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TPAHC®OPMAIINA KOJIEBAHUIT HEVCTOMYNBON CUCTEMBI
B IIPEOBPA3OBATEJ/IE-HAKOIIUTEJIE YHEPIUU

AHHOTAIINA

B macrosmieit  crarbe — IpeJJIOKEHA — IPOCTas  MOJeJIb  [IPeobpasoBaTesis-3allacareliss  SHEPrum,
TpaHCchOPMUPYIOIIEr0 JHEPTUI0 HEYCTOWYMBBIX MEXAHUIECKUX KOJIeOaHWil B TIOJE3HYIO 3IJIEKTPUIECKYIO
sHepruio. MexaHnudeckasi 9acTh CHCTEMBI PEJCTABIEHA B BHUJE IEPEBEPHYTOrO MAasSTHUKA. DJIEKTPUIECKAS
YacTh COCTOUT W3 IIpeobpa3oBaTesisd MEXaHHYECKOH SHEPIuu, OCHOBAHHOIO Ha IPSMOM IIHE303JIEKTPUIECKOM
addekre, n moje3HONl Harpysku. JuHAMUKA CHCTEMbl PACCMATPUBAETCS B JIMHEAPU30BAHHON IIOCTAHOBKE,
ompesieJieHbl 00JIaCTH  yCTOWYNBOCTH, UIEHTU(DUIIMPOBAHBI PA3JINYHbIE DPEXKUMbI JUHAMUKH B IIPOCTPAHCTBE
mapaMerpoB. YCTaHOBJICHO, UYTO CTAOMIM3UPYIOIee MAITHAK yIIPABJICHNE, OCHOBAHHOE Ha MPUHIIAIIAX OOPATHOMN
CBA3MU, IO3BOJIET IMEPEBECTHA CHCTEMY B YCTONYMBBIA pexkuM (yHKIuOHUpoBaHus. HalieHnbl onTtuMasbHbIE
XapaKTePUCTUKHU CHUCTEMBbl, OTBeYalolie MaKCHUMAaJIbHON MOIIHOCTH.

KurouyeBbie ciioBa: mpeoOpas3oBare/ib-3alacaTeslb SHEPIUM; IIEPEBEPHYTHI MAasTHUK; YCTOWYMBOCTH
CHACTEMBI

IInTuposanue. Bopsynos C.B. Tpancdopmarius KoJiebaHuit HEYCTONYNBOI CHCTEMBI
B upeobpasoBarese-nakonureie sHeprun // Becrnuk Camapckoro ymusepcureTa. ECTeCTBEHHOHAYYIHAS

cepusi. 2023. T. 29, Ne 2. C. 7-18. DOI: http://doi.org/10.18287/2541-7525-2023-29-2-7-18.
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TexHosioruit, Boponexkckuit rocymapcrBennniit yauBepcutetT, 394018, Poccuiickas ®enepanusa, 1. Bopomex,
VuuBepcurerckasi mi., 1.

BBeaenne

B macrosimnee Bpems COBepIEHCTBOBAHNE KOHCTPYKIIMUA ¥ IMOBBINIEHNE TPOM3BOIATEIFHOCTH Ipeodpa3oBaTe-
Jleii-3amacaTesieil SHEPTUU — YCTPONCTB, MpEIHA3HAYEHHBIX /I TPpaHC(hOPMAINE SHEPTHH KOJIeOaHnil MeXaHu-
YECKUX COCTABJIAIONINX CJIOKHBIX CUCTEM, — ABJIAIOTCA IIPpeIMEeTOM MHTEHCUBHbBIX I/ICCJ’IQ)ZLOB&HI/IfI. COBpeMeHHbIe
JIOCTU2KEHNsI B HayKax O MaTepHaJjax, 3JIeKTPOHHKE U TEOPUU YIIPaBJIeHUsd IIO3BOJIUJIN YMEHBIINTb pa3Mephl,
HAJeKHOCTh W CTOMMOCTH TaKHX YCTPOICTB, HO TeM He MeHee JOCTUXKEHHEe XapaKTEePUCTHUK, CPABHUMBIX C
TPAIUIINOHHBIMEU SJIEKTPUIECKUMU OaTapesMu, MPOIOJI?KAET OCTABATHCS AKTYAJbHON HAYIHO-TEXHUIECKON 3a-
JTadei.

IIporecc 3amacamusi HEpruU, KaK HU3BECTHO, 3AKJ/IIOYAETCS B IIEPEPACIIPE/IETEHUN KHHETUIECKON SHEPruu
KOJIEDJIIONIEr0Cs MAaCCUBHOIO TeJIa B IJIEKTPUUIECKYIO (POPMY SHEPIHH.



Bopsynos C.B. Tpancpopmayusn roaebanuli neycmoliwugoli cucmemv, 6 npeobpazosamere-naxonumene IHepaul
8 Borzunov S.V. Transformation of oscillations of an wunstable system in an energy harvester

Pasyjinunble MexXaHU3MBI IOJJIEPKAHUsI PE30HAHCHBIX PEXKUMOB IIOCPEJICTBOM BHOPAIMOHHBIX KOJIE0aTe b
HBIX CHCTEM C HACTPAMBAEMbIMU XapaKTePUCTHKAMHU paccMaTpusajuch B paborax [1-6]. Ozmako paccmarpu-
BaeMble B 3THX pabOTax CHUCTEMBI TPeOyeT MPENU3NOHHON HACTPOWKM IMapaMeTpOB, He BCET/a pean3yeMoil B
peaIbHbIX TEXHUYIECKUX CHCTeMax. B dacTHocTH, GOJIbITOe BHUMAHUE YJIEISI€TCS BEJNYNHAM SJIEKTPUIECKOTO
HanpsizkeHus! |7|, TemmeparypHBIM yciaoBuaM [8], miymMoBBIM Bo3meiicTBusm [9)].

B uacTtHOCTH, psifi pabOT IOCBSIIEH 3JIEKTPUYECKHUM IIEIsIM, BKJIIOUAIONIMM B CBOW COCTaB IIhE303JIEKTPU-
JecKre MaTepuaJjbl, T. €. BeIecTBa, B KOTOPBIX IPH YIPYIruX jedOpMaIisX BO3ZHUKAET JIEKTPUYIECKAas IOJIsI-
pusarus. OHU TpesCcTaBIsiiOT cOOOM KPHUCTAJINYECKHEe BemecTBa 0e3 IMeHTpa CHMMETPUH M XapaKTePU3YIOTCs
CJIOYKHOM, HEJIMHEWHON 3aBUCHMOCTHIO MEXKIy HIPUJIOKEHHBIM MEXAHWIECKUM HAIPSIKEHUEM M CO3JABAEMbIM
seKkTpuaeckuM 1ojieM. Cpelin be303JIEKTPUKOB BBIJIEISIOT KJIACC CEMHETO3JIEKTPUIECKAX MATEPUAJIOB, KOTO-
pble 00JIaJIAI0T B OIIPEJNIEJIEHHOM /IMAlla30He TeMIIepaTyp HEHYJIEBOH Iojspu3alueil, H3MeHAOmeNcs 3a CYeT
BHeIHKX Bo3zeficTeuit [10; 11]. VIMEHHO CErHETOITEKTPUKH CJIY?KAT MATEPHAJIOM JIJIsl OCTPOEHHsI MUKDPOIJIEK-
TpoMmexanndeckux cucrem (microelectromechanical systems, MEMS): wuziyuaresneii 3ByKa, akceaepoMeTpOB,
[PEU3UOHHBIX JIATYUKOB MUKpoliepemernenuit [8; 12; 13].

CyIecTByeT MakCHUMAJIbHOE 3HAYEHUE BHEITHErO MOJIsl, IPU KOTOPOM CErHETOIJIEKTPUIECKUNA MATEPUA MO-
JKeT IKCIULyaTHpOBaTbes 6e3 noBpexienus (mpobos). TakuMm o6pa3oM, PHIIOKEHHOE II0JIe MATEePUaJIa He MO-
JKEeT JOCTUYb IIOJIOYKEHUsI HaChIleHns. HO B NPUJIOXKEHUSIX BXOJHOE 3HAYEHWE JYacCTO He JIOCTUTAET 3TOr0 (PUK-
CHPOBAHHOTO MAKCUMAJILHOIO 3HAYEHUsI, M MHOIJIa HAYAJbHOE BXOIHOE 3HAYEHNE MOXKET OBITh IPOCTO HYJIEBBIM.

OKCIIEPUMEHTAJIbHBIE TaHHBIE TOKA3BIBAIOT, YTO U3BECTHBIE MOJEJHN C JOCTATOYHON TOYHOCTBIO OIUCHIBAIOT
MHE30KEePAMUIECKHT Tpeobpa30BaTesib, KOTJa OH IOABEPIraeTCs BO3AEHCTBAI0 HU3KOIACTOTHOIO JIEKTPUIECKOTO
HaNpsiKeHns. TOYHOCTh MOJIesIell yXy/IIIAeTCs, €C/IN AUANIAa30H YacTOT HAIPSYKEHUs CTAHOBUTCH IIUPE, a TAKXKe
B CJIydae OTHOCUTEJIBHO GOJBIIMX MEXaHMIECKHX HArpy3ok [14].

1. Mogenp npeobpa3oBarelisi-3anacaresis SHEPruu B JIMHEITHOM
IPUOJINKEHIN

Kak 06pu10 yKa3aHO BbIllle, BayKHEHIIMMHU YaCTAMU IIPeoOpa30oBaTessd-3aacaTess SHEPIUU SBJIAIOTCH Mexa-
HUYecKas KoJjebaTe/bHas CUCTEMa U CBA3aHHAZA C Hell 3JIeKTPOMArHUTHAS CHCTEMa, BOCIPUHUMAIONIASA SHEPIUIO
ocruAnmil. B HACTOSINEH CTaThbe MEXaHUYECKyIO 9acTh IPeobpa3oBaTe/is IHEPIUU MPEJJIaraeTcsd BhIOpaTh B
BHJe OOPATHOIO MasATHHKA.

Moiesib M3y9aeMoil CHCTEMBI COCTOUT U3 HMEPEBEPHYTOI0 MATEMATHICCKOrO MAATHHKA, 3aKPEIICHHOrO Ha
JIETKOH TOPU30HTAJILHON I1aTdOPME M COEIUHEHHOIO MEXAHWYECKOW CBA3BIO C CETHETORJIEKTPUYECKUM KOH-
JIEHCATOPOM, KOTODbIHl BKJIIOYEH B 3aMKHYTYIO 3JIEKTPUYECKYIO Ielnb. [Lnardopma P MOXKeT mepeMermarbes B
rOpU30HTAJILHOM Halpasjeanu. O6O3HAYUM yroJl OTKJIOHEHUs] MAATHUKA OTHOCUTEILHO BepTHKaju deped ¢(t),
koopauHary mwiardopMbl — 4yepe3 u(t) (puc. 1.1). ymua magTHuKa pasHa [, Macca ero rpy3a paBHa m. CBa3sb
MEXKIy MEXaHHYECKOW M 3JIEKTPUIECKON MOACACTEMAMA COAECPKUT 3BEHO, MOIYUHSIIONICECS 3aKOHY BA3KOIO TPE-
HIs ¢ KOSUIMEHTOM IUCCHIAIMH ¢ [COOTBETCTBYIOmAs chjia Tpemns pasua Fj. = cv(t) = e (lp/2 + u)).

ITbe30v1eKTpUYecKuil MaTepuas, o0pasyIoUii KOHAEHCATOP ¢ eMKOCTbIo C, BKJIIOYEH B 3JIEKTPUYIECKYIO
Lenb ¢ BHeNHel omudveckoil marpyskoit R. Hampsixkenue na Harpyske obozuadum uepes V(t).

PaccmaTpuBaeMasi IUHAMHYECKAs CHCTEMA, OIUCHLIBACTCS CHCTEMOH OOBIKHOBEHHBIX IUMdepeHIuaIbHbIX
YPaBHEHU

mld+ c(lp/2+ 1) — mgsing + AV = —mii,
CV + ¥ =B(lp/2+1).
IMepsoe u3 ypasuenuii cucremsl (1.1) npencrasisier coboil ypaBHEHHE JBUZKEHUS I'PY3a M B YCJIOBUAX JHCTBUS
CHJI MEXaHUIECKOI'O IIPOUCXOXKJIEHUSI M CUJIbl MHEPIUH, a BTOPOe — OAJAHC TOKOB B 3JIEKTPUYECKON IEIu.
Touxkoit Ham CHMBOJIOM 00O3HAUEHA TPOU3BOMHAS 10 BPEMEHU {.
B npubnukennn HeGOIBIINX OTKJIOHEHUH MAagTHUKA OT IIOJIOYKEHUsI DABHOBECH Sin ¢ ~ o mnojaydaeM (masiee
BBeJIenbl obosHadenus Yo = c/(2m), wi = g/l):

(1.1)

@+ 09 —wie + &V = —1i— 224,

' 1 Bl _ B, (1.2)
B sr0it cucreme A u B — napamerpsl cBssu (coupling) MeXaHWYIeCKO# U 3JIEKTPUYECKOHl MOJCHCTEM, KOTO-
pBIe BBIBOJIATCS HA OCHOBE CJIEJIYIOIINX DPACCYKJECHHUH. YDPaBHEHHE OTHOCHUTEJHLHO Hem3BecTHON dyHKuuu ¢(t)
IpeJicTaBsgeT coboil ypaBHEHHE JBUXKEHHE OCIMJUISATODA, HAXOMSINErocs MOJ BO3JEHCTBHEM, HOMUMO MEXaHU-
YEeCKNX CHJI, BHEIIHEHl CHJIBI HEMEXaHHIEeCKOro IPOHCXOKJIEHUA [Foyi(t) = AV(t)], a Takke cuibl uHepryun

Fopop(t) = —mii(t).

mer
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Puc. 1.1. CxemaTuueckoe ommcaHue MaTEeMATHIECKOTO MAasITHUKA, CBSI3AHHOTO C IIHE303JIEKTPUIECKIM
TEHEePaTOPOM
Fig. 1.1. Scheme of a mathematical pendulum associated with a piezoelectric generator

Bakon ynpyrux medopmanuii (3akon ['yka) CBsI3bIBa€T HATSIKEHNE 0 U OTHOCUTEJBbHYIO nedbopmanuio (s
OJJHOPOJIHBIX U HM30TPOIHBIX MATEPUAJIOB B CJIy4Yae YMEPEHHBIX A0COJIOTHBLIX BEJIMYMH YIPYruX aedOopMariuii):

o = Ee, (1.3)
rne E — wmomyns FOmra, saBucsmmii TONIBKO OT MaTepHasa Ibe303JEKTPHKA M ero (PU3MUeCKOro COCTOSHMUS
[6 mesmumeitnom cayuae o = Ee + Eqe? + O(e?)).

Ecin Her KacaTeJbHBIX HAIPSKEHWUN, TO MOJSPU3AINS ITHE309JIEKTPUIECKOro 00pa3ia MpH PACTsIKeHUN
WM CXKATUU OIPEJIEJISIeTCsl BbIPAzKeHUEM

P, = dll(Tz - Ty)a (14)
rje Tp ¥ T, — MEXaHWYeCKHe HATsXKEeHHud, JeficrByionue napajienbao ocam Oz u Oy, a di; — IOCTOAHHAS,
Ha3bIBaeMasl TbE303JIEKTPUIECKUM MOjyJeM. Beipasum 3apsin @@ = CV (t), chopMupoBaHHBIH Ha IpDaHAX 00-
pasna (npumem 3a S miomaas ofHOH rpanm, C' — 3jIeKTpUYecKasl eMKOCTh KOHJIEHCATOPA, OOpPA30BAHHOIO
[IE303JIEKTPUIECKON IIJIACTUHKOM ):

Q = paS, (1.5)
Q=dn F. (1.6)

CresioBaTeIbHO, MeXKy YIPYTOil CHJIOfH, JeficTBYyIOIel O CTOPOHBI MbE303JIEKTPUKA Ha TPY3 1M, U CMe-
menueMm §(t) = lp/2 + u cymecTByeT CBA3b B BUJE JMHEHHOI NPOIOPIMOHAJILHOCTH:

dqq
F="y_ 4y, (1.7)
C b
rae A - KOHCTaHTa, 3aBUCAIad TOJIBKO OT MaTepI/Ia.Ha n ero ,ZLI/IE)JIeKTpI/IKa TepMO,ZLI/IHaMI/I‘IGCKI/IX CBOMCTB.

Jpyrumu cjioBaMu, HalpsiKeHHE JMHEHHO 3aBUCUT OT cMereHus 1o ¢dpopmyie V(4) = %6(75), rne L — jpmHa
[IbE309JIEKTPUIECKON MIACTHHKH [T. K. 3aKoH ['yka MOKHO mpexacrasurh B Buue F/S = E x (§/L)].

st TOoro 9TO6BI UCHOJB30BATH ITIOJSPU3AIMOHHBIE 3aps/Ibl, MOSB/IAIONIAECT Ha MPOTUBOIOIOKHBIX TPAHIX
KBapIEBOi IUIACTUHKYU 1IpU ee JedOopMaluy, TPaHd CHaOXKeHbl MeTaJIMdecKuMu OOKjIagkamu. Ha rakux 06-
KJIaJIKaX WHIYIUPYIOTCS 3apsijibl, PABHBIE W MPOTHEBOIOJOKHEBIE TIO 3HAKY TOJISPU3ANUOHHBIM, a BO BHENTHIX
IPOBOJAX, COCJMHAIOIMUX OOKJIAJIKH, BO3HUKACT 3JCKTPHYECKHH TOK.

B ssekTpuveckoil 1emnm, CocTodAmell W3 BHENTHETO WCTOYHWKA TOKA (34 CUET MOJAPHU3alUM TUIACTUH JIH-
9JIEKTPHUKA) U TAPAJIETBHO COEJMHEHHBIX KOHJeHcaropa C u pesucropa R (BBIIOJHSIONIETO POJIb AKTUBHON
HArpy3KHM), AeiicrByer 3akon Owma:

. Vv .
CV+—=DB¢ 1.8
+ 5 = B, (1.8)
CES _ C?*ES
AL ~— “diiL

rue B = = const.
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SaMeTuM, 9TO B JIATEPATYPE, MOCBAIIEHHONR MOJIEJISIM HAKOIUTEJ/ell SHEPIUU, OIUCAHBI 3JIEKTPUIECKHE IO
CUCTEMBI, TIOCTPOEHHBIE HA TEeX Ke IPUHIUIAX, HO YIOBJETBOpAIre ApyruM audepeHnuaabHbIM ypaBHe-
HUAM, B YaCTHOCTH,

B pabore [15]:
V.V
Bi+CV+—+—=0 1.9
E+COV+ 5+ =0, (1.9)
B paborax [16; 17]:
s _dl@)  Q
RQ — —~ — =0 1.10
eaie (1.10)
(3mech d(x) — 3aBucAmuii OT MEXaHUIECKOTO Iapamerpa I KOIDMUIMEHT CBI3M MEXKJy MeXaHHIeCKOH u

JIEKTPUIECKO IIOJICHCTEMAMH ).

Cpesn MHOTMX BapHaHTOB MEXaHUYECKOH KojebaTesIbHOW CHCTEMBI Ha OCHOBE MAasITHHUKA, IMPEJIaraeMbIX
JUISL UCIIOJIb30BAHUSI B HAKOIINTEJSIX SHEPIUM, OTMETUM MAasTHHUK Ha IepeBepHyToil OaJike [18], mepeBepHyTbIi
MAgTHUK ¢ orpanmunressivu aMinTyasl (inverted pendulum amplitude limiters) [19], nepesepayTas KOHCOJIb-
Hast GanKa ¢ Maccoif Ha Koune (cantilever beam with a tip mass) [20].

1.1. IlpuBenenue cucremMbl K 6e3pa3MepHOMY BUIY

ITepeiimem or mepemenubix t u V K 6e3pa3MepHBIM IIEPEMEHHBIM IO CJIEAYIONIEMY TPABUIY:

t=t.-17, V=V.-0, (1.11)

rfle XapaKTepHble BeJUMYHHLI BPEeMeHH t, U HaIpsxKeHHs V, OyIyT ompeeneHbl HUKe. YTOJ OTKIOHEHHS Ma-
arauka p(t) sBsgercs Ge3pasMepHOll BeJMIUHOM.
Cucrema (1.1) mpuHMMAaeT CJIEIYIONMNA BUI:

ZP+ 2o - wogo—i—lev —pzii(ter) — 232 a(t,7),

1.12
Y—cv + WVCU - 20 i L= e u(ter). (1.12)

31ech U jajiee TOYKON HaJ, CUMBOJIOM O0O3HAYEHA NPOU3BOAHALA 110 (E3pA3MEPHOMY BpPEMEHH T (JAByMsl TOY-
KaMHU — BTOpasd OPOMU3BOJAHAS [0 T). BbiojaHuMm ajrebpanmdeckue Ipeodpa3zoBaHUs:

@+ Yoteyp — w2 + HVot2o = —i(ter) — 22teq(t,T),
(1.13)
O+ potev — ZBCZ,‘}@ Cvu(tcﬁ').

IMycrs dbynxnus, onpeiesionmas apuxkenue wiardopmbl P, paBaa 4(t) = u(t.7), a 3HaYeHUs Pa3MEPHBIX
koaddunumenron: t. = RC, V., = A(gilc)r Torna mosyduM OCHOBHYIO CHCTEMY B 0e3pa3sMepHOM BHIIE:

& +70(RC) — W3 (RO + v = —u(r) - 2224u(7),
(1.14)
o +v— 4B R2Cy = A8 R2Cy(r),
C 1espi0 YIpOINeHnsl U sICHOCTH JNAJbHEHINX BBIYUCJICHU BBejeM 0003HAadYeHUsl Jjis Ge3pa3MepHBIX BEJINIMH:
ko3 durreHTa 3aTyXaHUs, XapaKTePUCTHYECKON JaCTOThl MasiTHUKa U BHEIIHEro Bo3zeiicTus: v = 7o - (RC),
w=uwp- (RC), w=1u(r)/l. Takxke yao6HO 0603HAYUTH KOIPDOUIMEHT CBA3M IEKTPUICCKON N MEXaHHIECKOI

[IOJICUCTEM Yepe3 g = %chﬂ OKOHYATEIBHO

G+ 7p —wio+v=—i(r) — 2vi(r),

(1.15)
v+v—op=20uw(r),
wim B OoJiee ynobHOI MaTpudHOil dopme:
d | ¢ 0 1 0 %) 0
— | | =] w? —y -1 Y|+ | —w—2yw |, (1.16)
dr .
0 o -1 v 20w
e Y(7) = ¢(7) — ymioBas CKOPOCTb MagTHUKA. 3aMETHM, YTO COIJIACHO (DU3UIECKON HOCTAHOBKE 3aJa49u

BBIIOJIHSIIOTCS HepaBeHCTBa w > 0, v > 0.



Becmnux Camapcerozo ynusepcumema. Ececmecmeennonaywnasn cepus. 2023. Tom 29, M 2. C. 7-18
Vestnik of Samara University. Natural Science Series. 2023, wvol. 29, mo. 2, pp. 7-18 11

1.2. MHccaenoBaHue ycTOMYMBOCTH JIMHEAPU30BAHHOM
CUCTEMBI

Uccnenyem Bompoc 00 YCTONYMBOCTU pEIIEHUt CHUCTEMbl OOBIKHOBEHHBIX AuddepeHImaabHbIX ypaBHe-
Huit (1.16). JIjist 9TOro BBINUINEM XapaKTepPUCTHIecKoe ypasHeHme cucreMmbl (1.16) B aBTOHOMHOM Cirydae:

- 1 0
w? —y—2A -1 =0, (1.17)
0 o -1-A

OHO IIPpUBOJAUTCA K aJIFe6paI/I‘{eCKOMy YpaBHEHUIO TpeTbefI cTerleHu C IIOCTOAHHBIMK KOS(I)(bI/IL[I/IeHTaMI/IZ

N+ +DN+(y+o—-wH)A—w? =0. (1.18)

Kak mn3BecTHO, HEOOXOIMMBIM U JIOCTATOYHBIM YCJIOBUEM YCTOMYMBOCTH CUCTEMBI JinddepeHInaIbHbIX ypaB-
HEHWIT SIBJISIETCS TOJIOYKUTEIHLHOCTD BCEX TPeX IVIABHBIX JHATOHAJBHBIX MUHOPOB A, A, Ag ompemesanres
I'ypsuna

ai az O
I'= ag Qa2 0 , (]. 19)
0 a1 as

e a;, ¢ € {0,1,2,3} — xoabdunuents anrebpandeckoro ypasaenus (1.18), npuuem ag = 1 (cM., Hanpumep,
[21]). Hockombky a3 = —w? < 0, To ycnosust kpurepus L'ypeunma A; >0, Ag >0, Az > 0:

a; > 0,

aias — agag > 0, (120)

a3(a1a2 — G,Oag) > 0,
KaK JIE'KO BH/E€TH, HECOBMECTHbBI HU IIPHU KaKHNX JOIIYCTUMbIX 3HaYCHUAX ITapaMeTpoB W, 7, 0. C.He,HOBaTe.HBHO,
cucrema (1.16) siBistercst Heycroiumpoil. Tem He MeHee BBeJeHNE yNIPABJIEHUS C IIOMOIIBIO BHEIIHETO BO3JEi-
CTBUA w(T) IIO3BOJIAET B pPAJ€ CaydaeB IIEpEeBEeCTU JUHAMUYICCKYIO CUCTEMY B yCTOIU/IqI/IBBHU/I pexKum KO.He6aHHﬁ.
B crnenyromem pasjiesie pacCMOTPUM, IPU KAKUX 3HAYCHUAX MAPAMETPOB 3aJIa4U 9TO BO3MOXKHO.

1.3. VYmnpasiieHne aMIUINTYA0i KOJEeO0aHUI MasgTHUKA

B HacrosiiieM pa3sjiesie MOKarkKeM, UTO BBEJICHHE YIPABICHHS C IOMOINBIO BHEITHEro BozjeicTBus w(T)
HO3BOJISIET CTAOMIN3UPOBATD JIBMKEHHE MAsTHUKA M HPEJOCTABJSET BO3MOXKHOCTH YIIPABJIECHHS AMILIATYIOI
©(T) ero KoseHaHwMii.

B macrosiieMm paszesie UCIOIb3YeTCs IIPEACTABICHAE BeINUNH, U3MEHSIIOIMXCS 110 TADMOHIYECKOMY 3aKOHY,
B BHUJIE BEIECTBEHHON YACTH OT SKCIHOHEHIMAJIbHON (byHKImM MHMMOro aprymenta ~ exp(ifdr). Kaxk ussect-
HO, Jisl JIMHEHHBIX cucreM asrebpandecknx wim JuddepeHnnanbHbIX YPaBHEHUH TAKON MOJIX0J KOPPEKTEH U
[I03BOJISIET BBIMOJIHATH POMEXKYTOUYHbIE BBIKJIAJIKN B Gojiee KOMIIAKTHONW M HAIIsHON dopMme.

Bammmenm cuctemy ypasuermit (1.16) B yciosusx ympasierns suaa w(t) = ap(t) + de¥, tme d € C:

a1l 0 1 0 o) 0
y | =1 w? —y -1 Y|+ | —ap—2yap — T (IQ+2y)d |, (1.21)
0 o -1 v 2000 + 201Q2e™d
nm
P 0 1 0 ® 0 4
—|v|= w2 —=2ya —(y+a) -1 |+ | —(Q+29)e T | d (1.22)
20a o -1 v 20iQe"

Kak Bugmo u3 (1.22), k03d)dUnmeHTs MATPUIBI CHCTEMBI B Pe3yJIbTaTe JEHCTBUS yIPABICHAS N3MEHWJINCh.
IIpoBepnM ycmoBusi kpurepus I'ypBuiia B 3TOM ciydae. BpinmumieM XapaKTEePHUCTHYECKOE ypaBHEHHE

Nr@+rv+a) M+ [y +o—w?+ (1 +2y)a]d+ [-w? +2(y+0)a] =0 (1.23)
u marpuiy ['ypsuna
1+v+a —w?+2(y+0)a 0
I'(a) = 1 Y+o—w?+ (1+2y)a 0 , (1.24)
0 147+« —w? +2(y+0)a

KOTOpagd IIPUBOJUT K CJEAYIONIUM YCJIOBUAM:
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1+y+a>0,
1+27)a?+ (1 +2y+2y2 —o0 —w?)a+ (1 +9)(y + o) — yw? > 0, (1.25)

—w?+2(y+0)a > 0.

