our vision of generalization is reasonable.

5. Concluding remarks

We have constructed a generalization of the Gauss–Seidel iterative method for a system
of linear operators. We used this new technique, in collocation with the product integration
method, to approximate a solution of the Fredholm linear integral equation of the second kind
with a weakly singular kernel on a large interval. The numerical tests show the efficiency of our
new method compared to the classical Gauss–Seidel method.
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