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Crathsl COOEPKUT HAOIIOACHUS O TTOJHBIX TEOPUSIX CYSTHBIX CUTHATYP M MX CUETHBIX MOJAESIX. Mbl IpU-
BOJIUM MOCTPOEHUE CUETHON JIMHEWHO YIOPSIOUYEHHON TeOpUM, UMEIOLIEI TO 3Ke YMCIIO CUETHBIX HEU30-
MOpP(MHBIX MOIe/Ieii, YTO U JaHHAS CYETHAsI, He 00sI3aTeIbHO JIMHEITHO yIIOpsIIoUYeHHas TeOpus.
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1. BBEAEHHUE

M3BecTHas ipobiieMa TeOpUr MO, TUTIOTe3a
Boota, roBopuT, 4TO ITOIHASI TEOPUSI IIEPBOTO MTOPSII-
Ka CYETHOM CUTHATYPHI MOXKET UMETh JINOO KOHEYHOE

X o
4YHUCIIO, R, TUOO0 2™’ CYETHBIX MOJEJIEN C TOYHOCTBIO
1o nzomopdusma. B [1] M. Mopnu noka3zai, 4ro ec-

JIM Takas TCOpusd MMECT OoJtee yeM Nl CYECTHBIX HC-

n30MOpGHBIX MoOAeeil, TO OHa WMEET POBHO 2%
cueTHBIX Mozeieii. ITunmore3a Boora GbL1a moaTBep-
KIeHa IS pa3iMuHbIX KjiaccoB Teopuil. C Touku
3peHUs] YucJia CUCTHBIX HEU30MOPGHBIX Mojelieit
paccMaTpMBaIMCh CEAyOlIUe KJIacChl JIMHEHHO
VIIOPSIIOYEHHBIX TEOPUI: TUIT0Te3a BooTa Oblna mom-
TBEpKIeHa JJIs1 TUHEMHBIX MOPSAKOB 000ralleHHbIX
KOHEYHbIM JIMOO CYETHBIM CEMEUCTBOM YHapHbBIX
npeaukaToB [2], Ojsi oO-MUHMMAaJbHBIX Teopuit [3],
ObLIY MPpUBEIEeHBI MPUMEPHI CJ1A00 O-MUHUMATbHBIX
TEOpUil CO CYETHBIM YMCJIOM CUETHBIX Mozaeleii [4],
runote3a Boora Oblia JoKa3zaHa 4yl MOYTU O-MUHU-
MaJIbHBIX TeOopuil [S5], ciabo O-MUHUMAJbHBIX TEO-
pUii paHTa BBITYKJIOCTHA OOUH [6], GMHAPHBIX CTAL[H-
OHAapHO YIIOPSOOUYeHHBIX Teopuii [7] m ci1abo o-mMu-
HUMAaJIbHBIX TEOPUIl KOHEYHOTO paHTa BBIMYKJIOCTHU
[8]. B memom Borpoc 06 MCTUHHOCTY TUNOTE3bI Bo-
oTa JIJisd TEOpUii ¢ OTHOLLIEHUEM JIUHEMHOTO TopsaKa
OCTaeTCsl OTKPBITBHIM, PE3YJIbTaThl B 3TOM HampasJe-
HUM [OpedoCTaBJSIOT LEeHHYK UWHdOpMaluo o
CTPYKTYp€ U MOJIEJISIX TaAKUX Teopuii. M bl MoKa3bIBa-
€M 4YTO M3Y4YeHUe JIMHEMHO YIOPsIOUYeHHBIX TeopUit
B 00llleM He JaeT MPEeUMYIIECTB M0 OTHOLICHUIO K
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CYETHOMY CHEKTPY TAKUX TEOPUiIT — OHO SKBUBAJICHT-
HO U3YYEHUIO CYETHBIX TEOPUIA B LIEJIOM.

Hanee MBI MCIIOJIb3yeM CHUMBOJBI (DPaKTyphl, K
npumepy, ¢, I, WP+, Ii*, 119 0603HaYEHU CTPYK-
Typ, U 3aryiaBHble OyKBbI, M, N, M*, N* — 1J1s1 MHO-
JKECTB HOCHUTeJIell COOTBETCTBYIOIIMX CTPYKTYp. 3a-
much [(T,A) 03HAYAET YUCIIO CYSTHBIX HEU3OMOP(D-
HBIX Mozeseii MomHocti A tTeopum 7. Torma
runore3a Boora npeanonaraet, uto (7T, X)) # X,.