Urak, cucrema (1.22) obiazaer yCcTOWYMBOCTBIO TOLJA U TOJBKO TOIJIA, KOTJA €€ IIapAMETPhl YOBJIETBO-
pator yejoBusMm (1.25). Ee pemienue oTHOCHTENIBHO IapaMerpa YIPaBJIEHHs (¢« HE IIPEJCTaBIIsieT CJIOKHOCTEN:

2
a> 72—, ecu D >0,
A (1.26)
a > max m,ab) , ectm D <0,
rje «p — Gosbmmii U3 ABYX KOpHeHl KBajaparHoro ypasaenus (1.25), D — ero JUCKPUMUHAHT:
D=(142v+27> -0 —w?)? —4(1 +27)(y + 7% + 0 + 70 — ). (1.27)

Banumem pemenue cucrembl (1.22), npejcTaBieHHOe B BUJe CYMMBI OOIIETr0 PEIIEHUs! OTHOPOJHON CHCTEMBI
W YaCTHOI'O PENIeHUs HEeOIHOPOHOI:

® Aap
¥ | =Re (Cr1eMTfi + Coe™ fo + Cse™ T fa + | Ay | 7). (1.28)
v Av

—

B dopmyie (1.28) A1, A2, A3 — cobcrBennble 3Hadenust Marpuipbl cucrembl (1.22); a f1, fa, f3 — orsevaromiue
UM COOCTBEHHBIC BEKTODBI.
B ycramoBuBImEMCS peXHMME, T. €. TIIPpH JOCTATOYHO OOJBIIMX 3HAYEHUSAX BPEMEHH T >

> max(1/|Re Ai],1/|Re Az2],1/|Re Asz])

@ Ay
Y | =Re| Ay | . (1.29)
v A,

Kak Buzno uz (1.29), pemienne B yCTAHOBUBINEMCS PEXKUME COAEPXKHUT CJAraeMble, U3MEHSIONIUEC [0 rap-
MOHHIYeCKOMy 3aKony ~ 7. Ux ammmmutyapt Ay, Ay, Ay, KaK HECJTOKHO MOKA3aTh HEOCPEICTBEHHOM T10JICTa-
HOBKOI {@(T) = Asl,emT7 P(1) = A, v(r) = AvemT} B (1.22), yZOBJIETBODSAIOT CHCTEME AJITeOPANIECKUX
yPaBHEHUIl:

~i0 1 0 @ 0
w2 —2va —(y+a+iQ) -1 Y |+ | —(Q+2y) |d=0. (1.30)
20 o —1—-1iQ v 20182

Takum 06pa3oM, IS aMILIATY/IbI KOJEOaHUH MAsTHUKA B 3aBHCUMOCTH OT aMILUIATY.IbI TAPMOHUYECKOrO 9JIeHa
¢ gacroroit ) B yupasienuu w(7) mosydaem GbOpMyILy:

1

Ay = —— [2v+i(1+ 27 +20)Q — Q*] d 1.31

® ]:(Q)[’YJF(+’Y+U) ]7 ( )

rae F(Q) = w?—2a(y+0)—iQ [(1+27)a+ v+ 0 — w?] + Q% (a+v+1)+iQ> — onpenenurens cucremst (1.30)

(3aMeTHM, YTO 3TOT ONPENENUTENb TAK¥KE MOXKET OBITH TIOJy9YeH u3 mpapoit uactu (1.23) myTeM BBINOJSHEHUS
dbopmasbHOil 3amenbr A — i€)). YeraHoBuBIIHecst KojebaHUs BO3SMOXKHBI Tpu yciouu F(§2) # 0.

AnanorunyseiM 06pa30M BBIMUCIIAIOTCH aMILIATYIbI KOJIEOAHUI yIJIOBO CKOPOCTH MAATHUKA U HAIIPIYKEHUS:

_ : 2
Ay = Z0) [27 +i(1+2y+20)0 — Q%] d, (1.32)
A, = % [0y + 2i(a + 7 — 207 + w?)Q + (2 + 2y — 1)Q° + 2i0°] d. (1.33)

PesynbTaThl YMC/IEHHBIX PacdeToB O0JACTH yCTOWYMBOCTH, KOPHEH XapaKTepUCTUYECKOIO YPABHEHHS U pe-
MIeHUsT CHCTEMbl NP Pa3JUYHbIX 3HAYCHUAX I1apaMeTpOB IIpeJCTaBJeHbl Ha puc. 1.2-1.3.

Ipaduxn 3aBUCHMOCTH aMIUIUTYIbI BLIHYXKIEHHBIX Kojebanmii MadTHuKa |A,| B IPOCTpAHCTBE mapamer-
pos {(d,Q)} upexncrasiens na puc. 1.4-1.5. Ha srux pucyHkax BuaHbl yOblBaHUE MAKCUMAJBLHON AMILIATYIHI
C YBEJIMYCHHEM <Y, & TAKKE CMENICHHE PE3OHAHCHON O6JacTH B CTOPOHY OOJBLMIHMX 4YacTOT ) B 3TOM CJIydae.
B cuny smmeitnoctn cucremsr (1.30) Besmamua |A,| mpomnoprmonassHa mapamerpy d B ynpasisiiorneil (yHk-
n w(t).
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Puc. 1.2. PegysbraTbl 4uCIEHHBIX pacdeToB obJjacTu ycroitunpoctu (1.22), KOpHe#l XapaKTepUCTHYECKOIO
ypasHerns u pemenust (1.22) npu v = 0,2, a = 0,4. IlapamMeTpsl n HaYaJbHBIE YCJIOBUS JJIs yTIIa
orkyonenust w = 0,4, d = 1,0, 2 = 5,0, ¢(0) = 1.0, ¥(0) = 0.0, v(0) = 1.0: ¢ — obxacTs ycroHUMBOCTH IS
o =0,05; b — obisracts ycroitunBoctun mist o = 0,5; ¢ — obyacte ycroituuBoctu st 0 = 1,5; d —
BEIECTBEHHbIE (TOJICThIE JIMHUM) M MHUMbIE 9acTd (TOHKHE JIMHUU) KODHEH XapaKTepUCTUYECKOIO
ypaBrenus g o = 0,05; e — BemecrBeHHble (TOJICTbIE JIMHUM) M MHHMble 9acTdU (TOHKHE JIMHUM) KODHENH
XapaKTepUCTUIecKoro ypasHenus: Jyuis o = 0,5; f — BemiecTBenHble (TOJICTbIE JUHUM) U MHHUMBIE YaCTU
(TOHKMe JIMHWM) KOPHeH XapaKTepHCTHYECKOro ypaBHeHWs jisd o = 1,5; g — yroJ OTKJIOHEHUs] MAasTHHUKA
s o = 0,05; h — yros orkjoHeHusi MasitHuKa jyisg o = 0,5; K — yroJi OTKJIOHEHUsI MasTHUKa it o = 1,5
Fig. 2.2. Results of numerical calculations of the stability region (1.22), roots of the characteristic equation and
the solution (1.22) for v =0,2, o = 0,4. Parameters and initial conditions for the deflection angle are w = 0,4,
d=1,0, Q=25,0, ¢(0)=1,0, ¥(0) =0,0, v(0) =1,0: a — region of stability for o =0,05; b — region of stability
for 0 =0,5; ¢ — region of stability for v=0,2; d — real (thick lines) and imaginary parts (thin lines) of the
roots of the characteristic equation for ¢ =0,05; e — real (thick lines) and imaginary parts (thin lines) of the
roots of the characteristic equation for o =0,5; f — real (thick lines) and imaginary parts (thin lines) of the
roots of the characteristic equation for o =1,5; ¢ — pendulum deflection angle for ¢ = 0,05; h — pendulum

deflection angle for o = 0,5; k& — pendulum deflection angle for 0 = 1,5
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Puc. 1.3. Pesynbrarel 9uc/IeHHBIX pacdeToB obiactu ycroifumsoctu (1.22), KOpHeH XapaKTepuCTHIeCKOTo
ypasHeHust u pemenusi (1.22) npu v = 1,1, a = 1,5. TlapaMeTpsl n HavaJbHBIE YCJIOBHUS Il yIJIa
orkyionenns w = 1,2, d =1,0, 2 =5,0, ¢(0) = 1,0, ¥(0) = 0,0, v(0) = 1,0: a — obsacTs ycroitausocTu
cucrembl misg o = 0,05; b — obiacte ycroitumBocTtu cucrembl st o = 0,5; ¢ — objacTe ycToWduBOCTH
cucreMsl it 0 = 1,5; d — BelecTBeHHble (TOJICTHIE JIMHUM) W MHHUMBIE Y9acTH (TOHKHE JIMHHU) KOPHENH
XapaKTePUCTUIECKOro ypabHeHust misg o = 0,05; e — BemecTBeHHbIE (TOJICTHIE JIMHAM) ¥ MHHUMbBIE YaCTH
(TOHKMe JMHWM) KOPHeH XapaKTepHCTHYeCKOro ypasHeHusi misi o = 0,5; f — BemiecTseHHBIe (TOJICTBIE
JIMHUY) ¥ MHUMbIE 9acTu (TOHKME JIMHUM) KOPHEH XapakTepUCTUYECKOro ypaBHeHus g o = 1,5; g — yrona
OTKJIOHeHUsT MasiTHUKA [jisi 0 = 0,05; h — yros OoTKJIOHeHWs MadTHUKa mid o = 0,5; K — yros OTKJIOHEHUS
MagTHUKa JJId 0 = 1,5
Fig. 2.3. Results of numerical calculations of the stability region (1.22), roots of the characteristic equation and
the solution (1.22) for v =1,1, a = 1,5. Parameters and initial conditions for the deflection angle are w =1,2,
d=1,0, 2=5,0, (0)=1,0, ¥(0) =0,0, v(0) =1,0: a — region of stability for ¢ =0,05; b — region of stability
for ¢ =0,5; ¢ — region of stability for o =1,5; d — real (thick lines) and imaginary parts (thin lines) of the
roots of the characteristic equation for o =0,05; e — real (thick lines) and imaginary parts (thin lines) of the
roots of the characteristic equation for o =0,5; f — real (thick lines) and imaginary parts (thin lines) of the
roots of the characteristic equation for o = 1,5; ¢ — pendulum deflection angle for o = 0,05; h — pendulum

deflection angle for o = 0,5; k¥ — pendulum deflection angle for o = 1,5
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Puc. 1.4. AMnimTyna BeIHYKIEHHBIX Kostebammit MasrHuka |A,(d, )| cormacmo (1.31) mis 3madenmit
mapaMerpa 7y, xapakrepusymomero tpeame: ¢ — v =0.2; b — y=1.1; ¢ — 7= 1.9. Pacuer BbInOJSIHEH
ang 0 =05, a=15, w=1.2
Fig. 1.4. Amplitude of forced oscillations of the pendulum |A,(d, )| according to (1.31) for the values of the
parameter characterizing the friction: ¢ — v=0.2; b — vy=1.1; ¢ — v =1.9. The calculation was made for

=05, a=15, w=12

Puc. 1.5. AMnimTysa BBIHYKJIEHHBIX KoseOannmii MasTHuKA |A,(d, Q)| cormacuo (1.31) s 3HadeHnmit
mapaMerpa vy, xapakrepusymomero tpeame: ¢ — v =0.2; b — vy=1.1; ¢ — v =1.9. Pacuer BbInOSIHEH
ang 0 =15, a=15, w=1.2
Fig. 1.5. Amplitude of forced oscillations of the pendulum |A,(d,(?)| according to (1.31) for the values of the
parameter characterizing the friction: a — v=0.2; b — y=1.1; ¢ — v=1.9. The calculation was made for

c=15 a=15, w=12

SaKJ/II0UeHue

B Hacrosiineit crarbe mpejjioyKeHa MOJEJb IIpeodbpa3oBaTeisi-3alacaTe/is SHEPIUU, MEeXaHUYeCKOH YaCThIo
KOTOPOTO $IBJISIETCsI OOPaTHBIN MasiTHUK. B pamMKax MpeJJIoyKeHHON MOJEN MPOBEJIEHO MCCIEIOBAHUE YCTONIN-
BOCTH JIMHEAPU30BAHHOW CHCTEMBI. B YaCTHOCTH, YCTAHOBJIEHO, UTO CTAOMIM3UPYIONIEe MASTHUK yIIPABJICHUE,
OCHOBaHHOE HA MPUHIIUIAX OOPATHON CBS3W, IIO3BOJISET IIEPEBECTU CUCTEMY B YCTONYHUBBIN pexkmm. B pamkax
YHUCJIEHHBIX 3KCIEPUMEHTOB HIACHTU(MUIIMPOBAHbI 00JIACTH B IIPOCTPAHCTBE I1aPAMETPOB, OTBEYAIOIINE MAaKCH-
MaJstbHOI MorrHocTH. [ToMuMo sTOTO MIeHTHUIMPOBAHBI 0OJIACTH YCTONYIMBOCTU B IIPOCTPAHCTBE MAPAMETPOB,
aMILIUTY/IHO-9aCTOTHBIE XapaKTEPUCTUKH, & TaKKe 3aBUCHUMOCTH IlepejlaBaeMOil MOIITHOCTH OT IapamMeTpa CBs-
31 3JIEMEHTOB IIPeoOpPa30BaTesT SHEPIHUU.
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TRANSFORMATION OF OSCILLATIONS OF AN UNSTABLE SYSTEM
IN AN ENERGY HARVESTER

ABSTRACT

In this work, a simple model of energy harvester transforming the energy of unstable mechanical vibrations
into useful electric energy is proposed. The mechanical part of the system is presented in the form of
an inverted pendulum. The electric part consists of a converter of mechanical energy based on a direct
piezoelectric effect, and a payload. The dynamics of the system is considered in the linearized production,
the areas of stability are determined, various dynamics modes in the parameter space are identified. It was
established that the stabilizing pendulum of management based on the principles of feedback allows you to
transfer the system into a stable mode of functioning. The optimal characteristics of the system that meets
maximum power were found.

Key words: energy harvester; inverted pendulum; stability of the system.

Citation. Borzunov S.V. Transformation of oscillations of an unstable system in an energy harvester.
Vestnik Samarskogo universiteta. Estestvennonauchnaia seriia = Vestnik of Samara University. Natural Science

Series, 2023, vol. 29, no. 2, pp. 7-18. DOI: http://doi.org/10.18287/2541-7525-2023-29-2-7-18. (In Russ.)
Information about the conflict of interests: authors and reviewers declare no conflict of interests.

(© Borzunov S.V., 2023
Sergei V. Borzunov — Candidate of Physical and Mathematical Sciences, associate professor of the
Department of Digital Technologies, Voronezh State University, 1, Universitetskaya Square, Voronezh, 394018,
Russian Federation.

References

[1] Zaitsev V.V., Fedyunin E.Yu. Model of self-oscillations without harmonicas of the base frequency. Vestnik
Samarskogo universiteta. FEstestvennonauchnaia serita = Vestnik of Samara University. Natural Science
Series, 2018, vol. 24, mno. 3, pp. 53-59. DOI: http://doi.org/10.18287/2541-7525-2018-24-3-53-59. EDN:
https://elibrary.ru/ytbbet. (In Russ.)

[2] Ibrahim P., Arafa M., Anis Y. An Electromagnetic Vibration Energy Harvester with a Tunable Mass Moment
of Inertia. Sensors, 2021, vol. 21, issue 16, article number 5611. DOI: https://doi.org/10.3390/s21165611.

[3] Le Scornec J., Guiffard B., Seveno R., Le Camb V. Frequency tunable, flexible and low cost piezoelectric
micro-generator for energy harvesting. Sensors and Actuators A: Physical, 2020, vol. 312, p. 112148. DOI:
https://doi.org/10.1016/j.sna.2020.112148.

[4] Wang Y., Li L., Hofmann D., Andrade J.E., Daraio C. Structured fabrics with tunable mechanical properties.
Nature, 2021, vol. 596, pp. 238-243. DOI: https://doi.org/10.1038/s41586-021-03698-7.

[5] Semenov M.E., Solovyov A.M., Meleshenko P.A. Stabilization of coupled inverted pendula: From
discrete to continuous case. Journal of Vibration and Control, 2021, vol. 27, issue 1-2, pp. 43-56.
https://doi.org/10.1177/1077546320923436

[6] Semenov M.E., Meleshenko P.A., Borzunov S.V., Reshetova O.0., Barsukov A.I. A Simple Model of the Energy
Harvester within a Linear and Hysteresis Approach. Micromachines, 2023, vol. 14, issue 2, p. 310. DOLI:
https://doi.org/10.3390/mi14020310.

[7] Wang Z., He L., Zhang Z., Zhou Z., Zhou J., Cheng G. Research on a Piezoelectric Energy Harvester
with Rotating Magnetic Excitation. Journal of FElectronic Materials, 2021, vol. 50, pp. 3228-3240. DOI:
https://doi.org/10.1007 /s11664-021-08910-y.

[8] Kovacova V., Glinsek S., Girod S., Defay E. High Electrocaloric Effect in Lead Scandium Tantalate
Thin Films with Interdigitated Electrodes. Sensors, 2022, vol. 22, issue 11, article number 4049. DOI:
https://doi.org/10.3390/s22114049.

[9] Bouhedma S., Hu S., Schiitz A., Lange F., Bechtold T., Ouali M., Hohlfeld D. Analysis and Characterization of
Optimized Dual-Frequency Vibration Energy Harvesters for Low-Power Industrial Applications. Micromachines,
2022, vol. 13, issue 7, article number 1078. DOI: https://doi.org/10.3390/mil3071078.



18

Bopaynos C.B. Tpancpopmayus rorebanuls neycmoliuusoli cucmemsv, 68 Npeobpasosamene-HaKonumenre IHepaul
Borzunov S.V. Transformation of oscillations of an wunstable system in an energy harvester

[10]
(11]

[12]

[13]
[14]
[15]

[16]

(17]

18]

[19]

[20]

(21]

Damjanovic D. Ferroelectric, dielectric and piezoelectric properties of ferroelectric thin films and ceramics. Reports
of Progress in Physics, 1998, vol. 61, number 9, pp. 1267-1324. DOI: https://doi.org/10.1088,/0034-4885/61/9,/002.

Dawber M. Physics of thin-film ferroelectric oxides. Reviews of Modern Physics, 2005, vol. 77, issue 4, article
number 1083. DOI: https://doi.org/10.1103/RevModPhys.77.1083.

Cheng C., Peters T., Dangi A., Agrawal S., Chen H., Kothapalli S.-R., Trolier-McKinstry S. Improving
PMUT Receive Sensitivity via DC Bias and Piezoelectric Composition. Sensors, 2022, vol. 22, issue 15, article
number 5614. DOI: https://doi.org/10.3390/s22155614.

Ge C., Cretu E. Simple and Robust Microfabrication of Polymeric Piezoelectric Resonating MEMS Mass Sensors.
Sensors, 2022, vol. 22, issue 8, article number 2994. DOI: https://doi.org/10.3390,/s22082994.

Hu H., Ben Mrad R. On the classical Preisach model for hysteresis in piezoceramic actuators. Mechatronics.
2003. Vol. 13, Issue 2. P. 85-94. DOL: http://doi.org/10.1016/S0957-4158(01)00043-5.

Renno J.M., Dagqaq M.F., Inman D.J. On the optimal energy harvesting from a vibration source. Journal of
Sound and Vibration, 2009, vol. 320, issues 1-2, pp. 386—405. DOI: https://doi.org/10.1016/j.jsv.2008.07.029.

Triplett A., Quinn D.D. The effect of nonlinear piezoelectric coupling on vibration-based energy harvesting. In:
Proceedings of the IMECE2008 ASME International Mechanical Engineering Congress and Ezposition, Boston,
MA, USA, 31 October—6 November 2008, IMECE2008-66393. pp. 1-6.

Tusset A.M., Rocha R.T., Iliuk I., Balthazar J.M., Litak G. Dynamics and Control of Energy Harvesting
from a Non-ideally Excited Portal Frame System with Fractional Damping. In: Balthazar J.M. (eds) Vibration
Engineering and Technology of Machinery. Mechanisms and Machine Science, vol. 95. Cham: Springer, 2021,
pp- 383-395. DOI: https://doi.org/10.1007,/978-3-030-60694-7 25.

Pan J., Qin W., Deng W., Zhang P., Zhou Z. Harvesting weak vibration energy by integrating
piezoelectric inverted beam and pendulum. FEnergy, 2021, vol. 227, article number 120374. DOLI:
https://doi.org/10.1016/j.energy.2021.120374.

Lygas K., Wolszczak P., Litak G. Broadband frequency response of a nonlinear resonator with clearance
for energy harvesting. In: MATEC Web Conference, 2018, wvol. 148, article number 12003. DOI:
https://doi.org/10.1051 /matecconf/201814812003.

Friswell M.I., Ali S.F., Bilgen O., Adhikari S., Lees A.W., Litak G. Non-linear piezoelectric vibration energy
harvesting from a vertical cantilever beam with tip mass. Journal of Intelligent Material Systems and Structures,
2012, vol. 23, issue 13, pp. 1505-1521. DOIL: https://doi.org/10.1177/1045389X12455722.

Gantmakher F.R. Theory of matrices. Moscow: FIZMATLIT, 2010, 560 p. ISBN 978-5-9221-0524-8. Available
at: https://djvu.online/file/9RBsN3mYxlxaq. (In Russ.)



Becmnux Camapckozo ynwusepcumema. Ecmecmsennonayunas cepus. 2028. Tom 29, Ne 2. C. 19-29
Vestnik of Samara University. Natural Science Series. 2023, vol. 29, no. 2, pp. 19-29 19

Hayunasa crarbs
BY

DOI: 10.18287,/2541-7525-2023-29-2-19-29

YIK 517; 519.6; 519.8 Hara: mocrymaenns crarou: 02.03.2023
nocsie perieasupoBanus: 11.04.2023
npungatusa crarbu: 30.06.2023

C.B. Bop3ynos

Bopomexckuit rocymapCTBeHHBIN YHUBEPCUTET,

r. Bopomex, Poccuiickas Pemeparius

E-mail: sborzunov@gmail.com. ORCID: https://orcid.org/0000-0002-5099-9655
0.0. Pewemosa

Bopouexcknit rocyqapCTBEHHBIN YHUBEPCUTET,

r. Bopomex, Poccmiickas ®eneparius

E-mail: tribunskih1993@mail.ru. ORCID: https://orcid.org/0000-0002-8257-7836

JUNHAMUKA TIPEOBPA3OBATEJIA-ZAITACATEJIA SHEPI'N
C TUCTEPE3NCHBIM TPEHWEM

AHHOTAIIN A

Paccmorpena Momens  mpeoOpasoBaTesis-3ammacaresisi  YHEPIUA € THUCTEPE3UCHBIM — BSI3KUM — TPEHUEM.
Mexanndeckas 9acTh IPeodpPa30BaATENI-3aIMACATE JSHEPTUHM BBINOJIHEHA B BHJIE IIEPEBEPHYTOrO0 MAagTHUKA.
lucrepesuc dopmanusyercs B pamrax mogenn [lpeiizaxa, mnpejcrasisionieil cobolf KOHTUHYAJIbHBIA AHAJIOT
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BBenenune

CoBpeMeHHbIE TTPE0OPA30BATEIN-3AIACATE/I JHEPTUN CO3MAI0TCS HA OCHOBE IOCTHXKEHUN (DU3NKM, XUMUH,
MaTePUAJIOBEIEHUS, JJEKTPOHUKN U TEOPUU YIIPaBJeHus. B Takoro pojia yCTpOUCTBaX MPOUCXOIUT IIPEOOpPa3o-
BaHUE MEXaHWYECKOH dHepruu, Kak IIPABUJIO, KHHETUYIECKOIl SHEPruu KOJIEOJIIOMErocs TeJa, B JEKTPUIECKYIO
dopmy sueprun. OnuH U3 BaXKHEHMIMX CHOCOOOB MTPEOOPA3OBAHUS SHEPIUHM OCHOBAH HA MPSIMOM ITHE303JIEKTPHU-
qeckoM (P deKTe, 3aKITFOIAIOINEMCS B BOSHUKHOBEHUN TOJISIPUBAIMY JUYJIEKTPUIECKOr0 00pa3Ia Mol AeificTBueM
MeXaHudecknx Hampsekennit. [Ihe3031eKTpudeckne MaTepua bl XapaKTepPU3yIoTCs HEeJIMHEHHON 3aBUCHMOCTHIO
MeKIy MPUIOKEHHBIM MEXAHWIECKNM HATPSKEHHEM W CO37aBAEMBIM JIEKTpHIecKuM mojem |[1; 2].
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C 0/1HO# CTOPOHBI, OTHOCUTEIBLHO HEDOJIBINNE MEXAHUYIECKUE HAIPSKEHUsT TPUBOJSAT K JMHEHHOMY OTKJIAKY
JEKTPUIECKUX XapPAKTEPUCTUK Ibe303IeKTPpHIecKoro obpasma. C Jpyroit CTOPOHBI, B IPAKTUYIECKON 3ajiate
KOHCTPYHMPOBaHUS IpeodpasoBaTeseii-3amacaresieil SHEPTUM, KaK I[PABUJIO, JIOCTUTAIOTCS 3HAYCHUS BHEITHErO
BOB/IEHCTBYA, IIPEBBIIIAIONIEe OPOr JIMHEHHOr0 OTKJIMKA. TakuM 0Opa30M, BO3HUKAET T'MCTEPE3UCHAS 3aBUCH-
MOCTDb HAIIDSI’KEHUSI, 3apsafa U JAPYTUX JIEKTPUIECKUX XaPAKTEPUCTHK OT JUHAMHYECKUX I1aPAMeTPOB MeXa-
HUYecKoi nomcucremsr [3; 4].

Iletsist rucrepe3nca BO3HUKAET IIPU PACCMOTPEHHH 3aBHCAMOCTHU IOJISPHU3AINN CETHETOIEKTPUIECKOro 00-
pa3la OT NPUJIOKEHHOT'O JIEKTPUYECKOrO II0JIsl, IIPUYEM B IIEPEMEHHOM II0JIe IapaMeTPhI IEeTJIH CYIIeCTBEHHO
3aBHCAT OT YaCTOTHI M3MEHEHUs MOJist. TakKe I'MCTEPe3UCHAs CBSI3b MPOSIBIISETCS HA BOJIBT-(apaHbIX XapaK-
TEPUCTUKAX HEKOTOPBIX CEHETOIIEKTPUYECKHUX IUIEHOK, T. €. B 3aBUCHUMOCTSX €MKOCTH OT IIPHJIOKEHHOTO K
obpasiy Hanpszkenus [5; 6]. Marepectno, 4To 06pasipl CErHETOIEKTPUIECKUX ILICHOK, HAIBIJIEHHbIE HA KPEeM-
HUEBble IUIACTUHBL P- U N-THIA IIPOBOAMMOCTH, OTJIMYAIOTCS HAlpaBjeHneM 06xozia nerin (0 4acoBOil cTpesike
U [IPOTUB YaCOBOH CTPEJKU COOTBETCTBEHHO).

MopgenupoBanue IUHAMHKH CHCTEM C THCTEPE3UCOM IIPEJICTABIISET COOOH CJIOXKHYI0 MATEeMATHIECKYIO 3a-
[ady, MPUBJIEKAIONIYI0 BHUMAaHIE MHOTHX HCCienoBareseil. IIpuMmensaiorcs Kak KOHCTPYKTHBHDBIE MOJIENIH —
HensleaslbHOE peste, nipeobpasosarenb [Ipeiizaxa, momens Unummackoro [7; 9-12], tak u deHOMEHOMOrMYECKTE —
Mojesb Boyka—Bena, Aiiana, proema u gap. [13; 14].

Cpe/in KOHCTPYKTHUBHBIX MOJEJIeHl THCTEPE3NCHBIX HEJIMHEHHOCTEH BayKHYIO POJIb UTPAeT MpeodpPa30BaATelNb
IIpeiizaxa [15-17]. TlepsorauanbHo 3Ta MOzENb ObLIa CHOPMYINPOBAHA Jisl OIIUCAHWSI CBOHCTB (hbeppOMarHuT-
HBIX MaTepuason [18], mosxke Gblia J0Ka3aHa ee IPHUMEHAMOCTh K IMHPOKOMY CIIEKTDY SIBJICHUI U3 Pas3IMIHBIX
HaygHo-npakTudeckux 3agad [19; 20]. Mogenn Ilpeiizaxa xopoio 3apekoMenjioBaja cebsl Jisd AHAJTUTUIECKO-
ro ommcaHus HaOJIIOAEMBIX CBOUCTB (DEPPOMATHUTHBIX U CETHETOIIEKTPUIECKUX MATEPUAJIOB. VI3BeCTHBI MHO-
TOYUCJIEHHbIE TEXHUYECKHE IIPUJIOXKEHUsI — MOJE/IN HAKOIWUTeJel SHEePruu, APYTUX CHCTEM, UCIOJIB3YIOIINX
be303(DPEKT, MOJIETN CUCTEM C JOJTOBPEMEHHOH HaMsaTbio. TakrKe M3BECTHBI PE3yJbTATHl IIPUMEHEHHs IIpe-
obpasosaresst [Ipeiisaxa B Guosoruy U MeJMIMHE, a TaKyKe SKOHOMUKe [8].

OcuoBy momenu Ilpeitsaxa cocrabiisier HeJIUHEHHBIN 1peobpas3oBaTe/lb, IPEJACTABIAIOIINNA CODON KOHTUHY-
AJIbHYI0 CHCTEMY Dejle, COeJIMHEHHBIX NapasulesibHO. Boixomom npeobpasosaresns Ilpeisaxa Tu(t)] (roe u(t) —
HenpepbiBHAst (DYHKIU BpeMenu) cauTaior (PyHKnuio z(t), 3HaYeHHEe KOTOPOH B KaXKJbli MOMEHT BPEMEHU
ompeJieJisieTcsl, KaK M Jyjis BCeX [MCTEPE3UCHBbIX HpeobpasoBaTesieil, He TOJbKO 3HadeHueM Bxofa u(t), HO u
BCEIl NIpeJbICTOPUEH.

1. FI/ICTGPGSI/ICHLIG 3aBUUCMMOCTHU B MO/JeEJIN
Hpe06pa3OBaTeJ1ﬂ—3anacaTeJ1ﬂ dHeprmm

IIpu mpakTudeckoil peajm3anuu KOHCTPYHUPOBAHUS 3alacaTesell SHEPrUH, KakK IIPaBUJIO, MMEIOT MECTO T'H-
CTEpEe3UCHBbIE 3aBUCUMOCTH PA3JIMYHOIO BU/Ia KaK B MEXaHUYECKON IIOJCUCTEME, TaK U IJIEKTPOMAarHuTHON Ipu-
ponbl. B macrosmem paszmese paccMaTpPUBAETCH JIEKTPOMEXAHHMYIECKAS CHCTEMa 3AIacaTresisi SHEPIHH C THCTe-
Pe3UCHBIM JIeMIIbUPOBAHUEM, UHBIMU CJIOBAMHE, IIPEIIIOJATaeTCsd, 9TO TPEHHEe B MEXaHUIECKON IMIO/ICUCTEME IO~
YMHSETCS TUCTEPE3UCHOMY 3aKoHy (puc. 1.1).

— .
Foxt = K sin(Qr)

R

Puc. 1.1. TIpeobpasoBaresb-3amacaTesib SHEPIUM, MEXAHUYIECKN CBI3AHHBIA C KJIACCHYECKUM OCIIUJIISITTOPOM
TOCPEICTBOM THUCTEPE3NCHOTO 3BEHA
Fig. 1.1. Energy harvester mechanically connected to a classical oscillator by means of a hysteresis link

PaccMoTpuM TIPOCTYIO MOJIE/Ib IPeobpa3oBaTe/ig-3alacarTelis SHEPTUU B BHUJE [IEPEBEPHYTOr0 MAaTEMATHYIEC-
CKOTO MasTHUKA, 3aKPEIVIEHHOTO Ha JIETKON TOPM30HTAJBHON maardopme. MasgTHUK COeIMHEH MeXaHUIeCKON
CBABBIO C OIHOM M3 OOKJIAJOK CETHETO3JIEKTPHYECKOTO KOHJEHCATOPA, KOTOPLI BKIIOYEH B 3aMKHYTYIO 3JICK-
Tpudeckyio nenb (puc. 1.2).
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Puc. 1.2. Maremaruvyeckuii MasgTHUK, CBS3aHHBIH C IbE303JEKTPUICCKUM T'€HEPATOPOM
Fig. 1.2. Mathematical pendulum associated with a piezoelectric generator

ILnatdopma P MOXKeT mepeMenmaTbCs B NOPU30HTAJIHLHOM HAIIPABJIECHUNA. YTOJ OTKJIOHEHUS MASTHUKA OT-
HOCHUTEJIbHO BepThKaju paBeH ¢(t), koopamHaTa mardopmbl — u(t). JimHa MasTHHKa paBHa [, Macca ero
rpy3a paBHa M.

[Tbe30v1eKTpUYecKuil MaTepuas, o0pasyIouMi KOHIAEHCATOP ¢ eMKOCTbI0 (), BKJIIOYEH B 3JIEKTPUIECKYIO
nenb ¢ BHermHel Harpyskoih R. Hanpskenuwe ma marpyske obosuauum uepes V (t).

PaccmarpuBaemasi JAMHAMMYECKAsl CHCTEMa, OINUCHIBACTCH CHUCTEMON OOBIKHOBEHHBIX UMD depeHIMATbLHBIX
ypaBHeHuil (mepBoe U3 KOTOPBIX €CTh YPaBHEHHE JBUMKEHHs T'Dy3a M I0J JeHCTBUEM CHJI MEXaHUIECKOIro
[IPOMCXOXKJIEHUsI U CUJIbl WHEPLUH, BTOpOe — OAJAHC TOKOB B JIEKTPUIECKON IIeIm):

mlp+c(lp/2 +1u) —mgsing + AV = —mii,

: (1.1)
CV + ¥ =B(l¢/2+1).

Toukoit HaJ| CUMBOJIOM 37eCh U jaJjiee OyjeM 0DO3HAYATH ITPOU3BOIHYIO IO BPEMEHH t.
HpI/I He6OJII)H_II/IX OTKJIOHEHUAX MadTHHUKa OT IIOJIOZKEHUA PaBHOBECUA sin<p ~ @ II0JIydaeM:
. . 2 A _ 1 - Yo
O+ 709 —wop + 5V = —7u— 230, 1.2)
y 1 Bl. __ B, ’
V+geV —cp=7ct

znech Yo = ¢/(2m), wi =g/l, A u B — mapaMeTpbl CBSI3U MEXaHWYECKOH U 3JIeKTPUIECKOH TOJCHCTeM.

1.1. Cwucrema c rucrtepe3ucHbIM TpeHHMEM B paMKax mojiesiu IIpeitzaxa

Ha pwmc. 1.1 cxemarndecku mpeiCcTaBIeHa MOJENb IPEOOPA30OBATENA-3AMACATES] SHEPTUH, OCHOBAHHOIO
Ha KJIACCUYECKOM OCIUJIIATOPE 1M, CBSA3aHHOIO C 3JIEKTPUYECKON IIOJCHCTEMON IIOCPEJICTBOM TI'UCTEPE3UCHO-
ro JeMIQupyIoIero 3seHa. BHelHee BO3/eNCTBHE OIPENEIsIOCh MOCPEICTBOM IIEPUOANYIECKON CUIBl Foyt =
= K sin()7), npuioxkeHHoil K m.

B Hacrosiliem pasjesie THCTEPE3UCHBIl ITpeodpa3oBaTesib BBEIEM C IIOMOIIBIO IIOJXO0J/A, Pa3BUTOIO
M. A. Kpacuocenbckum u A. B. ITokposckum [7]. B pamkax yKa3aHHOTO IIOJIXO/Ia MMCTEPE3UCHBIN peobpa3oBa-
TeJIbh TPAKTYeTCsd KaK OIepPaTop, ONPEIeEeHHbI Ha IPOCTPAHCTBE HEIIPEPBIBHBIX (DYHKIN, THHAMIKA KOTOPBIX
OIMCHIBAETCSI COOTHOIIEHUSIMU: “BXOJ—COCTOSHME U ‘“‘COCTOSTHUE—BBIXOI .

O6osnaunm uepes R[a, B, xg,tg] rucrepesucHbiii nmpeobpa3oBaTelib, OTBEYAIONUNA HEUIEAJILHOMY DeJjie C II10-
poroBbiME uncsiaMu @ u 3, tae xo € {0,1} — nagasabHOe cocrosinue npeobpasoBareds, ty) — HAYAIbHBIA MOMEHT
BpeMeHH. [IpOCTPAHCTBOM COCTOSIHUI HEWJIEabHOTO Pejie SIBISETCS JByX3dJeMeHTHOe MHOxKecTBo {0,1}. Bxo-
JIOM CHCTeMBI sIBJISIETCsI HelpepbiBHAs npu t > to dyHkims u(t), BbIXOAOM — crymneHdaras GyHkuus (t),
omnpeseisieMast COOTHOIITEHUEM:

x(t) = R|a, B8, o, to]u(t). (1.3)

BaMeTI/IM, YTO Ha4YaJIbHOE€ COCTOdAHHUE I Hpeo6pa30BaTeﬂH JOJIZKHO YJIOBJIETBOPATH YCJIOBUIO:

{ 0, ecam u(0) < a
o =

1, ecom u(0) > 8. (1.4)
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B ciyuae BbimmosHeHusi HepaBeHcTB o < 1(0) < 8 BeamumMHA T MOMKET IPUHUMATH JHO0OE 3HAYEHHE M3 MHO-
kecra {0,1}. 3Havenus Beixoma x(t) npu HemnpepblBHOM Bxoze u(t) miust t € (tg,00) IpU KaxkJIOM ¢t = T
OIIPENIEISAIOTCS COTJIACHO TPABUILY:

xo, ecm Vi€ [to,T]: [a < u(t) < g,
Rla, B, xg, tolu(r) = 1, ecam 3t € [to,7): [u(t’) = B] A{Vt € [t/,7]: [u(t) > a]}, (1.5)
0, ecmm 3t € [to,7): [u(t’) < a] A{Vt € [t/,7]: [u(t) < F]}.

Bynem roBopurh, UTO pesie BKIIOUYEHO, €CJIM BBIXOJ, PABEH €JINHUIE, U UTO PeJie HAXOJIUTCS B BBIKJIIOUYCHHOM
COCTOSIHMY B IPOTHBHOM CJIydae.

Ipumevanue. 3amMeTuM, 9TO BBIOOP JIEMEHTOB JIBYX3JEMEHTHOTO MHOXKECTBa B MOKeT OBbITh IPOM3BEJICH
u JpyruM crocoboM, Hampumep, Kak {—1,1}. 3a uckiroueHneMm aGCONIOTHBIX 3HAYEHWH BBIXOJA DeJle, OIpe-
nenerre (1.5) u cBoficTBAa HEMJIEAJBLHOIO DPejie HE M3MEHATCHA. JIerko BUIETh, YTO OUEKTUBHOE OTOOparKeHue
f:[-1,1] — [0,1], samannoe corsacuo upasuiy f(x) = (14 z)/2, nenaer BoIOOP KOHKPETHBIX 3HAUEHHIN 3Jie-
MEHTOB B ITOJIHOCTBHIO SKBUBAJIEHTHBIM.

Pacemorpum Habop u3z N HemjieaabHBIX pejie, 3aHyMepOBaHHBIX wHjeKkcoM j, riae 1 < j < N. Cucrema peste
RN, COEIMHEHHBIX MMApaJIIEIbHO, CXeMATUIHO MpejcTaBieHa Ha puc. 1.3. BbIxoJ ompejiessiercst ecTeCTBeHHBIM
O6pa301\4 KaK B3Be€HII€HHasA CyMMa BBIXO/JIO0B, IIOJIYyYIa€MbIX OT KazKJI0I'0 U3 MHIUBU/AYyaJIbHBIX peJie:

N
RN Hx(()o),x(()l), e méN)} ,to} u(t) = Z,ujR {aj7ﬁj,x(()])7to} u(t), (1.6)
j=1
rue {xgo),xgl), . ,xéN)} — MHOYKECTBO HaJaJIbHBIX COCTOSHUI KOHEYHOI CHCTEeMBI DeJle.

Puc. 1.3. IMapamtensuoe coemumenne N sKk3eMIUIIpos peie Rjla, B, xo,to], B3aTHIX ¢ Becamu vy, > 0,
e j=1,...,N
Fig. 1.3. Parallel connection of N relay instances Rj|a,[3,xo,t0], taken with weights ~v; > 0, where j=1,...,N

OripeiesieHne Takoil CHUCTEMbI pejie OCHOBAHO Ha PEeAJIN3alliy TPEXITAIlHOW KOHCTPYKImu. Ha mepBowm 1ma-
I'¢ BBIXOJ CHCTEMBbI OIIpeIe/J MM Ha MOHOTOHHBIX BXOIaX U(t), Ha BTOpPOM IIare C IIOMOIIbBIO HO.HpryHHOBOFO
TOXKJAECTBa Ha KYCOYHO-MOHOTOHHBIX BXO/JaX, 3aT€éM Ha TPETHEM 3Talle BBIIIOJHHM IIepeXOoJd K ITPOU3BOJIbBHBIM
HEIIPEPBIBHBIM BXOIaM.

CHpaBe,ZLIH/IBO CBOIICTBO MOHOTOHHOCTH KOHEYHOM CHUCTEMBI HenIeaJIbHbIX peJjie OTHOCHUTEJIBHO (byHK]_H/H/I BXO-
Ja u(t), 9TO ABJIETCH HEIOCPEJICTBEHHBIM CJIEJACTBHEM JIMHEHHOCTH KOHCTPYKIHK (1.6) 1 MOHOTOHHOCTH 110 BXO-
Ay OJHOI'O TrucTrepoHa. CHCTel\la HE dBJIAETCA praBﬂﬂeMOﬂ, KaK JIE'KO BHJAETH B JaCTHOM CJIydae [ABYX Heu/1e-
aJIbHBIX pejie. B caMoM Jiesie, mapaJiienbHOe cOeMHeHne JIByX peiie Ryaq, Bl,x(()l),to] u Rolao, 62,3382), to], rie
P12 =012+¢e (mpu ycmosuu 0 < e < |8 — al), 2 =1, (1) =0, xapakTepusyercs CIIeIyIONIM [OBEICHIEM:
JIEFKO BHJIETh, 9TO JJI JIOOBIX JIOIYCTUMBIX BXOIOB u(l) ClpaBeliMBa MMIUIMKAIUS

(Rifar, Br, 2l tolu(t) = 1) = (Relas, B2, ) to] = 1), (1.7)

T. e. cOOBITHE “llepBoe pelle BBIKJIIOYEHO, a BTOPOE — BKJIOYEHO” SABJISAETCS HEBO3MOXKHBIM.

IIpeoGpazosarens Ilpeiizaxa sBIseTCa KOHTHHYaJILHBLIM aHAJIOTOM ceMeiicTBa HenJeallbHBIX peJle, COeIuHeH-
HBIX NapaJiyielbHO. [IpocTpaHCTBO cocTostHuiT aToro npeobpasosaressi cocrout u3 map {u(t),z(«,3,t)}, rme
u(t) — 3HaveHwe BXONa B MOMEHT BpeMmeHw t, a z(a,(3,t) — XapakTepucTmdeckas (PYHKITHs IOJMHOYKECTBA
MOJTYIIOCKOCTH ¢ < (3, mpuauMaromias 3uadenns 0, 1. Bxommo-Beixomubie coorBercTBusi omeparopa Ilpeiizaxa
OIIpeIe/IIOTCS COOTHOIIEHUSIME: BXOJ-COCTOSTHUE

z(a,ﬁ,t) = R[Oé,ﬂ720,t0]u(t)7 (18)
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e zo = z(«, B,t9) U COCTOSTHME-BBIXOJ,

Tl2(a, B, 1), ulto), tolu(t) = //z(a,ﬂ,t)dad,@. (1.9)
a<f

VYKa3zaHHBIIl 1peo0pa30oBaTesb MHUPOKO IPUMEHSeTCA I (hOPMAIU3aIUN PA3IUIHBIX [UCTEPE3UCHBIX 3aBU-
CUMOCTEH, ero CBOICTBa, a TaKXkKe PasMJHble IPHJIOXKEHHsI MOXKHO HaiiTu, Hanpumep, B [21].

Bynem npesamonarars, 9To HOCHTENb MephI IpeobpasoBaTess llpeiizaxa orpaHuveH, U, CJIEI0BATEHHO, IPO-
CTPAHCTBO COCTOSIHHII COCTOWT M3 XapPAKTEPUCTUIECKNX (PYHKIU, HOCUTEIb KOTOPBIX COIEPYKUTCS HA OrDAHU-
YEHHBIX MHOXKEeCTBaX.

Pesynbrarsl 4nc/IeHHOrO pelleHus IpejcTaBieHHoil Ha puc. 1.1 cucrembl (B 06e3pa3MepeHHOM Buje) C I'i-
CTEPE3UCHBIM TPEHWEM B paMKax Mmozenu llpeiizaxa

¢+ HTp(1) + w?p + v = K sin(Qr), (1.10)
v+v—0p =0, ’
rme H — xoaddurment, xapakTepusyIonuit «BJINSHAE» THCTEPE3NCHOTO TPEHUsSI. UNCIeHHBIE SKCIEPUMEHTHI

npu 3HavYeHusx Kodbbunmenta H € {0,0.5,1.0,8.0} npexncrasiensr Ha puc. 1.4-1.7. B pacderax B Kadecrse
HOCHUTeJsl Mepbl IpeobpasoBaressi [Ipeiisaxa 6b110 BbIOpaHo MHOXKecTBO [—1,1] X [—1,1], KoM9ecTBO 2J1eMeEH-
TapHBIX TUcTepoHOB paHO 20 100.

(1), v(T)
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Puc. 1.4. SaBucuMoCTb JUHAMUYECKUX I[IEPEMEHHBIX OT 0Oe3pa3MepPHOro BpeMeHu u (pa30Bble TOPTPETHI
B YCJIOBUSIX OTCYTCTBHS TI'MCTEPE3UCHOTO CJAaraeMoro. 3HadeHusi mnapamerposB o = 1.5, w =12, K = 2.0,
H = 0. Hauansuble ycaosus ¢(0) =1, ¢(0) =0, 0(0) =0: ¢ — yroa OTKJIOHEHUs] MasTHUKA ¢ (T)

u nanpskenue v(7), = 1.3; b — dazoswiii noprper Kosebanuit magrHuKa ¥(p) nupu = 1.3; ¢ — yrox
OTKJIOHEHHsI MaATHUKa ©(7T) u Hanpszkenue v(7),  =5.0; d — dasoBblil moprper KojebaHUl MagTHUKA
¥(p) npn Q@ =5.0
Fig. 1.4. The dependence of dynamic variables on dimensionless time and phase portraits in the absence of a
hysteresis term. Parameter values o = 1.5, w=1.2, K = 2.0, H = 0. Initial conditions ¢(0) =1, ¥(0) =0, ¢(0) = 0:
a — angle of deflection of the pendulum ¢(7) and voltage v(7), Q =1.3; b — phase portrait of pendulum
oscillations ¥ (p) at © =1.3; ¢ — angle of deflection of the pendulum ¢(7) and voltage v(7), Q@ =5.0; d — phase

portrait of pendulum oscillations ¥(p) at Q@ =5.0



Bopaynos C.B., Pewemosa O.0. /lunamura npeobpa3o8amens-3anacamens 9HEPul € 2UCMEPE3UCHBIM MPEHUEM
24 Borzunov S.V., Reshetova O.0. Dynamics of an energy harvester with hysteresis friction

(1), v(T)
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Puc. 1.5. BaBucuMocTh JUHAMUYECKHX IIEPEMEHHBIX OT 0e3pa3MEepHOr0 BpeMeHU U (ha30Bble MOPTPETHI IPU
H = 0.5. Buavenusa napamerpos o = 1.5, w = 1.2, K = 2.0. Hauaubusie yciosus ¢(0) =1, 1(0) =0,
0(0) =0: @ — yros orkyoHeHHst MagrTHUKa @(T) n Hamnpsekenwe v(7) npu 2 = 1.3; b — dasosslit moprper
kosebanuit MagTHuKa (@) upu = 1.3; ¢ — yros OTKJIOHeHHsI MadATHHKA (7) M HaupsiKeHwe v(T) LIpU
2 =5.0; d — dasoseiit oprper Kosebannit MasTHUKA (@) tpH = 5.0
Fig. 1.5. The dependence of dynamic variables on dimensionless time and phase portraits at H = 0.5. Parameter
values 0 = 1.5, w = 1.2, K = 2.0. Initial conditions ¢(0) =1, ¥(0) =0, 0(0) =0: a — angle of deflection of the
pendulum ¢(7) and voltage v(r) at 2 =1.3; b — phase portrait of pendulum oscillations ¥ (p) at Q = 1.3;
¢ — angle of deflection of the pendulum ¢(7) and voltage v(r) at Q =5.0; d — phase portrait of pendulum
oscillations ¥(p) at Q =5.0
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Puc. 1.6. BaBucuMoCcTbh AUHAMUYECKUX IIEPEMEHHBIX OT 0e3pa3MEPHOr0 BpeMeHU M (pa30Bble IOPTPETHI IIPHU
H = 1.0. 3navenus mapamerpos o = 1.5, w = 1.2, K = 2.0. Hauansnsie ycaosus ¢(0) =1, ¢(0) =0,
0(0) =0: a — yros orkioHeHHsI MasTHUKa ¢(7) n Hanpsikerwe v(7) upu 2 = 1.3; b — dasoselit opTpeT
kosiebanmuii MasTHUKA (@) npu = 1.3; ¢ — yroa OTKJIOHeHUs MasiTHUKA ¢(7) W HaupsokeHue v(T) IpH
Q =5.0; d — dazosbiit noprper Kojebanuit masgrauka Y(p) npu Q = 5.0
Fig. 1.6. The dependence of dynamic variables on dimensionless time and phase portraits at H = 1.0. Parameter
values o = 1.5, w = 1.2, K = 2.0. Initial conditions ¢(0) =1, ¥(0) =0, o(0) =0: a — angle of deflection of the
pendulum ¢(7) and voltage v(7) at Q2 =1.3; b — phase portrait of pendulum oscillations ¥ () at Q = 1.3;
¢ — angle of deflection of the pendulum ¢(7) and voltage v(r) at Q =5.0; d — phase portrait of pendulum
oscillations ¥(y) at 2 =5.0
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#(0), v(t)

Puc. 1.7. 3aBucuMoCTh IMHAMHYECKHX I[T€PEMEHHBIX OT 0e3pa3MepHOro BpeMeHU U (a30Bble MOPTPETHI IPH
H = 8.0. 3uauenus napamerpos o = 1.5, w = 1.2, K = 2.0. Hauansnbie ycaosus ¢(0) =1, ¢(0) =0,
0(0) =0: a — yros orkJoHeHHsI MasgTHUKa ¢(7) n Hanpskenwe v(7) upu 2 = 1.3; b — dasosslit opTpeT
KoJieOanmit MasTHHKa (@) npu = 1.3; ¢ — yroja OTKJIOHEHHs MasTHHKA @(T) ¥ HanpsikeHue v(T) mpu
Q =5.0; d — dazoswiit noprper Kojebanuii masrauka ¥(p) npu Q = 5.0
Fig. 1.7. The dependence of dynamic variables on dimensionless time and phase portraits at H = 8.0. Parameter
values 0 = 1.5, w = 1.2, K = 2.0. Initial conditions ¢(0) =1, ¥(0) =0, 0(0) =0: a — angle of deflection of the
pendulum ¢(7) and voltage v(7) at © =1.3; b — phase portrait of pendulum oscillations ¥(p) at Q = 1.3;
¢ — angle of deflection of the pendulum ¢(r) and voltage v(r) at Q =5.0; d — phase portrait of pendulum

oscillations (p) at Q@ =5.0

W3 rpaduro BumHo, uTO B 0OsacTtu gacToT ) > w aMILIUTYyAa KOJEOAHUII MEHBbIIe, 9eM B PE30HAHCHOM
ciyuae ) ~ w. Ilpu ornocurensro Gosbiiux 3Hadenusx H (H = 8) IyMTeIbHOCTH [EPEXOJHOIO HPOLECca,
MIPUBO/ISINETO K YCTAHOBUBIIUMCS KOJIeOaHusIM, yBeamanBaeTcs. CpaBHEHNE MOITHOCTH BHEITHETO BO30YKIEHUS
Dext U MOIIHOCTH, IIepeJlaBaeMOil I'MCTEPE3NCHBIM 3BEHOM CHCTEMBI, IIPEJICTABJIEHO B TaOJIHIIE.

Tabauma
MoiHOCTb BHEIIIHEr0 BO30Y>K/IeHUsI U IepeJaBaeMasi MOIIHOCTb B CJIydae TUCTEePEe3MCHOro
3BeHa B pamkax mogaesaun Ilpeiizaxa
Table
Power of external excitation and transmitted power in the case of hysteresis link within
the framework of the Prezah model

BHaveHuss  mapaMerpos MormnocTs MousocTs, Onexrpuyuec- || Ornourenne
CHCTEMBL BHEIIHETO nepenaBaeMast Kasl Pavr/Dext

BO30Y 2K ICHUST PUCTEPE3UCHBIM MOII[HOCTb

Dext sseroM S/T pavr

K =10, Q =18, w = 0.232048 0.193251 1.9193589 8.27139
—12, H=10
K=10 Q=19 w = 0.272911 0.203482 1.3663276 5.0065
=12, H=10
K =10 Q=20 w= 0.31831 0.133638 0.76924010 2.41664
=12, H=10
K =20 Q=17 w= 0.781928 0.181108 7.84558034 || 10.0336
=12, H=10
K =20 Q=18 w= 0.928192 0.196008 6.20816887 || 6.68845
=12, H=10
K =20, Q=19 w= 1.09164 0.205938 4.12163400 3.77563
=12, H=10
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Ha puc. 1.8 npejcrabiena rucrepesucHast Kpubasi B koopauuarax (¢,T'y). I3 pucyHKa BUIHO, UTO TI0CJIE

HECKOJIbKUX ITHUKJIOB KOJIe0aHuii JOCTHUT'aeTCA yCTaHOBI/IBH_II/Iﬁ PEXKUM.

1.04

0.8 A

0.6

ro

0.4 1

0.2 1

0.0 A

-15 -1.0 -0.5 0.0 0.5 1.0

Puc. 1.8. 3aBucumocts 'y or ¢ mpwm 3mavenmsax mapamerpoB K = 2.0, w=1.2, Q=5.0, 0 =15, H=2.5.

Hauasnbubie ycaosus: ¢(0) =1, ¢(0) =0, o(0) =0

Fig. 1.8. Dependence of the I'p on ¢ at K =2.0, w =12, Q=5.0, 0 =1.5, H=2.5. Initial conditions: ¢(0) =1,

$(0) =0, 0(0) =0

SaKJII0UeHue

B crartpe nuccjsie10BaHa MOJIeJIb Hp€O6pa3OBaTeJIH-3aHaCaTeJIH SHEPrum C IruCTepe3nuCHbIM BASKHM TPEHUEM.

MexaHIUYeCKOl YaCThI0 CHCTEMbBI SBJISIETCS OOPATHBIA MAsiTHUK, THCTEPE3NCHOE Bs3KOE TPEHHE IIPUCYTCTBYET
B II€PEIATOYHOM MEXaHUIECKOM 3BeHe. llcciemoBambl 3aBUCHMOCTH JUHAMUYECKUX IIAPAMETPOB, B JACTHOCTH,

yIJIa OTKJIOHEHWs MAATHUKA U HAIPSKEHWsl HAa HArpy3kKe, a TakxKe (Pa30BBIX IOPTPETOB OT 3HAYEHUs KO03d-

duipeHTa, XapaKTEPU3YIONIEro BIMsSHIE THCTepe3ucHoro Tpenusi. C MUCI0JIb30BaHUEM KOHCTPYKTHUBHOM MOojesu
[Ipeitzaxa TpogEeMOHCTPUPOBAHA POJIb HEJIMHEHAHBIX 3P PEKTOB.
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DYNAMICS OF AN ENERGY HARVESTER WITH HYSTERESIS
FRICTION

ABSTRACT

A model of an energy harvester converter with hysteresis viscous friction is considered. The mechanical
part of the energy harvester is made in the form of an inverted pendulum. The hysteresis is formalized within
the framework of the Preisach model, which is a continuum analogue of a system of non-ideal relays connected
in parallel. Within the framework of numerical experiments, the dependences of the dynamic parameters, in
particular, the angle of deflection of the pendulum and the voltage on the load, as well as phase portraits,
on the value of the coefficient characterizing the effect of hysteresis friction, were investigated. The role of
nonlinear effects is demonstrated.

Key words: energy harvester; inverted pendulum; hysteresis; non-ideal relay; Preisach operator.
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BJINSIHUE CJIATAEMBIX BBICOKOI'O IIOPAIKA MAJIOCTHU
B PEIIIEHUU, OBOBIIAIOIIIEM ITOJIXO/ M. YUJIbSIMCA,
VUUTBIBAIOIIIEM AHU30TPOIINIO MATEPUAJIA!

AHHOTAIINA

Crarbsi IIOCBSIIEHA WCCIEIOBAHUIO II0JIsI HAIPSPKEHWI Yy BEPIIUHBI OCTPOH TPENIUHBI B aHU30TPOIIHOM
MaTepuaje ¢ TpeMsl B3aUMHO OPTOTOHAJIBHBIMHU OCSAMHM CHMMETDHM YeTBEPTOro MOpsaiaKa (¢ KybHduecKoit
CI/IHFOHI/IGI7I). PaccmoTpen 1nockmit ciydaii, Korma ojgHa U3 OCe CHUMMETPUH OPTOTOHAJIbHA, TIJIACTUHE, &
OCTABITIAECST JIBE OCH JIeXKAT B IUIOCKOCTH IIACTUHBI. [IpwBeslen acMMOTOTHYECKWI aHaan3 BKJAJa BLICIIIX
npubamKennit B 0000IIEHHOM aCUMIITOTUIECKOM PA3JIOXKEHUN MEXAHUIECKUX TOJeil BOJIM3U BEPITUHDBI TPEIIUHBI
B JIMHEHHO-YIIPYTOM aHU30TPOITHOM MAaTepuaje ¢ KyOWmdecKoir cumMMeTpueil ero ympyrux cBoiicTB. B crarbe
Ha OCHOBAHUU TIOJydeHHOro pemenus HemkeTn ¢ coaBropamMu Jijisi OECKOHETHOW AHU3OTPOIHOM TILIACTHHDI
C LCHTPAJBLHON TPEIIUHON HaleHbI U IIPOAHAJIU3UPOBAHLL YIVIOBLIC PACIPEAEJICHUd COCTABJIAIONINX TEH30pa
HampszKeHuil BOJM3M BEPIIMHBI OCTPON TPEIMUHBI HA PAa3IMIHBIX PACCTOSHUSIX OT KOHUMKA TPENIUHBI, 9TO
TIO3BOJISIET ONEHUTH BKJIAJ HEOCOOBIX (PEry/sipHBIX) CIATAEMBIX B O0INEe ACHMITOTHIECKOE MPEJICTABIEHNE
MEXaHUIECKUX TI0JIel, TeHEePUPOBAHHBIX OCTPOM Tpemuuoii. B pabdore Hemxern mpoanan3upoBaH BKJIA
UCKJIIOUUTEIbHO T-HAIpsKeHUil, Toraa, KaK MOKAa3aHO B HACTOMIIEH cTarhe, ciemyroriue 3a T-HampsKeHnunem
cJlaraeMble UTPAIOT 3HAYUMYIKO POJIb B ONUCAHWM TIOJIEH, WHIYIMPOBAHHBIX TperuHoi. CpaBHEHUE YTIJIOBBIX
3aBACHMOCTEIl KOMIIOHCHT TEH30pa HAIPAXKCHUI, IIOCTPOCHHBIX HA PA3JIMYHBIX PACCTOAHUAX OT BEPIINHBI
TPEIIUHbI, WHIUKATUBHO IOKA3BIBAET, YTO C YBEJIUYEHHEM PpACCTOSHUS OT BePIIUHbI nedekTa Tpedyercs
COXpaHEHNe B aCUMITOTHIECKUX Psi/iaxX, NMPEICTABSIONINX HAIPIKEeHUsd, TepeMentennsa u aedopMarun BOIU3n
KOHUMKa pa3pesa, CJaraeMbIX BBICOKOIO Mopsjka Majioctu. CoxpaHeHHe cJlaraeMbIX BBICOKOI'O IIOPSIIKA,
MaJIOCTH MOXKET OBITH WCIIOJIb30BAHO IJjIs PACIIMpPEeHusi O0JIACTH, B KOTOPOIl CIPAaBEIINBO ACUMIITOTHIECKOE
pelienue B pAgax.
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BBenenue

MioronapaMeTpUIecKuil aHaAJIN3 I0JIell HAIPAXKEHUI SBJISETCA BayKHBIM ACIIEKTOM HCCJIEIOBAHUII B COBpe-
MEHHOH MeXaHUKe pa3pyIIeHusl. DTUM BOIPOCAM MOCBSIMIAETCS OOJIBINOE KOJMIECTBO HccaenoBanuii [2-10].
B crarbe Hempkern ¢ coapropamu [1] u3yueHo HampsizkeHHO-71e(bOPMUPOBAHHOE COCTOSIHEE B OKPECTHOCTH BEp-
muHbl JedeKTa U TMPUBEICHO JBYUICHHOE PA3JIOXKEHNE MEXaHWIECKUX TMOoJjei. ABTOPBI C(OKYCHPOBAIN CBOE
BHUMAaHWE Ha BAUAHUN T-HampsKeHwi, Ha MeJTOCTHOE OMUCAHWE O/ HAIPSKEHW Y BEPIIUHBI OCTPON TPEIu-
Hbl. OIHAKO HAyYIHBIM COODIIECTBOM MPUHATO MPEJACTABICHUE O BAaXKHOU POJIM CJCAYIONHNX 3a T-HampsiKeHuem
caraeMbIX. Bo MHOrIX cTarbsix [2-10] 6BLIO MOKA3aHO, UTO C yBEJIMIEHHEM PACCTOSIHUS OT KOHUMKa JedexTa
3¢ deKT BIUIHUS BBICIINX PUOJIMKEHUI ycuauBaeTcsd. JlaHHAsi cTaTbhs MOXKET PACCMATPUBATHCS IMIPOJIOJIZKE-
ureMm paborsr Hemxern m coaBropoB. B Hacrosmeit pabore peajm3oBaHa TONBITKA y9IECTh BBICIIHE MTPUOJIN-
JKCHHUS B ACAMIITOTHYECKOM PA3JIOXKEHHN MEXaHWYCCKUX MOoJel, MHAYIMUPOBAHHBIX TPEIINHON B aHU30TPOITHON
IUTACTUHE C KYyOMYEeCKO KPUCTAJLINIECKON DPENIeTKOI.