2. IEPEXO/ K JUHEMHOMY IOPAJIKY

Teopema 1. ITycmo I = (M;X) — cuemnasn cmpyk-
mypa cuemuoll peasyuoHHou cuenamypol X. Toeda cyuse-
cmeyem CcuemHdasi AUHELIHO YNOPSAOOYeHHAass CIpPYKmypa

M* 6 cuenamype Y. 0602auienHoll GUHAPHBIMU OMHOUICHU -
amu < u E , makas umo I(Th(IN), Ry) = [(Th(Nt*),R,).

Jlokazamenscmeo meopemot 1. J1151 KaXKmoro ajeMeH-
Ta a € M o6o3Hauum yepe3 C, R cueTHoe MHOXe-
CTBO Takoe, 4To C, u C, HE MEPECEKAIOTCH, TUIOTHBIE U
B3aMMHO TUIOTHBIC JUIST pa3udHbIX a, be M . O603Ha-
quM M * = U C,. Iycts M* =(M* X U{<, E}). 3nechb

acM
< — CTaHAAPTHOC OTHOILICHUE JUHEWHOTO Imopsgaaka

HaR o> M*, u E — 6uHapHOe OTHOILIEHUE SKBUBA-
JIECHTHOCTHU TaKoe, 4To i Bcexa € M nBcexa' € C,,
E(M*a") = C,. uTepnipetupyeM CHUMBOJIBI X TaK,
4TOOBI OHM “yBaxkajin” OTHOIIeHUe FE: IJIsk KaXXI0ro
n < ®, KaXXIoro #-MeCTHOTO OTHOIIEHUSI R € X M BceX
a,a,...,a,€ M,b € C,,b,€ C,,...,b, € C, mycTb

ao*

Ne* = R(by,b,,...,b,) TOrIA U TOJIBKO TOTMA,

1
korma I F R(a,a,,...,a,). M)



6 3AMBAPHA{,

3aMeTM, 4TO

Vx,Vx,.. VX,V V.. ¥y, | A\ E(x;,y) =
i=1

(2)
— (R(xlaxb'”axn) & R(ylay29""yn))j € Th(ine*)

Mpl yTBepxaaeM uto J¢* — ucKkoMast CTpyKTypa.

Crpykrypst I u MM’ := (M* /E;X) uzoMopdHbI.
3necb M*/E :={E(M*a)|lae M*} ={C,lae M}; n
st Beex 71 € N v Bcex #-MEeCTHBIX OTHOIIIEHU R € X
M- E R(C,,C,,...,C, ) TOIIA 1 TOJBKO roria, Koraa
M*E R(b, b,,...,b,) 11 Bcex b, € C,.0eC,,....b,eC, .
Uzomopdusm mexay I u MF samaercst pyHkumeit
g:M-o>M",g:a-C,.

Terepb MbI JOKA3bIBAEM, UTO IJIEMEHTAPHBIE TEO-

E
pun ctpykryp W* u ¢ (W) umeror onnHakoBoe Um-
CJIO CHETHBIX HCI/ISOMOpq)HbIX Moﬂ,eﬂeﬁ, JOKa3bIBasi, YTO
bynxuus *: Mody (Th(M)) — Mody (Th(1*)) sss-
eTcsl GueKkuueil. 31ech U ajaee Mbl UCIOIb3YeM 3a-
nuck Jt* 11 0603HAYEHUST CTPYKTYPBI [TOJIy4aeMOit

U3 CTPYKTYPHI J{ IyTeM IMOCTPOEHUS IIPUBEIEHHOTO

S
BbIIIEe. Takxke MbI MCNONb3yeM 06o3HaueHus C,

gx
C, IUIs KJIACCOB SKBUBAJIEHTHOCTH, OTPEIENISIEMbIX
aneMeHTaMu a € M v b e N B cTpykrypax J¢* u Ji*

COOTBETCTBCHHO.

n

VYreepxknaenne 1. Ilycms dana npouszsonvras cuem-
Has modeas It meopuu Th(IN). Toeda I* — modens
meopuu Th()*).

JHokazamenvcmeo ymeepyucdenus 1. JlokazaTeib-
CTBO MPOBOAUTCS WHAYKIIMEH MOCPEACTBOM WIPHI
DpeHdoiixra—Ppanuca B popMe 3armcaHHoMi B [9].