1. Maremarndyeckasi IOCTAHOBKA 3aJIaY1

Paccymorpum 3amaty o0 IIOCKOM HAIPSI?KEHHOM COCTOSHHUHU 033 = 03 = 013 = 0 B ITACTHUHE W3 aHM30TPOII-
HOro MarepuaJsa. Torga o0oOIeHHbI! 3akoH ['yka mMmeer BT

€11 S11 Sz Sie o1
€2 | = | Si2 Soa Sz o2 |, (1.1)
€12 Si6 S26 Ses g12

rie €j,0;; — KOMIOHEHTbI TeH30pOB jedopMaliy U HAIpPSLKeHui, S;; — TEH30p HOJATIHBOCTH.

3aBUCAMOCTD ,D;e(bOpMaHI/II/I OT CMeIIEeHUA B IIJIOCKOCTH OIIMCBIBACTCA CJACAYIONIUM COOTHOIIIECHHEM, I'Ie U
U v — CMelleHusd B HaIIPABJACHUAX T1 U T2

ou ov ou ov

11 = 7,60 =7—,612=— + —. 1.2
1 (927}1 22 6$2 12 6$2 (927}1 ( )
Hedopmanum yI0BIETBOPSIOT YCJIOBHIO COBMECTHOCTH:
&% 0%e 0?%e
. 22 -0 (1.3)
0x3 O0x? 0x10x,
[IpencraBum nampsizkenust depe3 GYHKIUH DPU:
o 0 i 1.9
o = s ok = -, g = — . .
1 Ox3 = 0z? 12 0x10x5

Torya, MOACTABIsAS HAIDPSKEeHUsI B ypasHeHne coBMectHocTu (1.3) m umcrmosb3yst o6ofmennbrii 3akon [yka,
3aganubiii ypasaenueM (1.1), mosydum cieyiomee COOTHOIICHUE:
a4¢ 2596 64¢ + (25 2+ 566) 64¢ 25 84¢ + 51 a4¢ =0 (1 5)
v 55 1 a5a3 2916553 157 =0 .
oz} 03022 03023 01023 x4

L1t pernieHus ypaBHEHNS COBMECTHOCTH HCIOJIB3YETCst OBIIee pelieHne B BHJIE KOMILICKCKOIO HOTEHIHAJIA
¢ = ¢(2) ¢ KOMIUIEKCHOIl IepeMeHHON z = %7 + pxo. IlogcraBisds 1o ofmmiee perienne B ypasHeHue (1.5),
TIOJIYINM XapPaKTEPUCTUIECKOE ypPaBHEHHE:

511/L4 — 2516//"3 + (2512 + S@G)MQ — 285560+ S22 =0 (16)

S22

[TonyuuBiieecsi ypaBHeHHE OIpeIesisieT 3aBUCHMOCTh PEIIeHs OT MaTepPUaJbHBIX KOHCTAHT. KOpHHU 3TOro
XapPAKTEPUCTUIECCKOTO YPABHEHUS IMOKA3BIBAIOT BJIMSIHAE yIPYTOHl AHW30TPOIMHU HA DPEIIeHne ILIOCKON 3a1adn
TEOPUU YIPYTOCTH.

B mammHO#t cTarhe OymeM OmMPATHCA HA PE3YJIBTATHI MOJIEKYJISPHO-IMHAMUTIECKOTO WCCICIOBAHUST CBOUCTB
marepuasa, nposenennoro B makere LAMMPS. B cratpbe [11] 6buim mosyueHbl 3HAYMEHHST YIPYTHX MOYJIeit
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JIJIsT MaTepUaJIoB ¢ Kybudeckoit cuaronueit. Bocnombayemcs Tenzopom yrpyrux momayieit ['TIK-menu, onucannoit
MIOTEHIINAJIOM IIOT'PY?KEHHOI'O aToMa

162 115 115 0 O
115 162 115 0 O
115 115 162 0 O
0 0 0 81 0
0 0 0 0 81
0 0 0 0 0 81

o O o oo

roe 3HaveHus: mpeacrasaensl B ['la.
st Tensopa yupyrux mogysedi (1.7) Gbui HOIyueHbl CJIeyonye KOPHE XapaKTePUCTHIECKOTO yPABHEHUST

(1.6):
ji1 = 0.708728 + 0.705482i, 112 = —0.708728 + 0.705482i, ji3 = fir, jia = fio- (1.8)

Acuvnrorniaeckoe pasioKeHne MOJEHl HANDSAKEHUH, yIUTHIBAIONIEE AHU30TPOIMIO MATepHasa, MHOJAPOOHO
ommMcaHHOe B cTarbe [1|, mmeer Bum:

(_1)n+1+1 n (_1)'r7,+1+1 "
iy 2 (cosf + pgsind)z Tt — p2u, 2 (cosf + pysing)z !
011 i (=nntlys (=1l
022 | =2Re Z A rz1 2 (cosf + pgsin®)z =t —p, 2 (cosf + pysing)z 1
(C R " (C AR n
12 e <u2,u1 2 (cost + pasind)z =t — pypy 2 (cost + u1sin9)21>
(=DH"+1 . (=D"+1 "
sy 2 (cosf + pasind)z~t — pdu, 2 (cosf + pysind)z -
j(n+1)? (D™ 41 ) (GEDIE Y . n
+2Re Z B -1 py 2 (cosO+ posind) ™t — pu, 2 (cosh + pysing)z ,(1.9)
(=Ht1 n (GEbE 2} n
n=t — <,u2u1 2 (cosl + pasind) 2™t — pypuy 2 (cos + ulsin9)21>

rae An, B, — aMIUIUTYy/Hble MHOXKHUTEJIU II0JIsl HAIIPYKEHUIA.

[IpuBegem aMILIUTYHBIE MHOYXKUTEJIN B CJIydae OECKOHEYHON aHM30TPOIHON IJIACTUHBI C IEHTPAJIBLHON Tpe-
IAHON, IOJBEPrHYTON OJHOOCHOMY HArpPy2KEHUIO:

V2a V2a

Al = Tasana B = TU Sino cosa,

o , oRe(uy + p2) . .
Ay=—" [cos’a+ Re sin®a + \Re + , By=——"—"""="[sinacosa — A,
2 2 Tm(p + i) [ (p1p2) (1 Mz)} 2 2Im (i iz [ ]

3 3
Az = osina, B = ——osinacosa,
° 7 8v2a ° 7 8v2a

A2n+2 = BQn-‘rQ = 07 n= 172737

Ay ED) s’ [ 1x3x5x (20 -1)  3x5xTx..(20+1) o3
T8 (2a) s 2xdx6x.2n | Ax6x8x..(2nt2)| 00T
Boys = —1)n+1o-3in?400804 o Ix3x5x..(2n—1) n IxbxTx..(2n+1) =123

8(2a)"+t2 2x4x6x..2n 4x6x8x..2n+2)

rje A — KOHCTAHTA, OTHOCAINASICA K BPAIICHHMIO TeJia KaK abCONIOTHO TBEPAOro (MCC/IeJ0BAHUE HMPOBOIUIOCH
upu A = 0), & — yroJl HAKJIOHA TPEIIUHbI, ¢ — IIOJOBUHA JJIMHBI TPENIUHBI, 0 — [PUKJaJIblBaeMas K IJIACTUHE
HOpMaJIbHas Harpy3Ka.

2. Pe3ynbTaThl NCCIEI0BAHUS

IIpoBesmem wmcciemoBanme npyu NPUIOKEHWN K IIacTune omHoocHoro Harpyxkenms o = 50 I'lla ma paszmng-
HBIX 00e3pa3MEepeHHBIX IMOJIOBUHON JIMHBI Tperuabl a = 20 A paccrosiHusx OT BepImuHbI jedeKTa Mpu yrie
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Hakjona « = 0. Takue 3HavUeHWs] HATPY3KU U JJIHHBL JleheKTa O0OYCIOBICHBI JTAJIHHEHIIIM HAIPABICHIEM KC-
CJIe/IOBAHU, CBA3AHHBIM CO CPABHEHUEM IIOJIEH HAIPS?KEHUI Ha HAHOCKOIUYECKOM YDPOBHE C IPEJICTABICHHBIM
B crarbe Hemkern u cooBTopoB [1] aHaquTHYecKuM peleHueM i aHU30TPOIHBIX MATEPUAJIOB.

PaccmorpuM 3aBUCHMOCTH 011,012, 022 OT MOJIAPHOTO yIvia O NIpU yIEPXKAHUU PASJIUIHOIO KOJUIECTBA CJIa-
raembix Ha Oespazmepubix paccroguux - = 7 = 0.1,0.5,1.0,1.25. Ha pucymax 2.1-2.4 kpubble, 0003HaUEH-
Hble 1udpoit 1, MOKa3bIBAIOT paclpejie/ieHne KOMIIOHEHT TeH30pa HAIPS?KEHUH 011,012, 022 1IPU OJTHOUIEHHOM
ACUMIITOTUYECKOM OOODIIEHHOM PAa3JIOYKEHUHN Y UJIbsiMCa, KPUBasl 2 IPH JBYUWIEHHOM Da3JIOKEHHH M TaK JlaJee
10 7 ciaraeMoro. Tak»ke BHU3yaM3UpyeTCsl Da3jIoXKeHHe IIpu yaepxkauHuu 50 cilaraeMbIX, KOTOPOe MBI OyieM
CYUTATH TOYHBIM DPEIIeHUEM IOCTABJIEHHON 3a/1atu.

ITomumo BU3yasIbHOI OLIEHKM HaiijileM cpejHue abCOJIIOTHBIE U OTHOCUTE/IbHBbIE IorpemHocTd. s Kazkjoi
KOMIIOHEHTBI TEH30pa HAIPSKEHHUI pa3odbeM oTpe3oK § or —m jo 7w Ha 500 Toduek W oIpejiesinM CpeJiHue
OTKJIOHEHHSI OT aCUMIITOTUYECKOI'O PAa3JIOKeHUsl IpU yjepxKanuu H0 cjaaraeMbIX IO CJIEAYIONM (hOPMyIaM:

%| kn k,50| 5205)| kn k:,50|/| k,50|
] o] o ] o o] 0
A, = 0g,; = 100 % 2.10
7 500 ’ I 500 ’ ( )
k,n o —
rje 0,7 — KOMIIOHCHTA TEH30pa HANPsKeHUI 0j; NPH 3HAYEHUM IOJISIPHOrO yIya 0 = 0 upu yrep:kaHuum B
ACUMIITOTUYIECKOM PAa3JIOKEHUU 7 CJIAracMBbIX.
B Tabn. 2.1 — 2.8 mnpuBeseHbl cpejiHue abCOJIIOTHBIE U OTHOCUTEIbHBIE OTKJIOHeHWs KpuBbix N = 1..7
or kpuoit N = 50. Ilo gaHHBIM TAOJUIIAM MOYXKHO TOHSITH, UTO [JIsi JIOCTUYKEHWS Pe3yJibTara Tpedyemoii

TOYHOCTHU TIPU DOJIBIIEM YIAJEHUN OT BEPIIUHBI OCTPON TPEIUHBI HEOOXOINMO YIUTHIBATH OOJIbIIEE KOJIMIECTBO
PeryJIgpHBIX CJlaraeMbIX.
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B 0DODOIIIEHHOM ACHUMIITOTHYECKOM pelreHnn Ha paccrogamu i = 0.1
Fig.2.1. Angular distributions 11,012,022 for different numbers of terms in the generalized asymptotic solution

2.1. YryoBble pacupeiesieHust 011,012,029 NPHU YAEPKAHUU PATUIHOTO KOJUIECTBA, CJIATAEMbBIX

at a distance 7 = 0.1

Tabsma 2.1

Cpennue abGCOJIIOTHBIE OTKJIOHEHHUSI ACUMITOTHMYECKHUX Pa3JIoXKeHUii KOMIIOHEHT TeH30pa
HaIpsXKeHUil, coaepkainux n = 1..7 cjlaraeMbIX, OT Pa3JIOXKeHUs Npu yaepkanuu n = 50
cjaaraeMbIX Ha GespasmepHoM paccrostamu 0.1
Table 2.1

Average absolute deviations of the asymptotic expansion of the tensor components of voltages
containing n = 1..7 terms, from the expansion when holding n = 50 terms at dimensionless
distance 0.1

Kom-Bo craraembix | A,,,, I'lla | A, I'Tla | A,,,, I'lla
n=1 43.66 1.80 3.52
n=2 6.34 1.80 3.52
n=3 0.14 0.10 0.07
n= 0.14 0.10 0.07
n=>5 1.28-107% [ 1.26-1073 | 1.21-1073
n=20 1.28-1072 | 1.26-1073 | 1.21-1073
n= 1.26-107° | 1.14-10=° | 1.32-107°
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Tabsmma 2.2

CpeaHne OTHOCUTEJIbHBbIE OTKJOHEHUSI aCUMIITOTUYECKUX Pa3JIOoKEHWI KOMIIOHEHT TEeH30pa
HaIps>KeHn, cogepkamiux n = 1..7 cjlaraemMbIX, OT PAa3JIOXKeHHUsI MpU yaep>KaHuu n = 50
cjlaraeMbIX Ha Oe3pasmepHom paccrosHum 0.1
Table 2.2

Average relative deviations of the asymptotic expansions of the tensor components of voltages
containing n = 1..7 terms, from the expansion when holding n = 50 terms at dimensionless
distance 0.1

Kom-Bo cnmaraembrx | d,,,, % Op1a, 0 Oa, J0
n=1 1891.76 14.92 3.59
n=2 339.10 14.92 3.59
n=3 5.67 1.21 0.47
n=4 5.67 1.21 0.47
n=>5 0.05 0.02 0.01
n==6 0.05 0.02 0.01
n="17 460-107% 1 4.05-107* | 1.57-1071
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Puc. 2.2. Yrmosble pacnpeneneHuss 011,012,022 TPHA YAEPKAHAU PA3TATHOTO KOJUIECTBA CIATAEMBIX
B 0DODOIIEHHOM ACHMIITOTHYIECKOM pelreHnu Ha paccroguuu i = 0.5
Fig.2.2. Angular distributions 11,012,022 for different numbers of terms in the generalized asymptotic solution
at a distance 7 = 0.5

Tabauma 2.3

CpeaHue abCOJOTHBIE OTKJIOHEHHUS ACHMIITOTUYECKUX PA3JIOXKEHUH KOMIIOHEHT TeH30pa
HaIps>KeHni, cogepkamiux n = 1..7 cjlaraeMbIX, OT Pa3JIOXKeHUsI MpU yJaAep>KaHuu n = 50
cjlaraeMbIX Ha Oe3pasmepHoMm paccrosHuu 0.5
Table 2.3

Average absolute deviations of the asymptotic expansion of the tensor components of voltages
containing n = 1..7 terms, from expansion when holding n = 50 terms at dimensionless
distance 0.5

Kon-Bo cmaraembix | A,,,, I'lla | A,,,, I'lla | A,,,, I'lla
n=1 356.21 3.11 7.27
n=2 14.78 3.11 7.27
n=3 1.55 1.13 0.77
n=4 1.55 1.13 077
n=>5 0.07 0.07 0.07
n=>06 0.07 0.07 0.07
n="7 3.50-1073 | 3.22-1073 | 3.69-1073
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Tabsmma 2.4

CpeaHne OTHOCUTEJIbHBbIE OTKJOHEHUSI aCUMIITOTUYECKUX Pa3JIOoKEeHWI KOMIIOHEHT TEeH30pa
HaIps>KeHn, cogepkamiux n = 1..7 cjlaraemMbIX, OT Pa3JIOXKeHHUsI MpU yaep>KaHuu n = 50
cjlaraeMbIX Ha Oe3pasmepHoMm paccrosHuu 0.5
Table 2.4

Average relative deviations of the asymptotic expansions of the tensor components of voltages
containing n = 1..7 terms, from expansion when holding n = 50 terms at dimensionless
distance 0.5

Koun-Bo ciaraeMbixX | 05y, % | 0010y %0 | Sony, %
n=1 465.88 54.23 13.28
n=2 230.14 54.23 13.28
n=23 19.28 19.67 1.70
n=4 19.28 19.67 1.70
n=>=5 0.89 1.11 0.21
n==6 0.89 1.11 0.21
n="7 0.05 0.05 0.02
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Puc. 2.3. YrimoBble pactpeseieHus 011,012,022 IPU YIEPKAHUU PA3TUTHOTO KOJUIECTBA CJIATAECMBIX
B ODODOIIIEHHOM ACHUMIITOTHYECKOM pelleHnu Ha paccrogaun 7 = 1.0
Fig.2.3. Angular distributions o11,012,022 for different numbers of terms in the generalized asymptotic solution
at a distance 7 = 1.0

Tabauma 2.5

Cpennue abCOJIOTHBIE OTKJIOHEHUSI ACHUMITOTUYECKUX PA3JI0KEHUl KOMIOHEHT TEeH30pa
HaOpsi>KEeHuii, cogepkammux n = 1..7 cjaraeMbIX, OT Pa3JIOXKeHus npu yaepkaHuum n = 50
cjaraeMbIXx Ha Oe3pa3dmepHoOM paccrosiiuu 1.0
Table 2.5

Average absolute deviations of the asymptotic expansion of the tensor components of voltages
containing n = 1..7 terms, from expansion when holding n = 50 terms at dimensionless
distance 1.0

Kon-Bo cmaraembix | A,,,, I'lla | A,,,, I'lla | A,,,, I'lla
n=1 27.90 2.72 9.37
n=2 22.10 2.72 9.37
n=3 4.47 3.28 2.01
n=4 4.47 3.28 2.01
n=>5 0.41 0.41 0.39
n=~6 0.41 0.41 0.39
n="7 0.04 0.04 0.04
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Tabauma 2.6

CpeaHne OTHOCUTEJIbHBbIE OTKJOHEHUSI aCUMIITOTUYECKUX Pa3JIOoKEHWI KOMIIOHEHT TEeH30pa
HaIps>KeHn, cogepkamiux n = 1..7 cjlaraemMbIX, OT PAa3JIOXKeHHUsI MpU yaep>KaHuu n = 50
cjlaraeMbIX Ha Oe3paszmepHoM paccrosHuu 1.0
Table 2.6

Average relative deviations of the asymptotic expansions of the tensor components of voltages
containing n = 1..7 terms, from expansion when holding n = 50 terms at dimensionless
distance 1.0

Kom-Bo caraeMbrx | Og,,s %0 | Ooins 70 | Oonys %0
n=1 1110.08 | 115.09 21.58
n=2 998.25 115.09 21.58
n=3 152.77 118.64 4.30
n=4 152.77 118.64 4.30
n=>5 8.66 13.01 1.36
n==~6 8.66 13.01 1.36
n="17 1.51 0.98 0.31
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Puc. 2.4. YrmoBble pacrtpeseseHus 011,012,022 IPU YIEPKAHUU PA3TUTHOTO KOJUIECTBA CJIATAECMBIX
B ODODOIIEHHOM AaCHMIITOTUYIECKOM PeIleHnu Ha paccrosauu 7 = 1.25
Fig.2.4. Angular distributions o11,012,022 for different numbers of terms in the generalized asymptotic solution
at a distance 7 = 1.25

Tabauma 2.7

Cpennue abCOJIOTHBIE OTKJIOHEHUSI ACHUMITOTUYECKUX PA3JI0KEHUIl KOMIOHEHT TEeH30pa
HaOpsi>KEeHUii, cogepkammux n = 1..7 cjaraeMbIX, OT Pa3JIOXKeHus npu yaepkanuum n = 50
cjlaraeMbIx Ha Oe3pa3MepHOM paccrossHum 1.25
Table 2.7

Average absolute deviations of the asymptotic expansion of the tensor components of voltages
containing n = 1..7 terms, from the expansion when holding n = 50 terms at dimensionless
distance 1.25

Kon-Bo cmaraembix | A,,,, I'lla | A,,,, I'lla | A,,,, I'lla
n=1 24.57 2.11 10.06
n=2 25.42 2.11 10.06
n=3 6.31 4.65 2.67
n=4 6.31 4.65 2.67
n=>5 0.73 0.73 0.68
n=>06 0.73 0.73 0.68
n="7 0.09 0.09 0.09
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Tabauma 2.8

CpeaHne OTHOCUTEJIbHBbIE OTKJOHEHUSI aCUMIITOTUYECKUX Pa3JIOoKEeHWI KOMIIOHEHT TEeH30pa
HaIps>KeHn, cogepkamiux n = 1..7 cjlaraemMbIX, OT Pa3JIOXKeHHUsI MpU yaep>KaHuu n = 50
cjlaraeMbIX Ha Oe3pa3zmepHoOM paccrosHum 1.25
Table 2.8

Average relative deviations of the asymptotic expansions of the tensor components of voltages
containing n = 1..7 terms, from the expansion when holding n = 50 terms at dimensionless
distance 1.25

Kom-Bo caraeMbIX | Ogyys %0 | Ooras 20 | Oopys 0
n=1 1535.34 76.01 25.03
n=2 2424.37 76.01 25.03
n=3 664.48 129.54 5.76
n=4 664.48 129.54 0.76
n=2> 46.65 20.24 2.60
n==6 46.65 20.24 2.60
n=7 5.09 3.26 0.74

BriBoanbl

ITo npuBeeHHBIM pe3yJIbTaTaM BUJIHO, YTO IIPU yBEJUYEHUU KOJIMIECTBA YIEPKUBAEMbBIX CJIAIaeMbIX BBICO-
KOI'0O TOPSiJIKA MaJjIOCTH YMEHBIIAITCs aDCOJIIOTHBIE U OTHOCUTEJIbHBIE MOTPEITHOCTH, 8 TAKKe [PU YBeJIMIeHUN
paccTosHusS OT KOHYHUKA sedeKTa HeOOXOAMMO YIAEPXKHUBATH OOJIbIIee KOJUYIECTBO CJIATaeMbIX B ODOOIEHHOM
ACHMIITOTUIECKOM PA3JIOKEHUN TI0JIsT HANPSPKEHWH B OKPECTHOCTH BEPINUHBI TPENIWHBI JIJIs JIOCTUXKEHUS Heob-
XoauMoit TouHOCTH. JaHHBIN aHAMN3 OBLI IPOBEJIEH JIJIsi TOHUMAHUS TOTO, CKOJIBKO CJIATA@MbIX HYXKHO YJ/IEDPXKH-
BaTh B IIPEJICTABJEHHOM AHAJUTHIECKOM PEIIeHWM [IPU CPABHEHUM €r0 C pe3y/IbTaTaMH MOJIEKYJISpPHO-IMHAMU-
YECKOI'0 MOJIEJINPOBAHUS IMOJIeil HAIIPSIYKEHUI IIACTUHBI C IEHTPAJIBHON TPENIUHOM, UTO ABJISIeTCs 1A bHENAITIM
HaIpaBJICHNEM WCCJIEIOBAHUI.

JImreparypa

[I] Nejati M., Ghouli S., Aytollahi M.R. Crack tip asymptotic fields in anisotropic planes: Importance
of higher order terms // Applied Mathematical Modelling. 2021. Vol. 91. P. 837-862. DOL:
http://dx.doi.org/10.1016/j.apm.2020.09.025.

[2] Stepanova L.V., Belova O.N. Coefficients of the Williams power expansion of the near crack tip stress field in
continuum linear elastic fracture mechanics at the nanoscale // Theoretical and Applied Fracture Mechanics.
2022. Vol. 119. Article number 103298. DOI: https://doi.org/10.1016/j.tafmec.2022.103298.

[3] Stepanova L.V., Belova O.N. Stress intensity factors, T-stresses and higher order coefficients of the Williams series
expansion and their evaluation through molecular dynamics simulations // Mechanics of Advanced Materials
and Structures. 2023. Vol. 30. Issue 19. Pp. 3862-3884. DOLI: https://doi.org/10.1080/15376494.2022.2084800.

[4] Rashidi Moghaddam M., Ayatollahi M., Berto F. The application of strain energy density criterion to fatigue
crack growth behavior of cracked components // Theoretical and Applied Fracture Mechanics. 2017. Vol. 97.
Pp. 440-447. DOI: https://doi.org/10.1016/j.tafmec.2017.07.014.

[5] Razavi M.J., Aliha M.R.M., Berto F. Application of an average strain energy density criterion to obtain the mixed
mode fracture load of granite rock tested with the cracked asymmetric four-point bend specimen // Theoretical
and Applied Fracture Mechanics. 2017. Vol. 97. Pp. 419-425. DOI: https://doi.org/10.1016/j.tafmec.2017.07.004.

[6] Lakshmipathy T., Steinmann P., Bitzek E. LEFM is agnostic to geometrical nonlinearities arising
at atomistic crack tips // Forces in Mechanics. 2022. Vol. 9. Article number 100127. URL:
https://arxiv.org/pdf/2208.11462.pdf.

[7] Chandra S., Kumar N.N., Samal M.K., Chavan V.M., Patel R.J. Molecular dynamics simulation of crack growth
behavior in Al in the presence of vacancies // Computational Materials Science. 2016. Vol. 117. Pp. 518-526.
DOLI: https://doi.org/10.1016/j.commatsci.2016.02.032.

[8] Andric P., Curtin W.A. New theory for Mode I crack-tip dislocation emission // Journal of Mechanics and
Physics of Solids. 2017. Vol. 106. Pp. 315-337. DOI: https://doi.org/10.1016/j.jmps.2017.06.006.

[9] Gao Y.-J.,, Deng Q.-Q., Huang L.Ye, Wen Z.C., Luo Zhi-R. Atomistic modeling for mechanism of crack
cleavage extension on nano-scale // Computational Materials Science. 2017. Vol. 130. Pp. 64-75. DOL:
http://dx.doi.org/10.1016/j.commatsci.2017.01.003.



Mywanrosa K.A., Cmenanosa JI.B. Bausnue caaz2aemur 6biCOK020 NOPAOKA MAAOCTIU 6 PEUweHuU, 0b6obusarowem noodroo ...
38 Mushankova K.A., Stepanova L.V. Influence of high-order terms in a solution generalizing the Williams approach ...

[10] Cui C.B., Beom H.G. Molecular dynamics simulation of edge cracks in copper and aluminium
single crystals // Materials Science and Engineering: A. 2014. Vol. 609. Pp. 102-109. DOL
https://doi.org/10.1016/j.msea.2014.04.101.

[11] Mymankosa K.A., Crenanosa JI.B. MoJeky/sipHO-IMHAMUYECKOE MOJEJMPOBaHMe [0JIefl HAUpsUKeHHd B
IJIACTHHE C NEHTPAJIBHOW TPEIMUHOW W3 MaTepUajioB C TI'PAHENEHTPUPOBAHHON KybOudeckoil permeTkoi //
Becrauk Camapckoro ymnuBepcurera. EcrectBennonayunasi cepus. 2021. T. 27, N 4. C. 68-82. DOLI:
https://doi.org/10.18287/2541-7525-2021-27-4-68-82.

[12] Xemnan K. Beenenme B Mexanwky paspymenuss / mep. ¢ amria. Mocksa: Mwmp. 1988. 364 c. URL:
https://libcats.org/book/449703.

[13] Stepanova L.V., Roslyakov P.S. Multi-parameter description of the crack-tip stress field: analytic determination
of coefficients of crack-tip stress expansions in the vicinity of the crack tips of two finite cracks in an
infinite plane medium // International Journal of Solids and Structures. 2016. Vol. 100-101. Pp. 11-28. DOL:
http://dx.doi.org/10.1016/j.ijsolstr.2016.06.032.

Scientific article
BY

DOLI: 10.18287/2541-7525-2023-29-2-30-40 Submited: 16.02.2023
Revised: 22.03.2023
Accepted: 30.06.2023

K.A. Mushankova

Samara National Research University, Samara, Russian Federation

E-mail: karinamushankova@yandex.ru. ORCID: https://orcid.org/0000-0002-6081-1169
L.V. Stepanova

Samara National Research University, Samara, Russian Federation

E-mail: stepanovalv2015Qyandex.ru. ORCID: http://orcid.org/0000-0002-6693-3132

INFLUENCE OF HIGH-ORDER TERMS IN THE SOLUTION
GENERALIZING THE APPROACH OF M. WILLIAMS, TAKING INTO
ACCOUNT THE ANISOTROPY OF THE MATERIAL?

ABSTRACT

The research is devoted to the study of the stress field at the crack tip in an anisotropic material with
three mutually orthogonal axes of symmetry of the fourth order (with cubic symmetry). A plane case is
considered when one of the axes of symmetry is orthogonal to the cracked plate, and the remaining two
axes lie in the plane of the plate. The paper presents an asymptotic analysis of the contribution of higher
approximations in the generalized asymptotic decomposition of mechanical fields near the crack tip in a
linearly elastic anisotropic material with cubic symmetry of its elastic properties. In the article, based on
the obtained solution of M. Nejati and co-authors for an infinite anisotropic plate with a central crack,
circumferential apportionments of the stress tensor components at the crack tip at various distances from
the crack tip are constructed, which makes it possible to estimate the contribution of non-singular (regular)
terms to the general asymptotic representation of mechanical fields generated by an acute crack. In the work
of M. Nejati, the contribution of exclusively T-stresses is analyzed, then, as shown in this work, the terms
following the T-stress play a significant role in describing the fields induced by the crack. A comparison of
the angular distributions of the stress tensor components constructed at different distances from the crack
tip indicates that with the increase of distances from the crack tip, it is required to preserve in asymptotic
series representing stresses, displacements and strains near the tip of the crack, the terms of high order of
smallness. The preservation of the terms of high order of smallness can be used to expand the domain in
which the asymptotic solution in the series is valid.

Key words: asymptotic expansion; stress fields; cubic syngony; high-order terms.
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ABSTRACT

In this paper, we prove the action of the compact group G defined by the stratified space X is continuous
to the space Z(X) being a stratified space containing the self-stratified space X as a closed subset. An
equivariant analogue of some results of R. Cauty concerning A(N)R(S) — spaces is proved. It is presented
that the orbit space Z(X)/G by the action of the group G is a S space.
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Introduction

In the category of stratifiable spaces and continuous images, we include one construction belonging to
the test space [1; 2] that defines the covariant functor in this category. This construction defines the functor
that allows each stratified space X to be immersed in a closed manner into some other space Z(X), which
is the stratified space with "good" functorial, geometric and topological properties.

A stratifiable spaces can be defined of as topological space that is divided into smooth manifolds. Then
a stratification in this context [3] is a structure associated with the emergence of closed sets, which is
locally a decomposed space. This is what [4] refer to as a “germinal stratification". Each decomposed space
causes a bundle of germs-stratifications, hence the concepts are consistent. Another notion of stratification
can be found in [4], where the boundary conditions are slightly different. Stratifiable spaces always admit
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tangent bundle. They are relevant because they are really singular, while the usual vector bundle is not [5].
Families of examples and applications [6; 7] arise from smooth equivariant vector bundles. The next main
motivation for developing stratifiable vector bundles is to use them for quantization purposes. In particular,
in the Kostant—Suriot—Weyl quantization picture, three components of the initial data are required: a
symplectic manifold, a complex linear bundle with a connection, and polarization, all of which satisfy various
compatibility conditions [8]. Therefore, it is relevant to consider and define theorems for equivariant properties
of spaces over a stratifiable space.

Let X be a stratified (briefly, S—space) space. For each open subset U of the space X and any point
x € U of the set U we put:

a) n(U,z) = min{m : x € U,,}, where U = U, Ug;

Obviously, the set U, is an open neighborhood of the point = and U, C U. The set U, has the following
properties:

1°. U, is an open neighborhood of the point ;

2°0. If U, NVy #0 and n(U,z) < n(V,y) then yeU.

3. I U,NV, #0 then z €V or y e U.

Let X be the topological space, |F(X)| be a complete simplicial complex whose vertices are points in
the space X, i.e. |F(X)O| = X. The space |F(X)| has a weak topology. Now we define the topology on the
space |F(X)|, the bases of open sets of which we denote by Z(X) consists of W open in F(X), satisfies
following conditions:

ol. WNX is an open in X;

02. |[F(WnNnX) cw,

i.e. 7zx) ={W € 1jp(x) : W satisfies the conditions ol-02}.

Condition 02 means that every simplex o € F(X) is contained in W if all vertices of this simplex o lie
entirely in W N X.

1. Main results

For the subset A C X, the set F'(A) is a subcomplex of the full complex F(X) and Z(A) is a subspace
of the space Z(X). Obviously, Z(A) is closed in Z(A) if A is closed in X.

For each n € Z, = NU{0} we put Z, (X)=|F(X)"| Z,(X) is a subspace of Z (X). Then Zy(X)= X
and Z(X)=U,",Z, (X). It is easy to see that for any n € Z, the subspace Z,(X) is closed in Z(X).

Let us introduce the following notation:

T(A)={oc e F(X)\F(A): 0N A # 0};

M(A) ={z € Z(X) : exists 0 € F'(A) such that x(c) > 0};

T, (A) = T(4) 0 (POO)™ F(X)" )

M,(A)=Z(A)U(M(A)NZ,(X);

For each ¢ € (O,l)T(A) and for each n € N, define the set:

M(A,) = Upez, M, (A,¢),

where My(A,e) = Z(A) = |F(A)| and M, (A,e) = Z(A)U{o(e(o)) Nr Y (M,—1(A,€)) : 0 € T,,(A)}. Then the
equality M(A,e) N X = A holds.

For each open set U of the space X, the set M(U,¢) is open in Z(X). In this case, the family #(M) =
={(U,e): U is open in ¢ € (071)@{)} is an open base of the space Z(X).

Therefore, if for every n € N and every ¢ € (0,1)T1(A)UT2(A)U“‘UT"(A) the set M, (A,¢) is defined, then
the family

B(M) ={M;,(U,e)}:U is open in X and ¢ € (071)T1(U)} is an open base for Z;(X), i.e. the following
holds.

Lemma [9]. Families {M(U,¢):U is open in X and ¢ € (0,1)7W} and {M;(U,e): U is open in X and
£€(0,1)71)} is the base of the space Z(X), (respectively, the space Z;(X)).

In the work [2] R. Cauty claimed that for the space Z(X) the following are true:

a) Each continuous map f: A — Y, where A is a closed subset of the stratified space X, has a continuous
extension to all X with values in Z(Y): that is, the following diagram holds

ALy
~ N~
x L ztv)

fla=f X Ye€S.
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b) The stratifiable space X is AR(S) (ANR(S)) if and only if X is a retract (respectively, a neighborhood
retract) of the space Z(X).

Definition [6]. A topological space L is called hyper-connected (respectively, m -hyper-connected) if for
each i € N, there is a mapping h; : L' x 0'~1 — L satisfying a, b and c (respectively, a, b and d):

a) t€o™ ! and t; =0 implies h,(z,t) = hy,_1(6; - x,5; -t) for each z € L™ and n=2,3,...

b) For each x € L™ the mapping t — L,(z,t) maps the sets "' to L continuously;

¢) For each z € L and a neighborhood U of =z, there is a neighborhood V of z such that (J;2, h;(V* x
x o™ CcU and V C U;

d) For each z € L and a neighborhood U of the point =z, there is a neighborhood V of the point x such
that (J;_, hi(V'xo" ') CU and V C U, where o" ' ={t € R* : Y | t; = 1,t; > 0} - (n—1) is a dimensional
simplex a 6; : A" — A"~! mapping defined by the formula &;(ay,as,...,a,) = (a1,az2,...,0i_1,0i11s-- -, 0p)
i=1,n, i.e. §; — "forgetting” i-th coordinate of the product.

A space L is said to be a locally hyper-connected if for each point x € L, there exists a neighborhood
V' of the point x such that V is hyper-connected.

In the paper [2] R. Cauty proved that X € A(N)R(S) if and only if X is hyperconnected (respectively,
locally hyperconnected).

Theorem 1. For an arbitrary S-space X, the space Z(X)\X is a AR(S) space.

Proof. Let n € N. We construct mapping hy(21,...,2,,t) : (ZX\X)" x 0"} — ZX\X assuming
hn(Zl, 2250y Zn)(tl,tg, C ,tn) = Z?:l Zits, where (Zl, 29y Zn) € (ZX\X)n, (tl,tg, Ce ,tn) S O'nil,
St ti=1,4>0.

It is easy to show that h,((z1,...,2n) xt) € Z(X)\X.

Now we show that the space Z(X)\X is hyperconnected.

a) Let t € o™t t = (t1,t2,...,t;_1,0,tix1,tir2,..., tn). Then

hn(2’7t) = hn((zl, Ry eeey Zn)(tl, tQ, e 7ti—17 0, ti+1,ti+2, ey tn) = (t121+ t22’2+. . -+ti—1zi—1+ ti+1zi+1+
+ .. tnzn) = hn,l((zl, B2y v ey Zi—1y%45 Zit1lyees Zn)(tl,tg, . ,tn)) = hn,l(éiz, 5lt)

b) We fix 29 € (Z(X)\X)", 20 = (2,29,...,29), 20 € ZX\X.

Hence 29 = Z%Zl mi, xt, Zil:l mt =1, mi > 0.

Let t € o™, then t — hy,(20,t) =Y 1 tizd = ¢ 221:1 Ty, + to 222:1 [ S S Zéc’”zl wiay; Let us
put tip; =ai, 20, p; 20, a;; 20, i=1,n, j=1,...,ln, Zij ai; = 1. Hence, we get Y1, 2?:1 aijx§.
Consider the set Xo = {a’ : 1,7}

In this case, point h(zg,t) € Z(Xo), i.e. there is a simplex o lying in Z(Xy) whose vertices consist

of points of the set Xy. On the other hand, if we consider the simplex o™~ with vertices 2{,...,29, i..
o0t =(29,29,...,2%). The mapping h,(z,t) with continuity in the argument ¢ or the mapping t — hy(z,t)

completely covers the simplex 08_1, i.e. the mapping ¢t — h,(z,t) as a homeomorphism maps ¢" ! to z(’f_l.

Hence, the mapping t — h,(z,t) is continuous.

c¢) Let zp € Z(X)\X and U,, be an arbitrary neighborhood of the point zy in Z(X)\X. Consider suppzy =
= {x1,22,..., 2} the support of the point zy of the space Z(X)\X. Then zy € (x1,x2,...,2) = 0. By the
definition of topology in the space Z(X)\X, the set V! = o(U,, is open. Consider a set V of the form
{z € oNU,, = V! : segment [z, 29] C V'}. Obviously, the set V is open and convex. By definition, the following
takes place: V C V! C U,,. Note that if z € (Z(X)\X)", 2z = (21, 22,...,2,) and suppz; C A, A C X, then
supp hn(z,t) C A. If V is convex, then the maps h,(z,t) by definition maps V"™ x ¢"~! to V. Therefore, the
following holds: |, ; hn(V™ x ¢™~1) C U. Hence, the space Z(X)\X is hyperslash. By virtue of R. Cauty’s
theorem [1], we obtain that Z(X)\X is AR(S). Theorem 1 is proved.

Theorem 2. The finite product of A(N)R(S) spaces is A(N)R(S) spaces. Theorem 2 is proved in [6].

Let X be a topological space, G is a topological group 6 : G x X — X is a continuous mapping such
that

(1) 6(g,0(h,x)) = 0(gh,x) for all he G and z € X;

(2) 6(e,x) =z for all z € X, where e is the unit of the group G.

The mapping 6 is called the action of the group G on the space X. The space X with a fixed action
0 of the group G is called a G-space.

A set A is called invariant under the action of the group G (or G-invariant) if G(A) = A, where G(A) =
={g(z) : g€ G,z € A}.

For g € G, we define the mapping 6, : X — X by the formula 6,(z) = g(z) = 6(g, x). By virtue of (1) or
(2) we have 6,506, =0y, and 6. is the identity mapping 1x of the space X into itself. Thus, 6,06, 1 =
= 0. = 1x = 041 - 0, therefore, for g € G, the mapping 0, is a homeomorphism of the space X onto
itself.
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An action 0 is called effective if Kerf) = e (i.e., the mapping 6 is injective), where Kerf = {g € G : g(z) =
=z} for any x € X the kernel of the action of 0, and is almost effective if Kerf — is a discrete subgroup
of the group G. Obviously, the kernel Kerf is a normal divisor of the group G and is closed in G.

We note, that some of the supporting statements were considered in the articles [10-14].

Definition [15]. Let X and Y be G—spaces.

The mapping ¢ : X — Y is called an equivariant mapping (or G-mapping) if ¢ commutes by actions,
ie. p(g(x)) =glp(x)) for all g€ G and all z € X.

For a fixed group G, the class of G-spaces is a class of objects of a certain category, whose morphisms
are called equivariant maps.

An equivariant mapping ¢ : X — Y that is a homeomorphism is called the G -equivalence of G -spaces.

Note that if we denote by Homeo(X) the group (with respect to, composition) of all homomorphisms of
the space X onto itself. The mapping g — 6, defines a homeomorphism 6 : G — Homeo(X).

Let X be some G space, and let z € X. The set G, = {g € G : g(z) = x} of elements of the group, for
which z is a fixed point, is obviously a closed subgroup of the group G. This subgroup G, is called the
stationary subgroup (or the stabilizer of the point x).

On the other hand, note that kerf is exactly [|,.y G, ie. kerf = .y Ga.

The action of the group G on the space X is called free if for any point € X the subgroup G, is trivial.
An action is called semi-free if the stationary subgroup G, of any point x € X is either trivial or is the
whole of G. Take x € X. The subspace G(z) = {g(z) : g € G} is called the orbit of the point x (with respect
to the action of the group G). Note that G(z) C X for any € X and for points = and y the sets G(z) and
G(y) either do not intersect each other or coincide, i.e. G(z)(G(y) =0 or G(z) = G(y) for any z,y € X.
By X\G = {G(z):z € X} we denote the orbit set of G—space X. Let m = mx : X — X/G— be a natural
mapping, associating the point = and the orbit z* = G(x). Then X\G is endowed with the quotient topology
in the usual way (i.e., the set U C X\G is open if and only if 771(U) is open in X ), and the resulting
topological space is called the orbit space. Note that if U C X is open, then the set G(U) = Ugeg g(U) is
open, since each of the sets g(U) = 0,(U) (recall that 6, : X — X is a homeomorphism).

Therefore, for an open U C X, the set 7 'w(U) = G(U) is also open, which by definition means that
the set m(U) is open in X\G. Hence the projection n: X — X/G is a continuous open map.

Theorem [15]. Let the group G be compact and X is some G— space. Then

(1) the space X\G is Hausdorff;

(2) The projection 7 : X — X/G is a closed map;

(3) The projection m : X — X/G is a proper mapping (that is, the preimage of any compact set is
compact);

(4) The compactness of the space X is equivalent to the compactness of the space X\G;

(5) The local compactness of the space X is equivalent to the local compactness of the space X\G.

Let X be a stratified G -space that is the topological group G acts on the space X, i.e. there is a
continuous mapping (G, X): G x X — X defined by the formula: (g,z) = gx. On the test space Z(X), the
action of the group G is defined as follows: (G, Z(X)):GxZ(X) = Z(X) g€ G, z€ Z(X), z = Zle m;Ts;,
Zle m; =1, m; 20 (g,2)=g-2= Zle m;g(x;). Thus, the space Z(X) is a G— space. It is easy to see
that the space X in the G space Z(X) is an invariant G-subset, i.e. if z € X, then g(z) =z € X.

Thus, the following holds.

Theorem 3. A continuous action of the group G defined on the space X extends continuously to the
entire space Z(X). Take the point z = Zle m;T;, m; = 0, Zle m; =1,
k k
then Gz:{gz:gEG , g2 =9y, miT; =Y. mgT; }
i=1 i=1
Obviously, GZ = G"nlﬁ‘i‘-u"t‘mkﬁ = {mlng + ...+ mkng g€ G}
Note that Z(X/G) = Z(X)/G and is invariant in Z(X/G).
X% x /G z— Gy
i i
Z(X)Ta3Z(X) )G z— G,
In his paper [9] Cauty proved the following

Lemma 1.2 [1]. Let X be a topological stratified space. If Y € S and A C Y— is closed and
f:A— X is continuous, then the mapping f has a continuous extension f:Y — Z(X).

Lemma 1. Let X be a topological stratified G— space, A CY a closed G— invariant subset, f: A — X an
equivariant continuous mapping, when the mapping f has a continuous equivariant extension f:Y — Z(X).
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Proof. Let A be a closed subset of the space X. We put W =X\A. W/ ={zeW:2€U,,y€ A and
U is open in X} and m(z) =max{n(U,y):y € A and z € U,}. Obviously, W/ C W and for every z € W’
there is m(z) < n(W,z) < co.

Let W=Y\A W ={zeW:2e€U,,yc A and U is open in X}. Consider the open covered W* =
= {W, : x € W} subspace W. Since the subspace W is paracompact, there exists a locally finite G— cover V'
inscribed in W*.

For any v € V, we fix a point (vertex) x, € W such that gz, = z4,, where g € G. If a point z, € W’ we
fix such a point (vertex) a, € A and an open set S,,a, € S, such that x, € (Sv)av and n(Sy, a,) = m(z,)
and ga, = agy. If 2, €W’ we put a, fixed ag € A. Let {P, : v € V} be partition of unity subordinate to V'
and P,(x) = Py,(g9z). The required continuation F':Y — Z(X) is defined as follows:

_ fx); ifreA
””‘{za@»ﬂm,uwew

a) Now we show that the mapping F:Y — Z(X) is equivariant, i.e. gF(z) = F(gx), where g € G.

1) If the point x € A, due to the invariance of the set, we have, gF(z) = gf(z) = f(g9z) = F(gz).

2) Let the point € W then we have gF(z) =g (Py(z)- f(ay)) =Y Py(x) - gf(ay) = > Py(z)f(agy).

Flgz) = Y. Poug(@) - F(ags) = 3 Pula) flag).

Hence, gF(z) = F(gx) i.e. the mapping F' is equivariant.

b) Due to the -invariance of the closed set A and the simpliciality of a certain mapping F : Y — Z(X),
the mapping F(z) is continuous.

Lemma 1 is proved.

By Lemma 1 and Theorem 1, we have

Theorem 4. The space X € G A(N)R(S) if and only if there is a G—retraction r (neighborhood) G—
space Z(X) on the G— space X.

Lemma 2. Let X € A(N)R(S). Then there is a G— retraction R, : O(X™) — X™ such that G C S™
and n € N such that O(X™) is a neighborhood X" to  Z(X™).

Proof. Let X be ANR(S)— space. It follows from the results of R. Cauty that there is a retraction
r: U — X, where U is a neighborhood of the space X in Z(X). We put V = (r")""(U"), where
V C(Z(X)", U — X7, U C (Z(X)"

Now we define the mapping ¢ : Z(X") — (Z(X))" as follows: z € Z(X"), z = Zle m;T;, T; =
= (2%, 2h,..., x1). We put @(2) = (X mxt Somixh, ..., S myxi). Obviously, ¢(z) € (Z(X))". Tt is easy to
check that the mapping ¢ : Z(X") — (Z(X))" is continuous. We put R,, = r"™ op and ¢ 1 (V) =O( Z(X")).

Hence R, : Z(X"™) — X™. Now we show that R, is an equivariant mapping, i.e. the equality R,(gz) =
= gR,(z) holds.

Rn(g2) = r"(p(g2)) = r"(e(3omigzi)) = " (e mig(zy ...,27))) =
— (oD ma@ly, ey @) = (S 7)) = (g(Smy @) = g Ym, 77) = gRa(2).
Hence, the mapping R,, is equivariant. It is easy to check that R, is a continuous retraction.
Lemma 2 is proved.

Theorem 5. Let X € A(N)R(S). Then X" € G — A(N)R(S), where G C S™ — is a subgroup of the
group of all permutations.

Proof. Let X € A(N)R(S) and Y be a stratified G—space, A its closed invariant G— subset, f: A — X"
is an arbitrary continuous G—mapping. Let O = ¢~ 1(O(Z(X™))). We put F, = For™, r" = RI'— the Cartesian
product of retraction R, defined by Lemma 2, F': Y — Z(X™) mapping defined in Lemma 1.

Then the mapping Fy is a G extension, since Fj is the composition of two G mappings F and rY.

Obviously, Fj is an extension of the mapping f.The theorem is proved.
This theorem implies

Corollary 1. If X is a G— space and X € A(N)R(S) then X € G — A(N)R(S).
By virtue of Lemma 1, we can also assert.

Corollary 2. Let X be a topological stratifiable G—space. If Y is a stratified G—space A is an invariant
G—space, f: A— X|G is an equivariant mapping. Then f has an equivariant continuous extension F :Y —
Z(X/QG).

Corollary 1 implies.

Corollary 3. If X € G — A(N)R(S), then X/G € G— A(N)R(S5).
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X, -
%2
Fig. Nlustrations to theorems: a — zo(x) — x; b — z1(x) — segments, vertices — point X (one-dimensional
simplices); ¢ — z2(x) — triangles, vertices — points X (two-dimensional simplices; d — z3(x) — tetrahedra,
vertices — points X (three-dimensional simplices)
Puc. Wuniocrpaiuu K teopemam: a — zo(x) — x; b — z1(x) — orpeskn, BepmmHbl — TOYKH X (OJHOMEpHBIE
CHMILIEKCHI); ¢ — 22(x) — TpPEyroJbHUKM, BepmmHbl — TOUkH X (IAByMepHble cuMmIiulekchl; d — z3(z) —

TeTpa3/pbl, BEPIIUHbBI — TOYKHN X (TpeXl\leprIe CI/IMH.HEKCI)I)

Definition [13]. The set A C X is called homotopically dense in X if there exists a homotopy h(z,t):
X % [0,1] = X such that h(z,0) =idx and h(X x (0,1]) C A.

Theorem 6. For any stratified space X and for any n € NT subspace Z(X)\Z,(X) is homotopically
dense in Z(X).

Proof. Let X is the stratified space and n € NT. Fixing the point 29 € Z(X)\Z,(X), where zy €<

T1,T2, .y Tpg1 > and
20 = MYT1 + M3T2 + ... + Moy 1 Tnt1,

thus suppzo = {T1,%2, ..., Tnt+1}. We will construct the homotopy h(z,t): Z(X) x [0,1] — Z(X), assuming
h(z,t) =tzo + (1 —t)z.

By virtue of the convexity of the space Z(X) for any z € Z(X) and t € [0,1] the point h(u,t) belongs
to Z(X), that is h(u,t) € Z(X), Vz € Z and Vt € [0, 1].

If £t =0, then h(u,0) =z, that is h(p,0) = idz(x).

If ¢t >0 and t <1, then h(u,t) =tz + (1 —t)z belongs to Z(X)\Z,(X) because the carriers supph(u,t)
of point h(u,t) consist of at least m + 1 points, that is

h(p,t) =tzo+ (1 —t)z =

= t(m{Z1 + mTo + ... + MY 1 Tnp1) + (L= )(mIT) + miTh + ... + m)T),) € Z(X)\Zn(X),
the point h(u,t) carrier consists of points z and zg carriers, and it consists of different (n+1) points. So the

point A(z,(0,1))CZ,(X) and h(z,(0,1]) C Z(X)\Z,(X), which was required to be proved. The theorem is
proved.

Conclusion

In this paper we consider that the functor Z is open, normal and monadic in the category of stratified
spaces and continuous maps to itself. The dimensional properties of the space Z(X) for the stratified space
X are also studied, the subfunctor of the functor Z with the corresponding nested dimension is determined
for each n.



Zhuraev T.F., Dolgopolov M.V. Equivariant properties of the space Z(X) for a stratifiable space X
46 2Kypaes T.D., Honrzonoroe M.B. Oxeusapuarmuvie ceoticmea npocmparcmsa Z(X)...

References

[1] Borges C.R. On stratifiable spaces. Pacific Journal on Mathematics, 1966, vol. 17, no. 1, pp. 1-16. DOL
https://doi.org/10.2140/PJIM.1966.17.1.

[2] Cauty R. Retractions dans les espaces stratifiables. Bulletin de la Societe Mathematique de France, 1972, vol.
102, pp. 129-149. DOI: https://doi.org/10.24033 /bsmf.1774.

[3] Pflaum Markus J. Analytic and geometric study of stratified spaces. Contributions to Analytic and Geometric
Aspects. Part of the book series: Lecture Notes in Mathematics. Vol. 1768. Berlin: Springer-Verlag, 2001. DOI:
https://doi.org/10.1007/3-540-45436-5.

[4] Crainic M., Mestre Joao Nuno. Orbispaces as differentiable stratified spaces. Letters in Mathematical Physics.
2018. Vol. 108. Pp. 805-859. DOI: https://doi.org/10.1007/s11005-017-1011-6.

[5] Ethan Ross. Stratified Vector Bundles: Examples and Constructions. 2023. DOL:
http://dx.doi.org,/10.48550/arXiv.2303.04200.

[6] Borges C.R. A study of absolute extensor spaces. Pacific Journal on Mathematics, 1969, vol. 31, issue 2,
pp. 609-617. DOIL: https://doi.org/10.2140/PJM.1969.31.609.

[7] Borsuk K. The theory of retracts. Warsawa: [Pan?stwowe Wydawn. Naukowe|, 1971. 251 p. Available at:
https://archive.org/details/theoryofretracts0000bors.

[8] Hall Brian C. Quantum Theory for Mathematicians. Part of the book series: Graduate Texts in Mathematics.
Vol. 267. New York: Springer. 2013. DOI: https://doi.org/10.1007/978-1-4614-7116-5.

[9] Cauty R., Guo Bao-Lin, Sakai K. The huperspaces of finite subsets of stratifiable spaces. Fundamenta
Mathematicae, 1995, vol. 147, issue 1. Pp. 1-9. DOI: http://dx.doi.org/10.4064/fm 1995 147 1 1 1 9.

[10] Zhuraev T.F. Equivariant analogs of some geometric and topological properties on stratified spaces X // West.
Kirg. Nat. University Named after Bolasagyn Zhasup. 2014. No. 1. P. 23-27.

[11] Aleksandrov P.S., Pasynkov B.A. Introduction to the theory of dimension. Moscow: Nauka, 1973, 575 p. Available
at: https://djvu.online/file/jSWvCi7lnbeFs. (In Russ.)
[12] Zhuraev T.F. Some geometric properties of the functor of probabilistic measures and its subfunctors: Candidate’s

of Physical and Mathematical Sciences thesis. Moscow: Moscow State University, 1989, 90 p. (In Russ.)

[13] Banakh T., Radul T., Zarichniy M. Absorbing sets in infinite-dimensional manifolds. Lviv: VNTL Publishers,
1996, Vol. 1, 232 p.

[14] Zhuraev T.F. Dimension of paracompact o-spaces and functors of finite degree // DAN of Uzbekistan. 1992.
No. 4. Pp. 15-18. (In Russ.)

[15] Bredon G. Introduction to the theory of compact transformation groups. Moscow: Nauka, 1980. Available at:
https://libcats.org/book/508918. (In Russ.)

Haywunasa crarbs
BY

DOTI: 10.18287/2541-7525-2023-29-2-40-47

YAK 515.12 Hara: mocrynnenns: crarbu: 27.02.2023
nocye perieasupoBanus: 04.04.2023
npuasaTua cratsu: 30.06.2023

T.®. >Kypaes

TamkeHTCcKuil rOCyIapCTBEHHBIN Hemaroruvdeckuii yuusepcurer mvenn Huzamm, r. Tammkent, Y3bekucran
E-mail: tursunzhuraev@mail. ruORCID: https://orcid.org/0009-0005-5379-3862

M.B. Jloazononaos

Camapckuii TocymapcTBeHHbIN TexHudeckuil yuusepcureT, r. Camapa, Poccuiickas ®emeparnms

E-mail: mikhaildolgopolov68@gmail.com. ORCID: https://orcid.org/0000-0002-8725-7831

SKBUBAPUAHTHBIE CBOMICTBA IIPOCTPAHCTBA Z(X)
AJIAd CTPATUOPUILINPYEMOI'O ITPOCTPAHCTBA X

AHHOTAIINA

B sroit crarpe mokazaHO, UTO meiicTBHE KOMIAKTHON rpymmbl (G, ompeienseMoil cTpaTuUIMPOBAHHBIM
npocrpaHcTBoM X,  HempepbulBHO Jyid  upocrpaHctBa  Z(X), aBisiomerocs — crpaTudbUIIPOBAHHBIM
[IPOCTPAHCTBOM, COJIEPXKAIIM CAMOCTPATH(MUIIMPOBAHHOE MPOCTPAHCTBO X KAaK 3aMKHYTOE ITOJIMHOYKECTBO.



Becmnux Camapcerozo ynusepcumema. Ecmecmeennonaywnasn cepus. 2023. Tom 29, N 2. C. 40-47
Vestnik of Samara University. Natural Science Series. 2023, vol. 29, mo. 2, pp. 4047 47

JlokazaH SKBUBAPUAHTHBIN aHAJOr HEKOTOPBIX pe3yinbraToB P. Korn oraocurensHo A(N)R(S)-mpocTpaHCTs.
Takke mOKa3aHo, 49To opburasbhnoe upocrpanctso Z(X)/G mox geiicrBuem rpynusl G gBjgeTcs
IIPOCTPAHCTBOM S.

KiroyeBbie cJjioBa: 5SKBHBapUaHTHBIE OTOOparKeHWs; CTPATH(UIMPOBAHHOE IIPOCTPAHCTBO; HeHCTBUSI
TPYIIbI; OpOUTAIBHOE MPOCTPAHCTBO, WHBAPUAHTHOE MHOXKECTBO; TOMOTOIMYECKAas ILJIOTHOCTH; PA3MEPHOCTh;
aOCOJTIOTHBIN 9KCTEH30D; OKPECTHOCTHBIN IKCTEH30D; KOBAPUAHTHBIN (PYHKTOD; BEPOSATHOCTHBIE MEDHI.

Huruposauue. Zhuraev T.F., Dolgopolov M.V. Equivariant properties of the space Z(X) for a stratifiable
space X // Becruuk Camapckoro yuusepcurera. EcrecrBennonayumnas cepus. 2023. T. 29, Ne 2. C. 40-47.
DOLI: http://doi.org/10.18287/2541-7525-2023-29-2-40-47.

Nudopmanusi 0 KOHMINKTE UHTEPECOB: ABTOPHI U PEIEH3EHTHI 3aABJISAIOT 00 OTCYTCTBUU KOH(MJIUKTA
WHTEPECOB.

© ZKypaes T.®., 2023
Typcynboti Datisuesuy MHypaes — TOKTOP (PUBHKO-MATEMATHIECKUX HAyK, MJOIEHT Kadeapbl MaTeMaTHKH,
TamkenTckuil rOCyIapcTBEHHBIN nemarornydeckuii yamBepcurer wnmenn Hwuzamwm, 700100, VY3bekucram,
r. Tamgkent, yia. FOcyd Xac Xaxwub, 103.