3aduKkcupyeM TIpOM3BOJIBHOE KOHEYHOE ITOM-

MHOXeCTBO X, C X. Tak kak I = N, KoHcepsarop
BBIMTPBLIBACT Kaxaylo urpy BDpeHgpoiixtra—Ppanica

G,(VL,N) Ha crpykrypax I u I, KaK CTPyKTypax
CUTHaTyphl X,. Mbl nokaseiBaeM 4to KoHcepBatop
Takxke BbIMrpbiBaeT Urpy G,(W*, I*) Ha I* u I* B

curHatype X, U {<,E} s NPOU3BOJIBHOIO 4ucCia
payHIoB s. BemrpeiiinHast crpaterust st Koncepsa-
TOpa OCHOBaHA Ha COOTBETCTBYIOILEH CTPATEeINu ISt
G, (), u Ha Tom (bakTe, uTO F -KJTacChl TUIOTHBI U
B3aMMHO IUIOTHBI B V*.

Jlajmee MBI HCIOJb3yeM BEpPXHUE WHICKCHI s
37eMEeHTOB M* 1 N*, a HUKHUE MHASKCHI — JIJIsI 3JIe-
MeHTOB M u N.

1
Ilar 1. HoBaTop BeIOUpaeT 3jieMeHT a € M *, nu-

1
00 b € N*, 6e3 moTeprd OOLIHOCTU TIPEAIIOJIOKUM
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1 n
nepoe. Torma a € C,” st HekoToporo a € M.

Ilycte b, € N — 3JIEMEHT, CONOCTABJIECHHBINA K g, B
BBIMTPBIIIHON cTpaTternu KoHcepBaTopa B HUrpe

g s Ll 9+
G, (9, 90). Bo3bMeM MpOM3BOJIbHBIN b € C, -To (1)
u nockonbky I =5 I, anementsi @', a;, b' u b; ymo-
BJIETBOPSIIOT OMHUM M TE€M K€ OTHOMECTHBIM OTHO-
LIEHUSM U3 X.

Iar k. ITpenrnoaoxum, 4To K 3aBEPILICHUIO 3TOTO
mara Hosatop 1 KoHcepBaTop mocTpouau aBe I0O-
1 2 k
CIIeOBaTENbHOCTU a ,a,...,a - € M* u b', b*, ...,

k . ,
b” € N* Ttakue, 4to masad Kaxmgoro i, 1<i<k,

AW W
adeC ,beC

b, € N . TakxKe NPEINoONOXUM, YTO KOPTEXU C O~

.
, Tne a,,a,...,a, € M n by, b,, ...,

HAKOBBIMU UHIEKCAMU U3 {a'}i<;<; U {b'}1<;<, YIIOBIIE-
TBOpPAKOT OAHMM M TEM 2XK€ OTHOIICHUAM U3

Yy U{<, E}, 1 KOpPTeXU C ONMHAKOBBIMY UHIEKCAMU
U3 {a;}<i<x Y {b;}1<i<; YOOBJIETBOPSIOT ONHUM U TEM XK€
OTHOLLIEHUSIM U3 X,.

k+1
Ilar k + 1. HoBaTop BuIOUpaeT aieMeHT a" € M*
k+l
6o snemeHT b € N*, 6e3 noTepu OOIIHOCTU

k+1 M*
Mpeanojaoxum mnepsoe. Torna a = € Cak | JUIsl HeKO-
+

TOPOIO a;,; € M . BO3MOXHBI TpU Ci1yvas:

., . . K+l j

Cuyuaii 1. I1st HexoToporo i, 1 <i< k,d " =ad'.
k+1 1

Tornaa,,, = a,unyctb b, :=bub " =5

Cuyygaii 2. Cny4aii 1 He BBITTOJHSIETCS, a TaKXKe

k+1

s Hekotoporo i, 1 < i < k, M* £ E(d*™,a). Cneno-

k+1 M N
BatebHO, @' € C. = C. , U 2JeMEeHTHl a4, ,; = a; U
Ay 11 a;

b,  := b TIPONOIIKAIOT COOTBETCTBYIOIIYIO WTPY
G,(V,N). Iyctb R € X) — IPOU3BOILHOE n-MECTHOE
OTHOLUEHUE W TYCTh i},iy,...,1, € {1,2,...,k}. Toroa
n3 (2) 1 MHAYKIIMOHHOIO IIPEAIIOIOXEHUS CIEayeT,
4TO

o e
N E R, a”,...,a" " ,a" )
TOT/Ia ¥ TOJIKO TOTJa, KOTIa

W+ E R(a",a",...,a"",d") (3)

TOrga M TOJbKO TOraa, Korma
IN* E ROB",b2,...,0" ", b").
Tak kak Bce pasnuuHbie E-Kiacchl B N* IJIOTHBI U
B3aMMHO IUIOTHBI, CYLLIECTBYeT 3yeMeHT b * ! e
. g .
€ E(N*b') = Cb,‘ TaKOU UYTO TOCIEI0BAaTEIbHOCTHU
1 2 K+l 41 52 K+l N
a,a,.,a ub,b’,...,b° UMEOT ONUHAKOBLIN I10-
psiakoBbIi TUN. ClegoBaTelIbHO, IIOCKOIBKY (2) BbI-

MTOJTHSIETCS W It Ji*, MBI MOXEM TIPOIOJIKUATH (3)
no0aBIeHUEM
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I* R(bi‘,biz,...,bi"",bi) TOTZIa W TOJIBKO TOTIIa,
xorma N* E RB",b2,..., 6", b,

T.€., by, U €CTb XKejaeMblil BbIOOp st KoHcepBa-
TOpa.

Coyuaii 3. [tst kaxoro i, 1<i<k, M*E—E@@* ™,
a’) . Torna a,,, # a; nsi kKaxnoro i, 1 <i < k.

Ilyctp by,, €cTb 2J€MEHT, KOTOpBHI BBIOMpPAET
KoHcepBartop B OTBeT Ha gy, B urpe G,(J¢,It). Torna
b, # b, nnsa xaxnoro i, 1 <i < k. Ilo mocrpoeHuto

k+1 Plag S i g k+1
9%, ms Besikoro b e Cbk‘ﬂ, Ix = —EOB,b"T).
e

M nockoinbKy E-Knacchl B3aMMHO IUIOTHEL B N,
MOXeT OBITh BEIOpAaH TaKMM 00pa30M, YTO ITOPSIAKO-
K+l

Bble TUIIbI TIOCJEIOBaTEIbHOCTEH al,az,...,a u
b',b%,...,b"" omuHakoBbL.

ITyckail R € X, — IpOU3BOJIBHOE #-MECTHOE OT-
HOUIEHUWE, U NYCTb i},b,...,i,_; € {1,2,...,k}. Torna B
cuiy (1) u tak kak KoHcepBaTop BBIMTPBIBAET UTPY

G,(Ne,N),

W ket
N* E R@a",a”,...,a"",a" ")
TOTZAA M TOJIBKO TOTIA, KOTIa

M= R, a,,....a;, ,a,,)
TOTZIa M TOJIBKO TOTIa, KOTaa
% F R(bilabizs "bi,,_labkﬂ)
Toraa U TOJbKO TOraa, Korma
N E RB",b,..., ", b,
INonydeHHBIE TTOCTIE S PAYHIOB ITOCIETOBATETLHO-
cua,a’,...,a’ e M*ub',b’,...,b° € N* rapanrupy-
IOT SJIEMEHTAPHYIO SKBUBAJIEHTHOCTD CTPYKTYP W* 1
J* B MPOU3BOJILHON KOHEYHOM CUTHATYype X,.
IMyctb @ € Th(Mod(Ji*)) — Mpon3BOIbHOE TIPE-

JnoxeHue. baaromaps uHUTapHOMY XapakTepy dop-
MyJ1, (¢ BKJIIOYAEeT B ce0s JIMIIb KOHEYHOE YUCIIO CUM-
BoJIoB U3 X U {<, E}. Takxke cTpykrypnl J* m Ii*
3JIEMEHTAPHO SKBUBAJICHTHI B JIF000i1 ITPOU3BOJIHLHOM
KOHEYHOIT CUTHAType, B TOM YMCJIe, B CUTHATYpe, CO-
Jepxalleil Bce cuMBOJIBL M3 . Takum obpasom,

¢ € Th(Mod(I%)), u, cienoBarenbHo, Ji* = Yi*.

Ecnu It — cuetHasa moznens reopuu Th(J)E*), Torna
N :=(N'/E;X) — monens teopun Th(I"). Bonee
Toro, Jt* = ',

[Mpemmoxum, ¢, u Pt , — caerrbie momemu Th(I),
takue uto monean T u NV nsomopdubl. Ecu byHK-
uus f* . M — M5 3amaet uzoMopbu3M MeXIy 3TH-
MM Mozensamu, Toraa pynkuusa f:C,+—C rq) 387AeT
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nzomopdusm, orobpaxaroumii M na M5, u, cre-
nosatesibHO, I, = 9,. YTOo, yuuThIBast NpebIny-
mre (pakThl, FTapaHTUPYET, UTO (PYHKIINS * OeiCTBY-
TEJIBHO SBJISIETCS OUMEKIel U3 Kilacca CYETHBIX MO-
neneit reopun Th(I) Ha KIacc CUYETHBIX Momeseit
Th())t*), 1 3aBepIIaeT JOKA3aTENbCTBO TEOPEMBL.