© HomaromosioB M.B., 2023
Muzauna Bauecaasosuy /[0420m0406 — JOIEHT, KaHIUIAAT (PU3MKO-MATEMaTUIECKUX HAyK, Kadeapa BbICIIei
maremartukn, Camapckuii rocymapcTBeHHBIN TexuHmueckuii yumBepcureT, 443086, Poccumiickas Pemeparus,
r. Camapa, yi. Mosomorsapueiickast, 244.

JIuteparypa

[1I] Borges C.R. On stratifiable spaces // Pacific Journal on Mathematics. 1966. Vol. 17, No. 1. Pp. 1-16. DOL:
https://doi.org/10.2140/PIM.1966.17.1.

[2] Cauty R. Retractions dans les espaces stratifiables. // Bulletin de la Societe Mathematique de France. 1972.
Vol. 102. Pp. 129-149. DOI: https://doi.org/10.24033/bsmf.1774.

[3] Pflaum Markus J. Analytic and geometric study of stratified spaces. Contributions to Analytic and Geometric
Aspects. Part of the book series: Lecture Notes in Mathematics. Berlin: Springer-Verlag, 2001. Vol. 1768. DOI:
https://doi.org/10.1007/3-540-45436-5.

[4] Crainic M., Mestre Joao Nuno. Orbispaces as differentiable stratified spaces // Letters in Mathematical Physics.
2018. Vol. 108. Pp. 805-859. DOI: https://doi.org/10.1007/s11005-017-1011-6.

[5] Ethan Ross. Stratified Vector Bundles: Examples and Constructions. 2023. DOLI:
http://dx.doi.org/10.48550/arXiv.2303.04200.

[6] Borges C.R. A study of absolute extensor spaces // Pacific Journal on Mathematics. 1969. Vol. 31. Issue 2.
Pp. 609-617. DOI: https://doi.org/10.2140/PJM.1969.31.609.

[7] Borsuk K. The theory of retracts. Warsawa: [Pan?stwowe Wydawn. Naukowe|, 1971. 251 p. Available at:
https://archive.org/details/theoryofretracts0000bors.

[8] Hall Brian C. Quantum Theory for Mathematicians. Part of the book series: Graduate Texts in Mathematics.
Vol. 267. New York: Springer. 2013. DOI: https://doi.org/10.1007/978-1-4614-7116-5.

[9] Cauty R., Guo Bao-Lin, Sakai K. The huperspaces of finite subsets of stratifiable spaces // Fundamenta
Mathematicae. 1995. Vol. 147. Issue 1. Pp. 1-9. DOI: http://dx.doi.org/10.4064/fm 1995 147 1 1 1 9.

[10] Zhuraev T.F. Equivariant analogs of some geometric and topological properties on stratified spaces X // West.
Kirg. Nat. University Named after Bolasagyn Zhasup. 2014. No. 1. P. 23-27.

[11] Anekcangpoe II.C., Ilaceinkos B.A. Bpemenume B Teopuio pasmeprocru. Mockea: Hayka, 1973, 575 c. URL:
https://djvu.online/file/jSWvCi71nbeFs.

[12] 2Kypaes T.@. Hekoropsle reomerpudeckue cBoicTBa (byHKTOPa BEPOSITHOCTHBIX Mep U ero cyOGQyHKTODPOB: JHC. ...
KaH7. ¢us.-maT. HayK. MockBa: MockoBckuii rocymapcrBeHHbIN yHuUBepcuTeT, 1989. 90 c.

[13] Banakh T., Radul T., Zarichniy M. Absorbing sets in infinite-dimensional manifolds. JIeBos: VNTL Publishers,
1996. T. 1. 232 c.

[14] 2Kypaes T.®. PasMepHOCTh NIapaKOMIIAKTHBIX O-IPOCTPAHCTB U (DYHKTOPHI KoHeuHoil cremenu // JIAH
V3bekucrana. 1992. Ne 4. C. 15-18.

[15] Bpemon TI. Bsemenme B TeOpHIO KOMIAKTHBIX TIpymn npeobpasosanmit. Mocksa: Hayka, 1980. URL:
https://libcats.org/book/508918.



Becmnux Camapcerozo ynusepcumema. Ecmecmeennonayunasn cepus. 2028. Tom 29, M 2. C. 48-61
48 Vestnik of Samara University. Natural Science Series. 2023, wvol. 29, no. 2, pp. 48—61

OU3HNKA
PHYSICS

Hayunas crarbs
BY

DOLI: 10.18287/2541-7525-2023-29-2-48-61

YAK 629.7.05 Hara: mocryrrenust cratbu: 12.04.2023
riocJie perien3upoBanus: 22.05.2023
npungatusa crarbu: 30.06.2023

Aaumos JI.3.

CaMapcKuil HAITMOHAJIBHBIN MCCJIEI0BATEIHLCKII YHUBEPCUTET

nvenn akanemuka C.I1. Koposesa, r. Camapa, Poccuiickas ®emepariust
E-mail: alimov.le@yandex.ru. ORCID: https://orcid.org/0009-0009-4259-6707
Canees B.A.

CaMapcKuil HAITMOHAJIBHBIN MCCJIEIOBATEILCKIUI YHUBEPCUTET

nvmenn akasemuka C.I1. Koposesa, r. Camapa, Poccuiickass ®Penepariust
E-mail: saleev@samsu.ru. ORCID: https://orcid.org/0000-0003-0505-5564

ACCOIIMATBHOE PO2KJIEHVE J/zb-MEBg)HOB n 1mpAMBIX ®OTOHOB
TP SHEPTUN KOJIJIAUJIEPA NICA'!

AHHOTAIINA

B crarbe paccMarpuBaercs acCOIUATUBHOE PpOXKieHue J/1)-Me30HOB M IPAMBIX (POTOHOB IIPU SHEPIUH
kosnaiinepa NICA, /s =27 T'sB B 0600ImeHHOl HApPTOHHONH MOAEIM B JUAUPYIOMEM IOPSIIKE TEOPUH
BO3MYIICHUI KBAHTOBON XpOMOAMHAMMKH. AJpOHM3aIUg Iapbl CC-KBAPKOB B J/1)-ME30H OIUCHIBACTCA B
paMKax JABYX IIOJIXOIOB: B MOJE/M IIBETOBBIX CHHIJIETOB W B MOJIEJIN WCIapeHus IBeTa. HemeprypbaTuBHbIC
mapaMerpbl Momesieil (DUKCUPYIOTCH U3 CPABHEHUS C WMEIOMIMMUCH SKCIIEPUMEHTATHHBIMA JTAHHBIMA TIO
POXKIIEHUIO TPSMBIX .J/1)-ME30HOB, TOJYUeHHBIMA TIpH dHeprusx /s = 19 I'sB u /s = 200 I'sB. Ilokasano,
YTO IIPOIECCHI ACCONMATUBHOIO POXKAEHUs J/1 + Y MOIyT OBITH HCIIOJIB30BAHBI Il M3yY€HUs 3aBUCIIUX OT
MIOIIEPETIHOI0 MMILYJIbCa (QYHKIUI pacipee/ieHnsl TJIFOOHOB B IIPOTOHE.
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BBenenue

DKCIEPUMEHTATIBHOE HCCIIE0BAHNE TIPOIECCOB ACCONUATUBHOTO POXKJEHUs .J/1)-Me30HOB U TpsAMbIX (HOTO-
HOB B IIPOTOH-IIPOTOHHBIX B3aUMOJEHCTBUSIX IIPEJCTABISIET OOJIBINON MHTEpeC He TOJBKO JIJIsI TMPOBEPKH IIPE/I-

1PaGora BbimosiHeHa mpu mojzepKke rpanta OVIAN.
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ckazaHuil neprypbaTuBHOil kBaHTOBON XpoMogunHaMukyu (KXI) u pasnudaHbIX Mozeseil 8 pOHU3AINY TSPKEIbIX
KBapKOB B KBapKOHUyM [l; 2|, HO m jusi nostyueHusi nH(OPMAIMU O TVIIOOHHBIX (DYHKIMSX DPACIPEJeJIeHIs]
(I’'®P) B mporoHe, B TOM 4YHUC/E 3ABUCAIIMX OT IOIEPEYHOIO UMILYJIbca Hojgpu3oBanubix ['OP [3; 4].

MaJiocTh KOHCTAHTBI CUJIBHOIO B3aUMOJEHCTBUS Ha MacliTabe MacChl O4apOBAHHOIO KBapka ag(m.) ~ 0.3
MTO3BOJISIET TPOBOJIUTH PACUYEThl CEUEHUWI POXKIEHWs JapMOHHEB B paMKax Teopum o3mymenuiit KXJI. B na-
CTOSIITIee BPEMs JIOCTUTHYTA TOYHOCTH, OTBEYAIOINIAs CJIEAYIONEeH 3a JUIAUPYIONIMM TPUOINKEHTEM (C.HH) no-
paBKe, CM. Hanpumep, pabory [5].

[Iporece ampoHU3aIuu cC-apbl TSXKEJIbIX KBAPKOB B KOHEUYHBIN YapMOHWIT — HENepTypOATUBHBIA IIPOIECC,
KOTOPBIIf MOYKeT OBITh OMUCAH TOJHLKO B paMKax (DEeHOMEHOJIOTMYECKHX Mojeseil. B Mojenn IBeTOBBIX CHH-
rimeros (MIIC) [6; 7| mpemmosnaraercsi, 9TO KBapK-aHTHKBAPKOBasl Mapa DPOXKIAETCS ¢ KBAHTOBBIMHU YHCIAMHA
KOHEYIHOTO YapMOHHUsI B CUHIJIETHOM COCTOSTHWE IO TiBeTy. B Gojiee obreM mojxojie HepensgTuBucTckoit KXJT
(HPKX/I), B KOTOPOM YYUTBHIBAIOTCSI PEJISITUBUCTCKIE MOIPABKU [0 CTEIIEHSIM OTHOCUTENBHONH CKOPOCTH KBapKa
W aHTUKBapKa, POXKIEHNE JYapPMOHUsI MOXKET IPOUCXOIUTH Yepe3 MPOMEXKYTOUHBIE OKTETHBIE IO I[BETY COCTOs-
uug [8]. pyroii moaxo/ K ONHUCAHUIO ajpoHU3anuu, Mojesb ucnapenus nsera (MULL), upennosaraer, 4ro Bee
KBapK-aHTHKBAPKOBbIE MMaphl ¢ HHBAPUAHTHON MaccCOil OT mopora poxjeHus dapmonus C 70 mopora pOKICHUsT
OTKPBITOTO OYAPOBAHUS C ONPEICICHHON BEPOATHOCTBIO JFC IIPEBPAINaloTcss B STOT YapMOHMIA [9; 10].

[TpuHIUIIAIBHYO POJIb B OIMCAHUU CIIEKTPOB YapMOHUEB II0 IOIIEPEYHOMY HMILYJIbCY UIPaeT BBIOOP IOI-
xoma, (haxkTopu3anun 3HPEKTOB PU3NKU KECTKUX M MATKUX MPOIECCOB. B 0b6acT GOMBIINX TOIEPEUHBIX M-
MyJIbCOB Pr > M, KOIJA MOYXKHO TPEeHeOpedh MOMEPEYHBIMI UMITYJILCAMYA HAYAJIBHBIX TTAPTOHOB, IIPOIECCHI MPO-
TOH-IIPOTOHHOTO B3aWMOJICHCTBAS a/IeKBATHO OMMCHIBAIOTCH B KOJUIMHeapHOH mapronHoit mogean (KIIM) [11].
OJtHAKO [IJIsI OMUCAHUS CIIEKTPOB B 00JIACTH MAJIBIX MTOIMEPEYHBIX UMILYIBCOB P <K M HEOOXOIUMO yUIUTHIBATD
HaJIu41nue MaJioro IOIIEpPpEeYHOro MMITyJIbCa HavaJbHbIX ITapTOHOB, HeIIepTyp6aTI/IBHOﬁ IpupoJabl, 9TO JJOCTUT'ALTCHA
B moaxoze Tak HasbiBaeMoit TMD-dakropuzanum, T. €. (GaKTOPUBAIMK, 3aBUCSIINENH OT IOMEPEIHOrO MMILYJIb-
ca WM B HeKOoJIMHeapHOi napToHHoi mojenu (HKIIM) [12]. Hdyst omvcaHnst SKCIEPUMEHTAJBHBIX JAHHBIX B
MMPOMEKYTOYHON OOJIACTH IOMEPEYHBIX UMITYJIBCOB Pr ~ M HUCHOJIL3YIOTCS Pa3jIndHble TPOIEayphl "crnuBa-
uust" pesynbratos pacteros B KIIM u aKIIM [15] nin denomenonornaeckuii Bapuaar HKMII — o6obmennas
naprornast Mozesnb (OTIM) [16].

B mHacrosiiiee BpeMsi HaKOIJIEHO OOJIBIIOE KOJMYECTBO 3JKCIEPUMEHTAJBHBIX JAHHBIX [0 POXKIEHUIO
J/1-Me30HOB B aJpOHHBIX B3amMoJleficTBusax oT sHepruit /s = 19 I'sB mo /s = 13 TsB. B mporpammy
9KCIIEPUMEHTAILHBIX uccsaenoBanuii koymadboparuun SPD NICA BxoauT usMepenuwe cedeHU W CIIEKTPOB dap-
MOHHWEB B MOJIIPU30BAHHBIX MPOTOH-TIPOTOHHBIX CTOJKHOBEHUSX TP 3HEPTusx 10 /s = 27 I'sB [13]. Poxnenune
OJIMHOYHBIX MPSAMBIX (DOTOHOB B HENOJISIPU30BAHHBIX aJPOHHBIX B3AUMOJIEHCTBUSAX IKCIEPUMEHTAIBHO XOPOIIO
U3YYeHO B IMIMPOKOM JMana3oHe sHepruii [14] m miaHupyeTcss Jyuisi M3y4YeHUs B CTOJIKHOBEHUSIX IOJISIPU30BAH-
HBIX IPOTOHOB B 3KcnepuMenTax SPD NICA [13]. OxHako 0 HACTOSIErO BPEMEHH CeYeHHe acCOIMATUBHOIO
poxjenus J/1)-Me30HOB U HpsiMbIX (HDOTOHOB He ObLIO M3MEPEHO HU B OJHOM 3KCIEPUMEHTE.

B macrosimmell craTthe MBI OIEHUBAEM BO3MOXKHOCTH HU3MEPEHHUsI CEYEHUs ACCOIMUATUBHOTO POKJICHUS
J/¢-me30n0B m doroHoB mpm smeprun /s = 27 I'sB B skcmepumente SPD NICA. Cpasrubarorcst mpes-
CKa3aHUusd, IIOJIyYE€HHBbIE B OHM IIpru MCIIOJIb3OBaHUU Pa3/IMIHBIX MO)IeJ'IefI AJIPOHU3aIIUN TA2KEJIbIX KBapKOB
B uyapmonuit, a umenno MIIC u MMUII.

1. HapTOHHaH MOJeJIb 2KECTKUX IIPpoImeccoB

Onucanue cedeHwii YKECTKUX I[IPOIECCOB (IIPONECCOB ¢ GOJILIION Iepejiadell MMIIYJIbCA) OCHOBBIBAETCS HA
daxTOpU3anUu MPOIECCOB MAPTOH-TIAPTOHHOTO B3AaNMOJIEHCTBUSI ¢ OOJIBIINMHU TI€peIadaMyi UMILYJIbCOB U MSIT-
KX (HemeprTypOGATHBHBIX) MPOIECCOB B HAYAIBHOM COCTOSIHMM, KOTODBIE OIMCBHIBAIOTCS ITAPTOHHBIME (DYHKITU-
avu pacnpegenenus (IIOP). Duepreruueckuii macmrab hakTopu3anuu B IIPONECCAX DPOXKJICHUS YapPMOHUEB
oTIpeJiesisTeTcsl Maccoil c-KBapKa WM JapMOHHSA [Lp ~ My. 37€Ch W HIUKe B KadecTBe JapMOHHS pacCMaTpH-
Baercs J/1-me30H. B obiiactu G0JIBIIUX HOINEPEYHBIX UMILYJILCOB YapMOHUs, Pr > (i, IIPOUECCHI POXKIEHUS
omuceiatorest B KIIM [11] ¢ memonpzosarnem HopMysibl KOJTMHEAPHOH dakTopu3am

do(pp — J/X) = /dwl /dxzfé”)(whﬂp)f;p)(xz,up)dc?(gg — J/1g), (1.1)
rre f,§P ) (z,pr) — xosumuneapuoie IIOP rmoonos B uporoue, dé(gg — J/vg) — nuddepennnanbuoe cedenue
[APTOHHOTO TOIPOIECCa DPOXKJEHWs! MAapbl CE-KBAPKOB, U3 KOTOPBIX (DOPMUPyeTCsi KOHEUHBIH J/1)-Me30H c
GOJIBIIIM TIOIEPEIHBIM UMILYJIbCOM. Hapsisly ¢ HOIIIPOIEecCOM TIIIOOH-TIIOOHHOTO ciusiaus gg — J/1¢g B KIIM
YUUTBIBAIOTCA TAKXKe M IOANPOLECCHl KBAPK-aHTUKBAPKOBOH aHHUrWIAnuu ¢ — J/1g u KBapK-IJIIOOHHOIO
paccesmms q(q)g — J/1q(q).

B obmacTi MaJbIX HOMEPEYHBIX NMITYIbCOB, pr << My, KIIM, ¢ ofmoit cTOpOHBI, IpeacKa3bIBaeT PaCXO/s-
meecsd upu pr — 0 auddepennuaabaoe cedeHne paccesiHus, a ¢ JAPYroil CTOPOHBI, YK€ HeJb3sl IIpeHedperarb
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MaJILIMHU TIOTIEPEIHBIMUA HMITYJILCAMHU [TAPTOHOB B IPOTOHE, KOTOPbIE MMEECIOT IIPUHITUINAIBLHO HEepTypOaThB-
Hy!o upupojy. B sroit kuHemarmueckoil obnacru ucnosssyercss HKIIM [12], B koropoii dopmyna dakropusa-
IIUU 3AITUCBIBAETCS KaK CBEPTKA 3aBUCAIIUX OT IorepevHoro uMmirysbca [IPP u cedenus mapToHHOrO Iporecca

do(pp = J/YX) = /dwl/dzqm/d:cz/quTzFé”)(wthl,uF,uy) X

X ngp)(xw QT27MF7NY)da—(gg — ‘]/1)[))7 (12)
rJe F;f;) (@, qr, pr, py) — saBucamue or mnomepedHoro umiyisca ¢y = (0,qp,0)* II00HOB WM KBap-
KOB(aHTUKBAPKOB), fty — JKeCcTKuil mMacmrab, peryssipusyionmii Geicrporbie pacxomumoctu B HKIIM. Tak

Kak HavayjbHble napToHbl B HKMII mMmeroT HeHysieBble HOMEpEYHBbIE HUMITYJIbCHI, TO HOMEPEYHBI HWMITYJIbC A~
pbl ¢C wiu J/1)-Me30Ha TOXKE HEHYJIEBOH U MMeeT HelepTypOaTuBHYIO Hpupoiy. VI3BecTHO, 9TO NP BBICOKHX
SHEPrUsiX OCHOBHOM BKJIaJ JaeT IOJIIPOIECC IVIIOOH-IVIIOOHHOIO CiusiHus gg — J/¢, Ho B obiacru sHepruit
Vs = 10—40 T'sB BKJIaJ| KBAPK-aHTUKBAPKOBOH aHHUTHJISIUN ¢§ — J /1) CTAHOBUTCS COM3MEPHMBIM C BKJIAJIOM
TJIIOOH-TJTFOOHHOTO CJIUsTHUS. [[apTOHHBIE MOAIIPOIECCHI € UCIYCKAHUEM JIOIOJHATE/IBbHBIX KOHEYHBIX TAPTOHOB
¢ Oombrmmu norrepedabiMu uMiysibcamu B HKIIM He yumrhiBatoTcsi, T. K. BHOCAT BKJIaJ, B 00JIACTH OOJIBIINAX
MONEPETHBIX UMITYyTbCOB Pr >>> My, W UX ydeT HapymaeT ¢axropusarmio HKIIM. Jna ommcanns cedenmii B
KMHEMaTHYeCKOi 00JIaCT! IIPOMEXKYTOUYHBIX IIONEPEUHBIX MMILYJILCOB, Pr ~ My, UCIOJIL3YIOTCA Pa3/IMYHBIE IIPO-
neaypbl "cimuBanus" [15]. Jpyroit moaxos fis eIMHOTO ONMCAHUST CeYeHWN POYKJIEHUs! IPH MAJIBIX M OGOJIBIIIX
nonepedHbIx uMmiyibcax ocHopad Ha OIIM [16], B koropoii ucnosnbsyercst dhopmyia dakropusanun (1.2), HO B
KaJecTBe 3aBUCSNMX OT mornepednoro mmiyiabca [IOP paccarpuBarorcst heHOMEHOTOINIECKHIE PACIPEICTICHIS:

FR) (@, ar, 1) = [ (@, m)GE)(ar), (1.3)
rie fg(?q) (z, 1) — wommnnreapHass OP IUIIOOHOB WM KBApKOB B IIPOTOHE, & 3aBHCHMOCTH OT IOIEPETHOIO UM-

OyJabCa allllpDOKCUMUPYETCAd HOPMUPOBAHHBIM Ha €IUHUILY T'ayCCHaHOM

1 q?
G%(QT) = a0 P <—T> )

a
2 (p) —
/d qrGyy(ar) =1, (1.4)

rjie a = (q%) — CpeJlHHil KBaJpaT IOIEPEYHOI'0 MMIIYJIbCa NapTOHA B IIPOTOHE, KOTOPBIA paccMaTpPUBAETCS
KaK CBODOJIHBIN ITapaMeTp MOIE/NN U OIPEEsieTCs W3 CPABHEHUS C SKCIIEPUMEHTAJbHBIMU JAaHHBIMEU. B Kade-
crBe KosummHeapHbIX [IOP 100HOB M KBapKOB B MPOTOHE B HAIIMX PacYeTax HCIOIb3YeTCsS IIapaMeTPU3AIUsT
MSTW [17].

Hecvmorps na nammume y Hadaiababix maproHOB B OIIM momepedsbIx MMIYJIBCOB, OHH OCTAIOTCA HA MAC-
COBOI TIOBEPXHOCTH, YTO JOCTUTAETCHA IIyTEM BBEJEHUS CBA3AHHBIX MEXKy COOOH IOJIOKUTEJbHON M OTPHUIA-
TeJIbHOU KOHYCHBIX KOMIIOHEHT B 4-MMITyJIBCHI IAPTOHOB:

q’f = .Tlplu +j1P; +q§‘T, (15)
ql; :$2P;+IZ‘2P{L+C]§T7 (16)
rie

=000, Pr= Y001

qi,2T = (07q1,2T7 0)“7 jl = q%T/(.%'lS), £'2 = qu/(xQS)

2. Mogenb IIBeTOBBIX CHUHIJIETOB

B pamkax HPKX/I [8] ceuenue poxienuss gapmonus C B napronnoMm moguponecce a +b — C + X Mo-
KeT OBITh MPEJICTABIECHO KaK CYMMa TJIE€HOB, B KOTOPBIX 3PMEKTh HU3nKM OOMBIMHX W MAJbIX PACCTOSTHUI
daKTOPU30BaAHBI CJEIYIONINM OOpPa3OM:

ds(a+b—C+X) = do(a+b— QQ[n]+ X)(O°n)), (2.1)

rie n obo3HavaeT HAOOP KBAHTOBBIX YUCEJI: IIBET, CIIUH, OPOUTAJILHBIN U IMOJHBIA MOMEHT CC Haphbl ¢ 4-UMITy/Ib-
COM pPaBHBIM 4-mMIysbcy dusnaeckoro dapmonus C. Cedenme mommporiecca do(a +b — QQ[n] + X) moxer
ObITh paccunTaHo B meprypoOaruBHOit KXJI Kax psij MO CTENEHSM (g, UCIOJb3Ysl HEPEISITUBUCTCKOE TPUOJIN-
JKeHWe JIJIsi OTHOCHUTEJIbHOTO JIBUXKEHWS TSIXKEJIbIX KBAPKOB B cC-llape. HenepTypOaTUBHBIN mepexoj] cC-apbl B
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wapMonmyM C OIMCHIBAETCS HerepTypOaTHBHBIME MaTpuaHbiME d1eMenTamu (HMD) (OC[n]), koropsie moryT
OBITh M3BJIEYECHBI UX IKCIEPUMEHTAJBHBIX JAHHBIX.

B pab6otre [18] 6buT0 HOKa3aHO, YTO SKCIEpUMEHTaJbHbIe JaHHble Kosaboparmun PHENIX [19] misa crex-
Tpa IO [OLEPEYHOMY UMILYJIbCY UPAMbIX J/1-me30H0B B obsactu pr < 1 GeV xopomo onuceiBaorcs B MIIC,
u BKJIa) OKTeTHBIXx HMD nosmken ObiTh MasbiM. Kak Oyjer mokazaHO HUXKe, ecyiin (DUTHPOBATH IKCIEPUMEH-
TaJIbHBIE JIAHHBIE 110 Pr-CIEKTpaM TpsMbIX J/i¢-me30H0B B obsactu pr < 3 I'9B B MIIC u OIIM, Bapbupys
Tonpko mapamerp a B I[I®P, moxkHO mosyumTb xoporee corsiacue ¢ dkcunepumeHtoMm. Ilpm srom Oymyr yuwm-
THIBATHCs BKJIAZBI APTOHHBIX MOJIIPOIECCOB IPIMOrO POXKJeHUs J/1)-ME30HOB, KACKAJHOTO POXKJIEHUS depe3
pacuay cocrosaus 1(2S) u depe3 pacuaibl P-BOJHOBBIX YapPMOHHEB X cJ

g+g%[5<l]+g, (22)
g+9— PPV +g, (2.3)
g+g— cclP, ] (2.4)
g+g— cclP. ] (2.5)
KBaJIpaThl MOJyJIell aMIUINTYJ KOTODPBIX BIIEPBBbIE ObLIN TOJYyYeHbI B pafore [21] m mpeacTaBieHbl HUKE:
320m3 a3 M
M — ce35M s 2.6
Mg +g = cel*Si1+ 91 = rm—mam - wra Ty (26)
X [M* (2 + tu+u?) — M2(t + u) (26 + tu + 20%) + (£ + tu+u?)’]
1287m3a2 (— (M2(t +w)) + % + tu + u? ?
Mg+ PP 1 g = 2o QL) + 0 ) .7
3M3 (M2 — )" (M2 — u)* (t + u)*
X (MY (8% + u?) — 2M3(t + u) (3% — tu + 3u®) + MO(13t* 4 20t°u +
+10£%u® + 20tu® + 13u’) — AM* (t + u) (3t + 5t°u + t*u® + 5tu® + 3u?) +
+M? + (42° + 18t%u + 25t 0 + 20£%u® + 25670 + 18tu® + 4u’) —
—2tu(t +u) (£ + tu + u2)2),
- 8m2a?
|M(g+g— cc[3Pél)])\2 =05 (2.8)
- 1 32m%a?
M(g+g— el PP = T (2.9)

rame M —macca JapMOHHUsSI B HEPEJIATUBUCTCKOM mpubmmkennu M = 2m,.. Kak Oymer moka3aHo HUXKe, s
COTJIACOBAHHOCTH PE3YJIbTATOB pacdeTa Ipu 3Heprum /s = 19.4 5B ¢ 3KCIepUMEHTAJBHBIMA JAHHBIMA KOJI-
saboparuu NA3 [20] HeOGXOAUMO YUUTHIBATH JIONOJHUTEIbHBIE OKTETHBIE BKJIAJIbI

q+q— 06[3558)], (2.10)
g+g— ce'SP), (2.11)
g+g— cePPY) (2.12)
g+9— ce*PY) (2.13)
C MaTPHUYHBIMH 3JIEMEHTaMN
_ 8 167T2Oé§
Mg +q— PSP = =7 (2.14)
8 57'('20[3
Mg+ g = el SV = 551 (2.15)
5m2a?
Mg+ g — celPRV)I2 = =75 (2.16)
4202
M 3p)2 = 2.1
[M(g+g = PRI = 575 (2.17)

Acconmarusnoe poxuenue J/v +v B OIIM u MIIC B smaupyromem upubmukenun (JIII) onucwiaercs
TOJIBKO IIpolleccaMy, WJYIIUMHU depe3 CUHIJIETHOE IO IBETY COCTOSHUE

g+g— ceSM] + 4, (2.18)
g+g— cePPY] + 4. (2.19)
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OnHaKo BKJIAJ| KACKAJHBIX IIPOIECCOB POXKIEHUsI depe3 pacmuaibl 1(2S) U X1 OKAa3bIBAETCS NPEeHeGPEKNMO
MaJIbIM [1] ¥ OCHOBHOI BKJIa JjaeT IpoIece npsiMoro poxkieHus (2.18), KBaJpar MOJYIIst aMILIUTY/ Bl KOTOPOTO
paBeH

102473 aa?
M(g+g— cePSM] + )2 = s x
Mg +g = cc®S7] )] 243M (M2 — t)? (M2 — u)? (t + u)?
x (8% (£ + tu+u?) + s> (t + u)® + stu (£ + 3tu+ u?) + 20> (t + u)) . (2.20)

3. Mogean ncnapeHud nBeTa

Jlpyrast TOMyJIsIpHAST MOJIENTb IpOHM3anuu mapbl ¢ B dapmormym — MUIL [9; 10]|. AkryambHbri craryc
MWL npencrasien B patore [22]. B OIIM HauaibHBIE TAPTOHBI UMEIOT MOMNEPETYHBIA UMITYJIBC, TTOITOMY OIIU-
CaHWe CIEKTPOB IO IIONEPEYHOMY UMILYIbCY J/1)-ME30HOB BO3MOXKHO y2Ke B JIMIUPYIONEM NPHUOIMKEHAN [0
KOHCTaHTE CHIJIBHOI'O B3aMMOJEHCTBUS C y9eTOM HAPTOHHBIX IIOIPOIECCOB

gt+g—c+e— J/ (3.1)

g+qg—c+e— J/p. (3.2)
B MUII cevyenwe poxjeHusi OPAMBIX J/1)-ME30HOB CBSI3aHO C CEUEHHEM DOXKIEHUSI CC-TIAp CJIEJIYIONM
obpazom:

4mp do(pp — ceX) AN

DL 2, (33)

opp — J/X) = f¢/2
ey
rne M. — WHBapmaHTHas Macca cC-Tapbl ¢ 4-MMIyabcoM phy = pP +pk, mp — macca meruaiimero D-me3oHa.
Jlnst yaera KUHEMATHYIECKOTO 3(P(EKTa, CBABAHHOTO € PAa3HUIEH MacC MPOMEXKYTOYHOTO COCTOSHUS M KO-
HEYHOIO 9YapMOHUsI, 4-MMILy/JIbC cC-napbl u J/i-mesoHa cBsizan coornomenueM pl = (my/Mes)phs. Yuusep-
casbHBIH mapamerp FY¥ paccMaTpHBAETCs KAK BEPOSTHOCTb HPEBPAINEHHS CC-IAPBI ¢ MHBAPHAHTHON MAaCCOM
my < Mz < 2mp B J/1)-Mme30m.
IIpoTOH-IIPOTOHHOE CeYeHHEe CBA3AHO C HAPTOH-IAPTOHHBIM cedenueM 1o dopmyne (1.2), rme muddepen-

UaJbHOE CEeYEHUE POXKIAEHUA CC-IIapbl ¢ UMILYJILCOM Pz = Pe + Pz B IIAPTOHHOM IIOANIPOIECCE MMEET BUJL
do(gg — cc) 5 2 \5(3) - =
W =06(5 = MZ2)6" (Pee — Pe — Pe)0 (g9 — cC). (3.4)

3mech

2 2 1++v1-— 1
6(95]%06):7miS (1+w+w—)lnu— ZJrg—w)\/l—w

38 16 1-v1—-w (4 16

U B CiIydae POXKJEHUdA cC-Iapbl B KBapK-aHTUKBADKOBOI aHHUTUJIAINI

. _ 8ra? w
6(qq — cc) = 27§‘ <1 + 5) V1—w,

raie w = 4m3/*§7 5= (pc +P5)2~
Jast onmcanust acconmatnBHOro poxzaerns J/¢ 4+ OIIM u MUILL yuanuTHIBAIOTCS TPOIECCHI

g+g—c+ec+ry (3.5)

g+q—c+ec+. (3.6)
Ammuryaer nporeccos (3.5) u (3.6) paccUMTBHIBAIOTCH AHATUTUYECKHA € HOMOINLIO IIPOIPAMMHBIX IIAKETOB

FeynArts u FeynCalc [23] B cucreme Mathematica. Huddepenunanbpuoe cedenne poxkuenus mapbl J/i + 7y
B OIIM u MUC moxker ObITH IIPEJICTABIEHO B BHUIE

v X 4m2D
do(pp — ceyX) = ]-'w/ dMCQE/dl‘1d2qT1/dx2dQQ2T X (3.7)
b

AYeedpF oAy dp7., dd .
dé(gg — cc)
AMZ.dycedpt - dy~dp7 L Aoy ’

X FP (@1, qur, pr) FSP (22, g, ir)

rJie TapTOHHOE CE€Y€HHE 3allMChbIBa€TCA KaK

dé(gg — cty) 1 /
= Q™ — Pes —
dMgadycadp%cédywdp%wdgbv (8m)4 (1 +g—p Py) X
4m2 M (gg — cey)2
o [ Ame [M(gg = cer)]? 58)

M2 21298
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31ech UCIOJIb3yeTCs KOBAPMAHTHBINA CII0COO MHTErPUPOBAHMS 110 OTHOCUTEJIBHOMY 4-uMirysbcy kM mexiy c
U C KBapKaMM, KOTJa KBaJpaT MOJIYJs aMILUIMTYIbI IOJIPOIECca gg — CCY, YCPEIHEHHbIA [0 IOJISPU3AIIN-
M HAYAJIBHBIX [TAPTOHOB U IIPOCYMMHUPOBAHHBIN IO TOJISIPU3ANNSAM KOHEUHBIX YACTUI], MPEICTABJISIETCS KaK
dbyukuusa pensrusucrckux uaBapuantoB u yriaoB Komummza — Comnepa (dQ2 = sinfdfd$) B cucreme uenrTpa
MacCC CC-IIapbl:

[M(gg — ce7)|? = ®(8, MZ, &0, W1, W2, 0,6, mc), (3.9)
rue
§=(q1+q)? ML= (p.+pe)’
t=(a1—p)% a=(a2-p)%,
Wi = (g1 —pe)?, Wa=(q2—pe). (3.10)
IIpu sTom ; ;
ph=TE ke gk =T
u
k* = %\ [ M2 — 4m2 (X" sinf cos ¢ + Y* sin fsing + Z" cos 0) . (3.11)

B cucreme OCHTpa MacCC CTAJIKUBAIOIIUXCA IIPOTOHOB OasucHbIe €IMHNYHBbIC 4—BeKTOpr 3aJaHbl CJICJYIOIINM

obpazom:
1 . w
XH = . (|PTCC| cosh(y), v/ |Presl? + M2, 0, [Pl smh(y)) , (3.12)

YH = sgn(y)(0,0,LO)“, (313)
Z* = sgn(y)(sinh(y), 0,0, cosh(y))". (3.14)

4. Pe3zyabTaThl pacdyeToB

B nepByio odepeib ObLI TIPOBEJIEH pacdeT CEYEHUIT POXKJIEHUS U CIEKTPOB 10 MONEPETHOMY UMITYJIbCY IIpPsi-
MbIX J/1-Me30HO0B B obmactu 0 < ppy < 3 I'sB mpn smeprusax (/s = 200 I'sB [19] u /s = 19.4 T'sB [20] B
OIIM u MIIC. Ilpu sToM ObLIM (PUKCHPOBAHBI MTApPaMETPhl MOJIEJIEl: mapaMeTpa ¢ B IayCCOBCKOM paCIIpejiesie-
HIM TJIOOHOB M KBAPKOB IO MOMEPEYHOMY HMITYJIbCY W BEPOATHOCTH aIPOHM3AINN cC-TIaphl B .J/Y-meson FY.
Pesynbraror dura npepcraBienst B Tabsmie. [lonyduennble 3nadenus mapameTpoB npu sHeprun NA3 ucrnosb-
3yIOTCsl HUXKE TIPU PacdeTax CedYeHrsl W PA3JNIHBIX CIHEKTpPoB mpu sueprum sxcruepumerTta SPD NICA.

Tabsuia

Pesynabprarel dputupoBanus napamerpos OIIM u MWUIL
Table
The results of fitting the parameters of OPM and MIC

Skcnepument | Dueprus, /s, 1sB | F¥ | (¢Z),, [3B? | (¢2),, [3B?
PHENIX [19] 200 0.05 | 2097013 0.4570%
NA3 [20] 19.4 0.33 | 0.96"0%, 0.297001

Ha puc. 4.1-4.10 cepbIM BbIJejIeHBI O0JIACTA HEOIPEIEJIEHHOCTH TEOPETUYECKUX PACUYETOB B 3aBUCUMOCTHU
oT BBIOOpa KecTKoro Macmraba pp = Emy, tae & = 0.5,1.0,2.0. Kak Bumxo, Ha pucymkax 4.1 m 4.2 B
OIIM 3KcIIepUMEHTAJIbHBIE JAHHBIE JIJIS P7-CIEKTPOB IPAMBIX J/1)-ME30HOB OYeHb XOPOIIO OIKACHIBAIOTCS, €CIIH
00/1acTh (PUTUPOBAHUSA TAapaMeTPOB Mojeieil orpanmdena objactbio 0 < pr < 3 I'sB. Ilpuwuem mapamerp a
JIJTIsT TJTIOOHHBIX U KBAPKOBBIX (DYHKIIHIT PACIpPEJIEIEHUsT TIOJIYyIaeTCsl PA3HbIM U CHJIBHO 3aBUCHIIUM OT SHEPIHUH
CTAJIKUBAIOIIUXCST TPOTOHOB. Pacders mokaspiBaor, uro mpu suHeprun 200 I'sB BrirajjoMm KBapK-aHTUKBAPKOBOIT
AHHUTWJISIIAY MOXKHO TpeHeOpeub (cMm. puc. 4.1), HO upm sueprunm 19.4 I'sB BKiajg KBapK-aHTUKBAPKOBOM
AHHUTWIANAN B POXKJIEHUE J/1)-ME30HOB CTAHOBUTCS CYIIECTBEHHBIM, OCOGEHHO B OOJACTH MAJIBIX IIONEPEUHBIX
WMITYIBCOB.

Ha puc. 4.3 mokasanbl npejcKasanus JJIs 3aBUCUMOCTH uddEPEHITNATHLHOIO CeUeHUsT ACCOIUATHBHOIO
poxknaennss J/¢ + v xak GYHKIUM CyMMApHOTO IOIEPEYHOr0 uMIyabca J/i-mesona u dorona B8 MUIL n
MIIC, a ma puc. 4.4 kak QYHKIUET MHBAPHAHTHOW Macchl cucremsl J/v + vy, My,. Habmomnaercs xoporree
corjlacue MeXKJy Pe3yJIbTaTaMU PACYETOB B PA3IUYHBIX MOJEJSIX AJPOHU3AIUN.

Ha puc. 4.5 u 4.6 noka3aHbl, COOTBETCTBEHHO, NUbQEPEHIIAIbHBIE CIIEKTPBL 110 PA3HOCTH OBICTPOT AYyy =
= |Yyy — Y| ¥ PASHOCTH A3UMYTATLHBIX YIIOB A@yy = |@y — ¢|. YIIOBBIE KOppessimunm OCOOEHHO IyBCTBH-
TeJbHBI K BBIOOPY 3ABUCAIIUX OT MOMEepedHoro mmiysiabca [TOP.
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Jly
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100 4

Br/(2rrpT//w) * dO'/dp'[]/wdyT//w, H6/r382
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Py, 5B

Puc. 4.1. Inddepennnansroe ceuernme poxkaenuss J/1¢-Me30HOB Kak (DYHKIUSA TOMEPETHOTO HWMITYJIbCA MPH IHEPIHU
/s =200 T'sB, |y| < 0.35 [19]. Cusommas kpusas — B MIIC, mrpux-nyukrupnas — 8 MULL, nyHKTupHas — BKJIaJ
KBapK-aHTUKBAPKOBOW AHHUTUJISIIAN
Fig. 4.1. Differential cross-section of the J/i-mesons production as a function of the transverse momentum, at an
energy of /s =200 GeV, |y| < 0.35 [19]. Solid curve — in CSM, dashed — in iCEM, the dotted line —
the contribution of quark-antiquark annihilation

Jly
101 NA3, VS =19.4 3B
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Puc. 4.2. Iuddepennuanstoe cevenune poxyeHus: J/1)-Me30HOB Kak (DyHKIMsI [OIEPEIHOIO MMILYJILCA [IPH SHEPIUU
vs$=19.4 TsB, y >0 [20]. Comommaa kpusas — B MIIC, nyakrupmas — B MUII, myaxTupras — BKJasy,
KBapK-aHTUKBAPKOBOW AHHUTUJISIIAN
Fig. 4.2. Differential cross-section of the J/i-mesons production as a function of the transverse momentum, at an
energy of /s =19.4 GeV, y >0 [20]. Solid curve — in CSM, dashed — in iCEM, the dotted line —
the contribution of quark-antiquark annihilation
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Puc. 4.3. Muddepenumanbaoe ceuenne poxnenuss J/1) + v mapsl kKak (yHKIUS UX CYyMMAPHOIO HOIIEPETHOTO
uMIysbca upu sHeprun /s = 27 I'sB, |yu| < 3, |y| < 3, pry > 0.5 I'sB. Cuuomnasa xkpusas — 8 MIIC,
nyHkTupHasg — B MUILL
Fig. 4.3. Differential cross-section of the J/v + ~ pairs production as a function of their total transverse
momentum, at an energy of /s =27 GeV, |yy| <3, |y4] <3, pry > 0.5 I'3B. Solid curve — in CSM, dashed -

in iCEM
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Puc. 4.4. Nuddepennuansuoe ceuerne poxkuenusi J/1) +y mapel Kak (DYHKIMs MHBAPHAHTHON Macchl mapbl My,
npu suepruu /s = 27 9B, |yy| < 3, |yy| <3, pry > 0.5 I'sB. Cuytommnaga kpusag — B MIIC, nyuxkrupuas — 8 MULL
Fig. 4.4. Differential cross-section of the J/v ++ pairs production as a function of the invariant mass of a pair
My, at an energy of /s =27 GeV, |yy| <3, |yy| <3, pry > 0.5 I'sB. Solid curve — in CSM, dashed — in iCEM
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CreKTphl 110 TIONEPEYHOMY HMILYJIbCY J/1)-Me30HOB U (DOTOHOB B HPOIECCAX ACCONUATHBHOTO DOXKJIECHHUS
J/1¢ 4+~ nokasansl Ha puc. 4.7 u 4.8. Ha puc. 4.9 n 4.10 uzobpakeHbl clieKTpbl 10 GbicTpoTe J/1)-Me30HA U
dorona, coorBercrBeHHO. [Ipm pacuerax mpemIoarajoch, YTO HA MOIEPEYHBIE MUMILYJIbCHI (DOTOHOB HAJIOKEHO
orpanmdenne pr, > 0.5 I'sB, xoTopoe cBA3aHO ¢ BO3MOYKHOCTBIO SKCHEPHMEHTAJILHON DPErHCTPAIINH IIPSMBIX

doToHOB.
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3akJrroueHue

[Ipu sueprusx kosutaiimepa NICA mposesen pacder juddepeHIaabHbIX CEUeHUH ACCOIMUATUBHOTO POXK-
nenust J/¢-me3onoB u upsimpix doronoB B OIIM u B pamkax momeseit agponuzaruun MIIC u MUIL. ITapa-
MeTPBI MOjeseil ObLIN (DUKCHPOBAHBI U3 CPABHEHUS C IKCIEPUMEHTAJBHBIMU JAHHBIMH II0 CHEKTPAM IIPAMBIX
J/1y-me30H0B 1pu sHeprusix skcrepumentos PHENIX [19] u NA3 [20]. PaccunraHHBIe CHEKTPBI JIJIs ACCOIHU-
aTUBHOrO poxKjeHus J/1) + v ciaabo zasucar or Beibopa Mogenau anponusaruu, MIIC wmm MUIL. Ocuosnas
MIOTPENTHOCTh TEOPETUIECKUX PACIETOB, KAK 9TO OOBIIHO Hab/omaercs B pacderax B JIII mo komcTanre cmiib-
HOI'O B3auUMOJEHCTBUsS, 00YCJIOBJIEHa HEOIPEIEJeHHOCTHIO B BBIOOPE KECTKOrO MacIiTaba U MOXKET JOCTUIaTh
100 %. Ommako TpenCcKa3biBaeMble HAMHU BEJWIMHBI CEUEHUsI ACCOIMATUBHOTO DOXKIeHust J/¢ + v mpu sHep-
ruu sxcrnepumenTa SPD NICA pocTarodHo BeJIMKH, YTO TIO3BOJISET HAJIEATHCA HA BO3ZMOXKHOCTH UX IKCIIEPU-
MEHTAJBHOIO HM3MEPEHUsl, T. K. POXKJICHUSA IPAMBIX J/1)-ME30HOB U NpAMBIX (DOTOHOB XapaKTePU3YIOTC 110
OTHEIBLHOCTH HOCTATOYHBIMU JJIsi BBIIEAEHUs CHTHAJa OTHOINeHusMH "curtaj-¢on". AHaJM3 3TOro OTHOIIe-
HUS B CJlydae COBMECTHOrO poxkieHus J/v + vy Tpebyer CHenuaJbHOrO HMCCJEI0BAHUSA, KOTOPOE IIAHUDPYETCS
clesaTh B OYIyIeM.
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ASSOCIATIVE PRODUCTION OF J/¢-MESONS AND DIRECT PHOTONS
AT THE ENERGY OF THE NICA COLLIDER

ABSTRACT

The article considers the associated production of J/v-mesons and direct photons at the energy of the
NICA collider, /s =27 GeV, in the Generalized Parton Model in the leading order of perturbation theory
of the quantum chromodynamics. Hadronization of a pair of ce-quarks to a J/¢-meson is described in terms
of two approaches: the color singlet model and the color evaporation model. Nonperturbative parameters
of the models are fixed from comparison with the available experimental data on inclusive production of
J/1¢-mesons obtained at energies from /s =19 up to /s =200 GeV. It is shown that the processes of the
associative production of J/1 + v can be used to study of gluon distribution functions depending on the
transverse momentum in a proton.
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ITEPEITYTBIBAHUE JIBYX CBEPXIIPOBOJILAININX 3APA/IOBBIX
KYBUTOB

AHHOTAIINA

B macrogmeit crarbe wucciemoBaHa IMHAMUKA IIE€PENYTHIBAHUS JABYX HIEHTUYHBIX 3aPSIOBBIX KyOHTOB
¢ K03eDCOHOBCKUMU IIEPEXOJ[AMH B CJIy4dae, KOIJa Ha OJUH U3 KyOWTOB JIefiCTBYyeT MHKPOBOJIHOBOE
mojie B KOTEPEHTHOM WJIM TeILIOBOM cocToguuu. HaliieHo To4YHOe pereHne KBAaHTOBOTO BPEMEHHOTO
YPaBHEHHS JBOJIIOIUUA PACCMATPUBAEMON CHUCTEMBI /JIjIsl CTATUCTUYECKOI'O OIlepaTopa B Cjydae HadaJbHbBIX
ceriapabeIbHBIX U IIePEIyTAHHBIX COCTOsIHUN KyOuToB. TOYHOE peleHue Jijisi [OJHOTO CTATUCTUIECKOTO
omepaTropa WCIOJb30BAHO IS BBIYNACAEHUS KPUTEPUs IEPEelyTaBaHWsl KyOWTOB — COIJIACOBAHHOCTH.
PesynbraThl 4mc/IeHHOTO MOJEIMPOBAHUS BPEMEHHON 3aBHUCHMOCTH COTVIACOBAHHOCTH B CJIydae KOTE€PEHTHOI'O
[OJIS TIOKA3aJIM, YTO IPHU OIIPEJEJIEHHOM BBIOOpDE IIapaMeTPOB MOJEJIN B CHCTEME BO3MOXKHA Deasr3alus
JIOJITOKUBYIINX TIEPEIyTAHHBIX cocTOosdHMil. TakKe TIMOKa3aHO, dYTO JJIsi TEIJIOBOIO COCTOSIHUAS TIOJS U
[EePEIyTAHHOTO HAYAJBHOIO COCTOSIHUS KyOWTOB OHM COXPAHSIOT OIEPEIEJIEHHYIO CTENeHb IePeIyThIBaHUs B
poIecce 3BOJIIONNAN JayKe B CJIydae BeCbMa WHTEHCHBHBIX moJieil. [lpm 9roM s Ji00BIX MHTEHCHBHOCTENH
TEIJIOBOIO IIyMa OTCYTCTBYeT 3(hdeKT MIHOBEHHON CMEpPTH IE€PEIy THIBAHUSI.
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BBenenue

KBauToBBIE IIEPEIYyTAHHBIE COCTOSHUS €CTECTBEHHBIX U UCKYCCTBEHHBIX JIBYXYDOBHEBBIX aTOMOB (KyOHUTOB)
B HACTOSINEE BPEMS SBJILAIOTCS HE3AMEHHMBIM PECYPCOM I PA3IUYHBIX KBAHTOBBIX HH(MOPMAIMOHHBIX IPO-
necco [1-5]. B HacTosiiiee BpeMmsi TIepelyTaHHbBIE COCTOSIHUS MOJIYIEHBI SKCIEPUMEHTAJIBHO JUisi KyOUTOB pas-
JIMIHON (DU3UIECKON TPUPOLI: HEHTPAJHHBIX ATOMOB, MOHOB B MAUHUTHBIX JIOBYIIKAX, NMPUMECHBIX CITHHOB,
KBAHTOBBIX TO4YeK U Jip. IIpm 3TOM 0cOOOE BHUMAHUE YJIE/ISIeTCS TEOPETUIECKOMY WM IKCIIEPUMEHTATLHOMY HU3Y-
YEHUIO TEPEIyTaHHBIX COCTOSHUI CBEPXIIPOBOMAIINX KOJIEI C JI?KO3e(PCOHOBCKUAM IEPEXOJIOM, ITOCKOJIbKY MMEH-
HO OHHU OKA3aJIMCh HAWOOJIee yAOOHBIMA KBAHTOBBIMEA OOBLEKTAMU IIPU UCIOJH30BAHUU B KAYECTBE JIOTUIECKIX
3JIEMEHTOB KBAHTOBBIX KOMILIOTEPOB [1]. Cpenn cBepxmpoBoagmux KyOUTOB OFHUM W3 HAMOOJee MHTEPECHBIX
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00bEKTOB JIJIsI M3yUEHUsI SIBJISIIOTCS 3apsIOBbIE CBEPXIIPOBOSIIUE KOJIBIA € JPKO3e(PCOHOBCKUMHU ITE€PEXOJAMU
[6-8]. BasKHBIM CBOMCTBOM CBEPXIIPOBOJSIINX KyOUTOB SIBJASETCS BO3MOXKHOCTH KOHTPOJIUPYEMOIO M3MEHEHHUs!
[MIUPUHBI SHEPreTUIECKON MMIEeJIU MEXKJy OCHOBHBIM U MEPBLIM BO30YKJICHHBIM SHEPreTUYECKUM YPOBHIMHU Ky-
6ura. B wacTtHoCcTH, B Cilydae 3apsiJIOBONO CBEPXIIPOBOIAIIETO KyOUTA TAKUM BO3JEHCTBUEM SIBJISIIOTCS HAIPSI-
JKeHMe Ha eMKOCTHOM IOPTe U TOCTOSTHHBIA MAUHUTHBIN MOMEHT. JIMHaMUKA IepernyThIBAHUsT MHOTOKYOUTHBIX
CHCTEM HCCJIEIOBATIACH B GOJBIIOM KoamdecTBe pador [6-14]. CTporue KommvecTBeHHBIE KPUTEPUH [EPEIy THIBA~
HUsI B HACTOsIIIIee BPEMsl YIAJIOCh BBECTU TOJIBKO ISl ABYXKYOUTHBIX cucTeM. K TaKuM KPUTEPUSIM OTHOCHTCS
corsacoBannocth (kpurepuii Byyrepca) [15] u orpunarensnocrs (kpurepuii Ilepeca — Xopomenkux) [16; 17].
[Tosromy B HacTOsiiee BpeMsi IPU TEOPETUYECKOM ONUCAHUN JUHAMUKHA CHCTEM CBEPXIIPOBOJSIINX KYOUTOB OCO-
60e BHUMAaHWE YJIENSIeTCsl PACCMOTPEHUIO JIBYXKYOUTHBIX cucteM. Tak, B pabore [18] paccmorpena mHTepecHast
MO/IeJTh, COCTOSIINAsT U3 JIBYX CBSA3AHHBIX MOCPEJICTBOM OOJIBIIOTO J12K03e(DCOHOBCKOIO IIEPEX0JIa CBEPXIIPOBOJIs-
X 3apsAI0BBIX KyOWTOB, DU HAJUYNU HE TOJIHKO IOCTOSIHHOTO MArHUTHOTO IIOJIsl, HO M MHKPOBOJHOBOI'O
JIEKTPOMArHUTHOrO 1oJis. [Ipr 9TOM MUKPOBOJIHOBOE I1OJIEe JefCTBYET Ha OJUH KyOHT 1 OOJIBINON JKo3ed-
coHOBCKUil mepexof. IIpu BbIIOJHEHUH YCJIOBUS W = Wi + Wo TJI€ W — YaCTOTa MUKPOBOJHOBOTO TIOJS, & Wi
U wo — DPE30HAHCHBIE YACTOTHI [EPEXOJ0B B Kyburax (B 9TOM ciydae 06a KyOuTa MOLYT OJHOBPEMEHHO CO-
BepmaTh "mepeBoporhl” , T. €. OJHOBPEMEHHO IIEPEXOJUTh M3 OCHOBHOI'O COCTOSIHUSI B IIEPBOE BO3DYIKJIEHHOE U
06paTHO), PacCMATPUBAEMOl CHCTEME MOXKHO COIIOCTABUTH JIOCTATOYHO IPOCTYI0 MOJIENb, JOIYCKAIOILYI0 aHa-
Jgmruyeckoe perienne. [IpejcraBiser mHTEpeC paccMOTPETh OCOOEHHOCTH IEPEIyTHhIBAHUSI KyOMTOB B paMKax
TaKOI MOJEesIH.

B macrositeit crarbe mccseoBaHa JIMHAMUKA IMEPEIyTHIBAHUS JIBYX WJICHTUIHBIX CBEPXIPOBOJSIINX 3a-
PSIOBBIX KyOWTOB, CBSI3AHHBIX OOJIBIINM JI2KO3€(DCOHOBCKUM IIE€PEXOIOM, B HPEJITOJIOXKEHUNA, ITO MATHUTHBIN
IIOTOK, IIPOHU3BIBAIONINN KOHTYD, BKJIIOYAIONNN HEPBbII KyOuT ¥ OOJIBINON KO3eDCOHOBCKUI IIEpeXo/l, COo-
CTOUT W3 IOCTOSTHHOI'O MATHUTHOIO IOTOKA W MArHUTHOIO ITOTOKA, WHJLYIHPYEMOI'O MHKDPOBOJIHOBBIM IIOJIEM C
BapbUPyeMOil 4acTOTOI. PaccMOTpeHbI KOrepeHTHOe M TeIJIOBOe HadasIbHble COCTOSHUST MUKPOBOJIHOBOI'O ITOJIS.

1. Mozaenpb n ee TOUYHOE pelIeHne

PaccmorpuM j1Ba MJEHTHYHBIX CBEPXIIPOBOJISINNX 3apsJIOBBIX KyOuTa ()1 M (Q2, CBA3AHHBIX MEXKJY COOOM
BOJIBIIIM  J12K03e(DCOHOBCKUM T1epexo oM. [IpenosoKmm, 910 MArHUTHBIA [OTOK, IMPOHU3BIBAIONINI KOHTYD,
BKJIFOUAIOIIUI TIepBBIii KyOUT U OOJIBIION J12K03e(DCOHOBCKMIA ITEPEXO0JI, COCTOUT U3 JIBYX YaCTeil: CTaTUIECKOIro
IIOCTOSTHHOT'O MAUHUTHOTO ITOTOKA M MAUCHUTHOI'O ITOTOKA, CO3/AeMOr0 MHUKPOBOJIHOBBIM IIOJIEM C BapbHPYEMO
qacToToil. MUKpOBOIHOBOE mOJie Oy/ileM CUNTAETCs KBAHTOBAHHBIM. [IOIOKUM Tak2Ke, ITO YaCTOTa OIHOMOJIO-
BOTO MHUKPOBOJIHOBOI'O KBAHTOBAHHOIO IMOJIsA TMOI00paHa Tak, 94To 06a KyOuTa MOTYT OJIHOBPEMEHHO COBEPIINATH
IIepexo/T M3 OCHOBHOTO B BO30Y KJEHHOE COCTOsHHME M obparHo. B sTOM ciiydae 3¢pdeKTUBHBIN TaMUJIbTOHHU-
aH B3aMMOJIEHiCTBUsI KBAHTOBOIO MArHUTHOI'O ITOTOKA C JIBYMsI 3apsiJIOBBIMUA KyOMTAMU MOXKHO IPEICTABUTH B
Bugie [1§]

H = hyia(atoy oy +ofofa), (1)
rie at (a ) — oneparop poxienus (yHuaTONKEHHs) POTOHOB MOJbI MHKPOBOJHOBOTO TIOJIsl, 0 U 0 — TOBBI-
Imaromuii ¥ IOHMKAIOMNIL omepaTop B i-M Kybure (i = 1,2) u g12 — 9 deKTUBHAT KOHCTAHTA B3aHMOICHCTBHS
KyOHUTOB C MOJIEM.

O6oznaunm 4epe3 |+); U |—); BO3OYKIEHHOE M OCHOBHOE COCTOSIHHE -T0 KyOmTa. BuibepeM B KadecTBe

HAYAJIBHOTO COCTOSIHHS ITOJICUCTEMbI KyOUTOB IE€PEIyTAHHOE COCTOSIHUE BUJIA

[T(0))q, @, = cosb|—, =) + € sin |+, +), (2)
rae § — mapameTp, OIpeesIsIoNinii HAYAIbHYIO CTEIleHb IIePeIyThIBAHUs KyOUTOB U ¢ — OTHOCHUTEIbHas (das3a
JIJIsi BEKTOPOB COCTOSIHUSI OCHOBHOTO U BO30Y2KJIEHHOIO COCTOSIHUSI KYOUTOB.

B kadecTBe HAYAJIBHOIO COCTOSIHUSI MUKPOBOJIHOBOTO IOJIsi OyieM BbIOMpATh KOI€PEHTHOE U TEIJIOBOE CO-
CTOsIHME. 3aMeTHM, YTO JIJIsi KOT€PEeHTHOIO HAaYaJIbHOI'O COCTOSIHUSI MUKDPOBOJIHOBOI'O IIOJIsI JUHAMUKA KyOHTOB
¢ ramuiabronnanoMm (1) umccrenosasnack panee B pabore [19]. OpHako aBTODBI IOJIYUIHMIM HEBEPHOE DEIIEHHE
kBanToBoro ypasaerus [llpemuarepa. [losromy mpencrasiisier nHTEpeC HANTH BEPHOE DEIIEHWE YPABHEHUS IBO-
JIIOIMY W Ha €r0 OCHOBE MCCJIEOBATH BPEMEHHOE IOBEJEHUE MapaMeTpa IMEPEIyThIBAHUSA KyOUTOB — COTJIACO-
BaHHOCTH.