Teopema 2. [lycmv Oana cuemuas cMpyKmypa
M = (M;X) cuemnoii cuenamypor X. Tozda cyuwecmey-
em cuemuas AUHeiHo ynopsaoovennas cmpykmypa J* ¢
cueHamype X, 000eaujeHHOU OUHAPHBIMU OMHOUWEHUSMU
<u E, makas, umo I(Th(IN),R,) = I(Th(N*), R,).

Jlokazamenscmeo meopemst 2. Jlanee 3amaeTcst COOT-
BETCTBYIOIIAs pesIIMOHHast cTpykrypa ' =(M;X"),
Takas, uto [ (Th(N, X)) = I(Th(I"), X,)). Torna npu-
MeHeHHe TeopeMBI 1 K J){' moKa3bIBAET TEKYILYIO TEO-
pemy.

O6o3HaunM X' :={R.|ce £ — KOHCTaHTa} U
U{R; € Z|f — dynkuusa} U{Re Z|Re L — oTHO-
meHue}. s Kaxkmoit KOHCTAHTHI ¢ € X U KaXIOTo
ae M nyctb IN' F R.(a) TOrAa ¥ TOJIBKO TOTA, KOTIA
M E ¢ = a. Ansg kaxaoro n < @ ¥ BCIKOM n-MeCTHOM
¢byHkumm f € X nyctb R, Oynet (n + 1)-MECTHBIM OT-
HOLLIEHUEM TaKMM, YTO U BCEX @, a,,...,a,, be M
N = R(a,a,,...,a,,b) TOTIA U TOJBKO TOTAA, KOTAA
M E f(a,a,...,a,) = b. U, B 3aKITI04eHNE, UTs] KaX-
J0oro n < (), KaXI0ro #1-MECTHOTO OTHOIIECHUSI R € X
U BCEX @, @, ...,a, € M nycts ' E R(ay, a,,...,a,) TO-
Ta U TOJIbKO Torna, korna M F R(a, a,,...,a,).

Caencrue 1. Ecau cywecmeyem meopus T cuem-

Holl cuenamyput, makas ywmo 1(T,R;) = X,, mozoa cy-
wecmeyem AUHeUHo ynopsadoueHnas meopus T* cuem-
Holl cuenamypuol, das komopoii [(T*, X)) = X,.

CrnencrBue 1 IeMOHCTPHUPYET, YTO, IPU MOITBITKAX
pelmuTh TunoTe3dy BooTa, MBI MOXeEM YITyCTUTb U3
paccMOTpeHUsT HE JIMHEHHO YMOpsIOUYeHHBbIE TeO-
puH, HO, B TO XK€ BpeMsI, JaHHOE OrpaHNYeHIE HE SIB-
JsieTcs1 cyuiecTBeHHBIM. IloaToMy 1eliecoobpa3Ho
U3y4yaThb CUETHBIE MOAEINU TeOpUil 6e3 UCKYCCTBEH-
HOTO JIMHEIHOIO MopsIaKa, OMCAHHOTO TEOPEMOI 1,
T.. TeOpruMu O0€3 paBHOMEPHO OITPEICIMMOro OTHO-
IIeHWSI SKBUBAJICHTHOCTU CO CYETHBIM YKCJIOM B3a-
MMHO IIJIOTHBIX KJIaCCOB.

NCTOYHUK ®PMMHAHCUPOBAHUSA

HUccnenoBanmne ¢duHaHcupyercss KomureToM Hayku
MuHucTepCcTBa HAyKU U BBICIIIEro oopa3oBaHus Pecrny6-
muku Kazaxcran (I'pant Ne AP09058169).
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COUNTABLE MODELS OF COMPLETE ORDERED THEORIES

T. S. Zambarnaya® and B. S. Baizhanov**
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The article consists of observations regarding complete theories of countable signatures and their countable
models. We provide a construction of a countable linearly ordered theory which has the same number of
countable non-isomorphic models as the given countable, not necessarily linearly ordered, theory.
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