A. KorepeHTHoe COCTOAHNE MHUKPOBOJIHOBOTO IIOJIA

st paccMaTpUBaeMoOro Ciiydas HavaJbHYKO BOJHOBYIO (DYHKIIMIO MUKDPOBOJIHOBOTO IIOJIsI BBIOEDEM B BHJIE

[T(0)r = > Fuln), (3)
n=0
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rae |n) (n =0,1,2,---) — dokoBckue cocrosiHusi nosisi. Becopble ko3 duimenTsl F,, s KOP€PEHTHOTO CO-
CTOSIHUS €CTh ;
sn/2
F, = e~/ 2l

Val

Pemenne Bpemenmoro ypasuenmns Illpemmarepa st BoIHOBO# (DYHKIIMM B MOMEHT BPEMEHU { UMEET BUI

[T(#)) =D (Xra(®)+,+,1) + Xanl—, =0+ 1) + Xo(t)| -, —, 0), (4)
n=0
e
X1n(t) = —iFp+1V 1+ ncos@sin(,t) + F, sin Heid’(Qn cos(Qpt),
Xon(t) = —iF,vV1+nsin Ge'? sin(Qpt) + Frp1 cos 0(£2,, cos(Q,t),
Xo(t) = cos0Fy
n

Qn =+vn+ 1912.

B kadecTBe KpuTepus NepernyThiBaHUs KyOUTOB BBIOEPEM COTJIACOBAHHOCTDH. JIjis ee BBIYWC/IEHUSI HAM IIO-
TpedyeTcst peayrupoBaHHAs KyOWT-KyOWTHAs MATPHUIA IJIOTHOCTH. VIMesi SIBHBIM BHUJ BPEMEHHON BOJIHOBOI
byuxmun (4), MBI MOXKEM TPEICTABATH BPEMEHHON CTATHCTHYECKUIT OIEpaTop MOJHOM cucreMbl "nBa KyOu-
Ta+1osie" Kak

PQr @ F (1) = [ () (W (D). (5)
PeiynmpoBaHHbIi JAByXKYyOUTHBIH CTATHCTUYECKHUI ONEPATOP MBI MOYKEM BBIYHC/IUTH, YCDPEJHsS BbIParXKeHHE
(5) mo mmepeMeHHBIM IOJIs

PQ1 Q2 (t) = SprQl Q2 F(t)' (6)
B 6asuce AByXKyOUTHBIX COCTOSIHMIA
|+v+>7 |+7_>7 |_7+>7 |_7_>
IBYXKYOUTHOMY CTATHCTHYECKOMY OII€PATOPY COOTBETCTBYET MAaTPHUIA IIJIOTHOCTH BUJA
pi1 0 0 pug
0 0 0 O
Pia 0 0 pa

rie o o
p(t) =D X1 paat) =Y [ X ()] + [ Xo(t)],
n=0 n=0

pra(t) = Xo i1 (X3, (t) + X1,0(t) Xo(t)]*.

n=0

Cornacosannocts C(t), BBemeHHy0 Byyrepcom [7], BbIUHCIsIEM CTAHJAPTHBIM 00Pa30M Kak
C(t) = max[0, A\; — A2 — A3 — Ay,

r7e A; — COOCTBEHHBbIE 3HAYEHUs B yOBIBAIOIIEM IIODPsAJIKE SPMUTOBOIl MaTPHUIIBI

/2.

[VPQ@2PQr 2/ P21 Q2]

31ecn
PQ1Qs = 0y @ pr*Q1Qzay @ 0y,
rae o, — Marpuna llaymnn.

CornacoBanHoCcTh MeHsieTcss B npenenax or 0 go 1. [list cemapabenbubix cocrosamit C' = 0. st mepe-
myrarabix cocroguamit 0 < C' < 1. s makcumaibHO mepenyTaHHbIX cocrosgauit C' = 1. na nByxKyOuTHOM
CHCTEMBI, ONUCHLIBAEMON MaTpHIeH IOTHOCTH BUAa (7), COIVIACOBAHHOCTH MOXKET OBITH IPEeZCTaBJIeHa IPOCTOM
AHAJIMTUIECKON (hopMyJIoit

C(t) = 2[p1al. (8)
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B. TenuioBoe cocTosiHne MHUKPOBOJIHOBOT'O IOJIS

st paccMaTpUBAEMOI'O CJIydas HAYAJIBHBIA CTATUCTUYECKUII OIepaTop JJis OIHOMOJIOBOTO IIOJIS €CThb
pr(0) = puln) (n]. (9)
n

Becosbie koadduimentst B (9) paBHBI
AT

n
Pn = _ 1>
(1+a)""
rjie I — CpeJiHee YNCJIO TEIIOBBIX (DOTOHOB.

B paccmarpuBaeMoM ciiydae yJI00HO BHadaje HARTH BPEMEHHYIO BOJHOBYIO (DYHKIMIO CUCTEMBI Jjisi (POKOB-
CKOI'0 HadaJbHOro cocroguus nojd [n) (n=0,1,2,--+). A 3areMm 0600IIUTH PE3yJILTATHI HA CJOYYail TEIIOBOrO
OIS

s qmcta poToHOB B Mojie n > 1 perernne KBaHTOBOTO ypasHeHust IlIpeannrepa st BOJTHOBOM PyHKITHU
B MOMEHT BPEMEHHU ¢ MOXKHO IIPEJICTABUTH KakK

|\I’(t)>n = Ylffb—l‘_? _n> + YQJL—lH_? +n — 1> =+ Y37n|_7 —n+ 1> + Y47"|+7 =+, TL>, (10)

e
Y1, = cosfcos(Qnt), Ya, = —icosfcos(,t),

Y3, = —ie' sin 0 sin(Qyt), Yin = €' sin 0 cos(Qt).
st aucia dororoB B Moge n = () COOTBETCTBYIOIIEE PEIIEHNE eCTh
U (t))o = Z1|—, =0) + Zo|—, —1) + Z3 n|+, +,0), (11)
rie , ,
Zy =cosb, Zy,= —ie'? sinfsin(g1at), Z3 = et sin 6 cos(giat).

Nmest dopmysbr (10), (11), MBI MOXKEM BBIYUCIUTH BPEMEHHON CTATHCTHYECKUI ONepaTop MOJHONH CHCTEeMBI
B CJlydae TeILIOBOI'O IIOJIS

PQ1 Q2 (1) = ) Pal () n{¥(8)] + po ¥(£))o 0 (L (2)]. (12)

JyxXKyOUTHBI! DPEIyIUPOBAHHBIN CTATUCTUIECKHUN ONEpaToOp IoJdydaeM, ycpeiHsisi (12) mo mepeMeHHBIM
IOJIST:
PQ1 Q2 (t) = SprQl Q2 F(t)‘ (13)
B nByxkyOGuTHOM 6asuce MATPUIA ILUIOTHOCTH, COOTBETCTBYIONIAs CTATHCTHYeCKOMY omneparopy (13), rakske
nmeer Buy (7), e

o0 o0
P11 =Y PalYiac1 (0P + D pulYau @) +po(|Z1 (1) + [ Za(8) ),
n=1 n=1

pas = pulYon1 (01> + D pulYan(t)* +pol Zs(t)?,

n=1 n=1

P14 = Z pnle,nfl (t)Yéfjn (t) + pOZI (t)Zék (t) ’

n=1

CornacoBaHHOCTD JJIsl PACCMATPUBAEMOrO CJIyuasl TAKXKe 3aJIaeTcs aHaJIuTHIecKoil (opmyson (8).

2. YwmcaeHHoe MoaeJIMmpoBaHUe COIVIaCOBaAHHOCTHU U O6cy}K,HeHI/Ie
pPe3yJabTaToOB

Ha puc. 1-2 npencrasiieHa BpeMeHHas 9BOJIONMS [apaMeTpa HepeIyThIBAHUS JABYX JK03e(PCOHOBCKAX Ky-
OUTOB B Cjaydae, KOrjga Ha 00JACTDb, COMEPIKAIIYI0 OJNH M3 KyOMTOB W OOJIBIION MK03e(DCOHOBCKUII MEPEXOJT,
JIeHCTBYeT OJIHOMOJIOBOE MHUKDPOBOJIHOBOE II0JIE B KOI€PEHTHOM COCTOSIHMM. PUCYHOK 1 IIpeJicTaBisieT 3aBHCH-
MOCTB COTVIACOBAHHOCTH JIJIsl HAYAJBHOTO cernapabesbHOro cocTosiHus Kyouros |—, —) (|4, +)) or npuseieHHOrO
BpEMEHH @10t JIsi KOPOTKHMX ¥ JUIMHHBIX BPEMEHHBIX HHTEDBAJIOB. BBIUNCIEHUS [TOKA3BIBAIOT, YTO B PacCMaT-
PHBAEMON MOJIEIN HMEET MECTO CHUJIbHAS KOPDENSNNs COCTOSHUII JBYX KyOHTOB B IIPOIECCE WX IBOJIIOINH.
W3 puc. 1, a BUAHO, YTO IIOBEJIEHUE COIVIACOBAHHOCTH, OTPAaXKalOIlee IIOBEIEHUE IEPEIyThIBAHUS KyOUTOB,
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JUIsI cenapabebHbIX COCTOSIHUN HA KOPOTKHUX BpPEMEHAX JIs JIIOOBIX CPeJHHMX duce] (hOTOHOB HOCUT OCIIUJI-
JISTOPHBIA XapakTep, YTO COOTBETCTBYET IIPOIECCAM TIOTJIOIIEHUsI M UCIycKauusi (oronos. Kpome toro, Ha
KOPOTKMX BPEMEHAX COIJIACOBAHHOCTL YMEHBINAETCA C TE€YeHHWEM BPEMEHH M OOpaInaeTrcs B Hy/b JJIS HEKO-
TOPBIX BPEMEH. B 3TW MOMEHTBI BPEMEHU COCTOSTHUS JIBYX 3apsIOBBIX KyOWTa OKA3BIBAIOTCS PACITYy TAHHBIMU.
IIpu yBesmueHnn cpeHero 4mcsa (POTOHOB B MOJIE PACIYTHIBAHUE COCTOSIHUN KyOUTOB MOMCXOJUT HA MEHDBIIHX
Bpemenax. Ha puc. 1, b npejicrasBieHa JJIMHHOBPEMEHHAsI SBOJIIOIUs COIVIACOBAHHOCTHU JIJIsl TeX XKe Cernapa-
GenbHBIX cocTostHuil KybuToB. Cpemnee umcyio GpoToHOB BbIOpaHo paBHbM 7 = 30. 13 pucyHKa BHIHO, UTO
OCITUJLTSITIAN  COTJIACOBAHHOCTHU OBICTPO PACHAAIOTCSI, MOCE Yero KyOHUTHI OKA3bIBAIOTCSI B CMEITAHHOM COCTO-
SAHAN C MAKCUMAJBHON CTENEHBIO NMEepPEIyThIBAHUSA. 1epe3 HEKOTOPOE BPEMSI COTJIACOBAHHOCTH BHOBEBL BO3Bpa-
MAETCsT B OCIAIISITOPHBIA PEXKUM, UTO YKa3bIBAET Ha TO, 9TO MH(MOPMAIUs O HAYAJIHHOM COCTOSIHUM BO3BPa-
maercs K KyburamM OT MUKPOBOJHOBOTO mojis. Ha puc. 2 mpejcraBieHa 3aBUCHUMOCTH COTJIACOBAHHOCTH JIJIst
HAYAJIBHOTO epeIyTaHHOro cocTosnus Kyouros 1/v/2(|—, —) 4 €'®|+, +)) oT npuseseHnoro speMenu giot yist
Pa3IMYHBIX 3HAYEHUIl mapaMeTpoB Mojeau. PUCYHOK 2, ¢ MOKa3BIBAET, KAK BPEMEHHAsl IBOJIONUs TTapaMeTpa
NIEPEYTHIBAHUS 3aBUCAT OT OTHOCHTENHHON (asul ¢. s BHIOPBHHOTO HAYAJBHOIO COCTOSHHS KyOMTOB Ha-
YAJLHOE 3HAYEHWE COTVIACOBAHHOCTHU [T BCEX 3HBUEHMH MAPAMETPa ¢ PABHO €JMHUIE, TO €CTh COOTBETCTBYET
MAKCUMAJILHON CTEIeHN NeperyThiBanus. [loBeeHne cOryacoBAHHOCTH MMEET OCIUJLISITOPHBIN xapakTep. [lpn
3TOM C TEeYeHHeM BpeMeHHU CTelleHb IepellyThIBaHhsd KyOUTOB yMeHbInaeTcs. V3 pHCyHKa Tak:Ke BHHO, UYTO
¢ pocroMm oTHOCUTENbHON (aszpl o1 0 10 /2 HabmomaeTcs CyNIeCTBEHHOE YBEJUICHHE CKOPOCTH YMEHBIICHUS
crenenu IeperyTbiBanusd. JlJis 3HaYeHUs OTHOCUTENLbHOH (asbl ¢ = /2 cocrosHue JBYX 3aps/IOBbIX KyOUTOB
PACIyTBIBAETCA JIIsT HEKOTOPBIX OIPEIEJEHHBIX MOMEHTOB BpeMeHHU. IIpm yMeHbINeHHU OTHOCHTENbHON (ha3bl
[IPOIIECC PACILYTHIBAHUS IIPOUCXOAUT JUUIsi OoJsibImX BpemeH. s 3HadeHusi orHocuTesbHOM (aszpr ¢ = 0 3Ha-
YeHue CorjlaCoBaHHOCTU Ha JOCTATOYHO JJIMTEJIbHBIX BpEMEHaX OCTaeTCdA IIPpaKTUYeCKHU paBHBIM €JIWHHUIEe, T.
€. JIUIST TAKOTO 3HAYEHWUsS HAYAJIBHON (hasbl Mbl MMEEM JeJI0 C JIOJTOXKUBYIIUM MAKCAMAJBHO IEPEyTaHHBIM
cocrosiHneM KyouToB. Takoil pe3yapTaT MOKa3bIBAET BO3MOYKHOCTH MCIIOJIB30BAHUS ONPEIETEeHHBIX HAYATIbHBIX
COCTOSTHUIT KyOWUTOB /jIsi KOHTPOJIS W YIPABJIEHUS CTEEHBIO IepernyThiBanus KyouroB. Ha puc. 2, b mokaza-
Ha 3aBUCHMOCTD COTJIACOBAHHOCTH /T HAYAJIBLHOIO HeperyTaHHoro cocrosuus Kyouros 1/v/2(|—, =)+ |+, +))
OT TIPUBEJIEHHOI'O BPEMEHU (1ot JJIS PA3JIMYHBIX 3HAUEHWH CpeaHero 4ucia (hOTOHOB MUKPOBOJHOBOIO TIOJIS.
XopoIIo BUJIHO, YTO YBEJIWUYEHUE CPeJHero umcja (hOTOHOB B TOJI€ MPUBOJIUT K YMEHBINEHUIO CKOPOCTU 3aTy-
XaHUsT TapaMeTpa MepenyThIBaHNUsT B IPOIECce IBOMIONNH. TakuM 06pa3oM, KOHTPOJb M YIPABICHUE CTEIEHBIO
NIEPEYTHIBAHUS KyOUTOB MOTYT OBITH OCYIIECTBJIEHBI HE TOJBKO C MOMOIILIO &JIEKBATHOIO BBIOOpA OTHOCTH-
TeabHON (ha3bl, HO ¥ MHTEHCUBHOCTU MUKDPOBOJHOBOTO TIOJIS.
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Puc. 1. 3aBucumocts corsacoBannoctu C(t) OT NPUBEIEHHOIO BPEMEHU (1ot Jisl cenapabeabHOr0 HAYaJbHOIO
cocTosiHus KyOouToB |+, +) (|—, —)) M KOrepeHTHOro CocTosiHUS MUKpOoBOsHOBOro nosist. Ciydaii (a) coorBer-
CTByeT KODOTKUM HpuBeJeHHbIM BpemenaMm. Cpexnee uncsio ¢doronos 7o = 5 (crtomuas juaust), i = 30 (mrpu-
xoBast yimHUs) U 7l = 60 (Toueunast smaus) . Coay4uait (b) COOTBETCTBYET JJIMHHBIM TPUBEIECHHBIM BDEMEHAM.
Cpennee umnciao ¢oronos = 30
Fig. 1. Concurrence C(t) vs scaled time giot for initial separable qubits state |+,+) (]—,—)) and coherent
microwave field. Case (a) corresponds to short scaled times. Mean photon number 7 =5 (solid), 7 = 30 (dashed)
and 7 =60 (dotted). Case (b) corresponds to long scaled times. Mean thermal photon number 7 = 30

Ha puc. 3 npeacrasiena BpeMeHHas 3BOJIONUS ITapaMeTpa IepelyThHIBAaHUA JIBYX J12K03e(PCOHOBCKUX KyOu-
TOB B CJIydae, KOIJia OJHOMOJOBOE MUKPOBOJHOBOE IOJI€ HAXOAUTCA B TEIJIOBOM cocTosHuu. OTMeTHM, 9TO B
paccMapuBaeMOM CJlydae Jjisi KyOUTOB, IPUTOTOBJIEHHBIX B CelapabesbHbIX COCTOSHUAX |—,—) u |+, +), mepe-
IyThIBaAHNE KyOUTOB B IIPOIECCE SBOJIONUM HE BOSHUKAET HU I KAKMX 3HAYEHUN CPEIHEr0 9YHC/Ia TEIJIOBBIX
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Puc. 2. Basucumocts corsacosanroctn C(t) OT NPUBEJEHHOIO BPEMEHU ¢iot JJIsl TEPEIyTAHHOTO HAYAIBHO-
ro cocrosuust Kyouros 1/v/2(|4,4) +|—, —)) u KorepenTHOrO COCTOsIHUS MUKPOBOJHOBOrO mosis. Coryuait (a)
COOTBETCTBYET KOPOTKUM IpuBejpeHHbM Bpemenam. Cpenmee uucio dgoronos 7t = 30. [Tapamerp ¢ = 0 (crutonr-
Hast UHES), ¢ = 7/4 (mTpuxoBast suHUA) U ¢ = 7/2 (Todeunas sunus). Coaydail (b) cOOTBETCTBYET JIMHHBIM
npusesieHHbiM BpeMenaMm. Cpennee wncsio doronoB 7o = 10 (ciwromnuas junus), 7 = 30 (mrpuxoBas JIUHHA)

u 7. =60 (ToueuHas JMHWsI)

Fig. 2. Concurrence C(t) vs scaled time giot for initial entangled qubits state 1/+v/2(|+,+) + |-, —)) and coherent

microwave field. Case (a) corresponds to short scaled times. Mean photon number 72 = 30 Parameter ¢ =0 (solid),

¢ =m/4 (dashed) and ¢ = /2 (dotted). Case (b) corresponds to long scaled times. Mean thermal photon number
=10 (solid), 7 =30 (dashed) and 7 =60 (dotted)
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Puc. 3. BaBucumocrs cornacosanroctr C(t) OT NPUBEJEHHOIO BPEMEHH (1ot JIsl HEPEIlyTAHHONO HAYAIBHOIO
cocrostaust Kyouros 1/v/2(|+,+) + |-, —)) m TemnoBoro cocrosHus MUKpoBOsHOBOrO TONs. Jls caydas (a)
cpeJiHee 4ncJIo0 TeIIOBBIX (oToHoB 7o = 1 (cmomuas junus, 7 = 5 (mrpnxoBas jmanst) u 7 = 20 (Todednas
saust). s caydas (b) cpemnee uncio doronos 7t = 5. Ilapamerp 6 = 7/6 (cmomuast jmaust), 0 = 7/4
(mrpuxoBast jmHus) u 6 = 5/127 (ToueuHas AMHUS)

Fig. 3. Concurrence C(t) vs scaled time g2t for initial entangled qubits state 1/v/2(]4+,+) +|—,—)) and thermal
microwave field. For case (a) the mean thermal photon number 7 =1 (solid), 7 =5 (dashed) and 7 = 20
(dotted). Case (b) the mean thermal photon number =5. Parameter 6§ = w/6 (solid), § = w/4 (dashed) and

0 =5/12xw (dotted)

doronoB. s mepenyTaHHBIX COCTOSHUII KyOMTOB BPEMEHHAsI SBOJIIOIUS COIVIACOBAHHOCTH HE UyBCTBUTEJIHHA
K U3MEHEHUSIM OTHOCHUTEIbHON (a3bl ¢, a 3aBUCUT OT CPEIHEr0 YNCJIA TEIUIOBBIX (DOTOHOB B MOJAE U Iapa-
Mepa . Pucynok 3, a meMOHCTpUpYyeT BPEMEHHYIO 3aBHCHMOCTDH COIJIACOBAHHOCTHU. I3 Hero xopormmo BHIHO,
YTO C yBeJMYEeHWEM HHTEHCHBHOCTH TEILIOBOTO IIOJIS JJId M3HAYAJIHHO MAKCHUMAJIBHO IEPEIyTaHHBIX KyOHTOB
MaKCHMaJIbHas CTENeHb MX IIE€PEIyTHhIBAHUSA B IIOCJIEIYIONINE MOMEHTHI BPDEMEHU YMEHBINAETCS C POCTOM WH-
TEHCUBHOCTH TeryioBoro moJisi. OHaKO CjeayeT OTMETUTh, UTO B OTJIMYHME OT MOJEIN IBYX KyOWTOB, KOTO-
pbl€ B3aMMOJEHCTBYIOT € OOIIUM TeIIoBbIM 1mosieM [20], i paccMaTpuBaeMoil MOJe u KyOUTbl COXPAHAIOT
OIPEIEJIEHHYIO CTENEHb HEePEIyThIBAHUS JaXKe I JTOCTATOYHO OOJIBINMUX WHTEHCUBHOCTEH TEIJIOBOTO IIyMA.
Eme onmoit mHTEpEcHO! 0COOEHHOCTHIO ITOBEJEHHUS IIapAMETPa IIEePElyTHIBAHUS B PACCMATPUBAEMOIl MOJIEIn
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SIBJISIETCsI OTCYTCTBHE TAapasuTHOro 3(hdeKkTa MIHOBEHHON CMepTH nepenyThiBaHus [21] mias aro6oif MHTeHCHBH-
ctu Termosoro nojs. Ha puc. 3, b mokasaHa BpeMeHHasl 3aBUCHMOCTH COTJIACOBAHHOCTH JJIsi (PUKCHPOBAHHOTO
cpearero uucaa (hOTOHOB 7o = 5 W pa3iMYHBLIX 3HAYEHMH Hapamerpa ), onpelessiomero HavadbHyIo CTEeIeHb
nepenyThiBanus Kyouros. U3 pucyHka BHIHO, 4TO Jyis 3HadYeHuil napamerpa 6 BOsusu 3uadenus 0 = 7/4,
COOTBETCTBYIOMIEr0 MAKCUMAJIBLHOMY HAYAJIBHOMY IIE€PENyThIBAHUIO, CYIECTBEHHO OTJIMYAIOTCA TOJBKO HAYAJb-
Hble 3HAYCHHUs COIJIACOBAHHOCTU. B Ipolecce SBOIONMU pa3iMuusl B 3HAUCHUAX IapaMeTpa IlepelryThbIBaHHs
criaaxkuparoTcst. Takue pas/inuus B IIOBEJEHHH COIJIACOBAHHOCTH MMEIOT MECTO TOJILKO IIPU NPUGIUKEHNHU I1a-
pamerpa 6 K Hymo (HyJeBOMY 3HAYEHUIO COOTBETCTBYET cenapabejbHOe COCTOSHUE |—,—)) Wi K 3HAYEHUIO
0 = 7/2 (sromy 3Hauenuio § coorBercrByer cenapabesbHoe cocrognue |+,+)). s cemapabenabHBIX COCTOsI-
HUl, KAK y?K€ OTMEYAjIOCh BBIIIE, MEPEYTHIBAHUS COCTOSTHWN KyOMTOB B IIPOIECCE BOJIONUEA HE BO3HUKAET.

BreiBoabl

Takum obOpa3oM, B JaHHOI cTarbe HaMU ObLIa HalijieHa TOYHAsl JIMHAMUKA CHCTEMbI, COCTOSAIIEN U3 JBYyX
WJIEHTUIHBIX 3aPs0BbIX KyOUTOB, COEJIMHEHHBIX OOJIBIINM J2K03e(DCOHOBCKUM TIEPEXOIoM. PaccMoTpeH cirydait,
KOTJla Ha OIWH U3 KyOWTOB U OOJIBINON 2K03e(PCOHOBCKUI Mepexoj JeHCTBYET OTHOMOIOBOE MHUKPOBOJIHOBOE
mojie B KOP€PEHTHOM WJIM TEeIJIOBOM COCTOsTHHHU. Ha OCHOBE TOYHOIO peIlleHdsl YPABHEHUsI IBOJIONUAU Haiijie-
Ha BpEMEHHasi MATPUIA ILUIOTHOCTH paccMaTpuBaeMoil cucrembl. llosydenHoe siBHOE BbIpayKeHUE JJIst IIOJTHOM
MaTPUIIbI IIJIOTHOCTH KCIIOJIB30BAHO JIJIsi BBIYHMCJIEHUsI KPUTEPUs HEPEIyThIBaHUsl KyOUTOB JiJIsi HAYaJIbHBIX Ce-
mapabe/IbHbIX U IIEePEeIlyTAHHBIX COCTOSHUII KyOMTOB. B KadecTBe KOJIMYECTBEHHOTO KPUTEPUsl IEPEILy ThIBAHUS
KyOWTOB BBIOpaHA COIVIACOBAHHOCTH. Pe3y/ibraThl YUC/IEHHOTO MOJIEINPOBAHUS BPEMEHHOTO TIOBEJIEHUsT COTJIACO-
BAHHOCTU IOKA3aJIM, YTO HA KOPOTKHUX BPEMEHAX COCTOSHUS JIBYX 3aPHA/IOBBIX KYOMTOB OKAa3BIBAIOTCS PACILYTAH-
HBIMU JIJIsT HEKOTOPBIX BBIJIEJIEHHBIX MOMEHTOB BpeMeHu. Ha JmHHBIX BpeMeHaxX KyOUTHI BHOBb OKA3bIBAIOTCS B
COCTOSIHUY C MAKCHMAJbHON CTEIEHbIO IeperyThiBanus. s HadaIbHbIX cerapabesibHbIX COCTOSIHUAN KyOUTOB B
cJIydae TelJIoBOI'O II0Jisl IeperyThIBaHusl KyOMTOB He BO3HUKAET B Ipollecce IBoJonuu. Jjisi Hada bHBIX Iepe-
IyTAHHBIX COCTOSHWII KyOWTOB B CJlydae KOIE€PEHTHOr'O IOJis IMOKA3aHO, 9TO IPU YMEHbBIIEHUH OTHOCHUTEIHHON
da3el poIecC PACIyTHIBAHUS COCTOSHUN KyOWTOB IPOMCXOIUT CYIIECTBEHHO ObicTpee. s 3HadveHus OTHO-
curesbHONl daszpl ¢ = 0 peasu3yoTCA [OJTOXKUBYIIHUE IEPEIyTaHHbIE COCTOSHUS, JJIs KOTOPBIX HAYAJIbHAS
CTEIeHb IMEePEeyThIBAHUS OCTAeTCs MOCTOsiHHON. Hambosiee WHTEpECHBIMU pe3yJIbTaTaMu JJIs eIy TAHHOTO
HAYaJIbHOTO COCTOSIHMSI KYOHUTOB M TEILIOBOIO IIOJIsI SIBJISIETCS TO, YTO KyOUTBI COXPAHSIIOT OIlEpeJIeJIEHHYIO
CTEeIeHb ITEePEeITyTHIBAHUS JIayKe JJisi OOJIBIINX WHTEHCUBHOCTEH TerjIoBoro rryma. Kime oJlHOM WHTEpecHO# oco-
OEHHOCTBIO TIOBEJIEHUs TApAMETPA IIEPEITyTHIBAHUS B PACCMATPUBAEMON MOJE/HN SBJISETCA OTCYTCTBHE I deKTa
MIHOBEHHON cMepTu nepernyrbiBanus [21] mis j060f MHTEHCHBHOCTH TEILJIOBOTO IIOJIS.

B pesysbraTte mokaszaHo, 9TO, BhIOHpasi ONPEIEJIEHHBIM 00Pa30M THIT COCTOSIHUST MUKPOBOJIHOTO TIOJIsI, CPe/I-
Hee 9ucyio (DOTOHOB M HAYAJBHBIE COCTOSIHUSI KyOUTOB, MBI MOYKEM KOHTPOJUPOBATH U YIPABJSITH JBOJIIONUEH
KyOUTOB, a TakKe CTEIEHBbI0 WX IlepernyThiBaHus. llojiydeHHble B paboTe pe3ybTaThbl MOTYT OBITH KCIIOJIB30-
BaHbI B 00JIaCTH KBaHTOBOI 00OPabOTKH WHQOPMAIIUHN.
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ENTANGLEMENT BETWEEN TWO SUPERCONDUCTING CHARGE
QUBITS

ABSTRACT

In this paper, we investigated the dynamics of entanglement of two identical charge qubits with Josephson
junctions in the case when one of the qubits is exposed to a microwave field in a coherent or thermal state.
We have found the exact solution of the quantum time equation of evolution of the system under consideration
for the statistical operator in the case of initial separable and entangled states of qubits. The exact solution
for the complete statistical operator is used to calculate the qubit entanglement criterion - concurrence. The
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results of numerical simulation of the time dependence of the concurrence in the case of the coherent field
showed that, with a certain choice of model parameters, the system can realize long-lived entangled states.
It is also shown that for the thermal state of the field and the entangled initial state of qubits, the qubits
retain a certain degree of entanglement during evolution even in the case of very intensive fields. In this
case, for any intensities of thermal noise, there is no effect of the sudden death of entanglement.

Key words: charge qubits; microwave field; coherent state; thermal state; entanglement; concurrence;
sudden death of entanglement.
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NMEPEIIYTBIBAHUE B HEJIMHENMHOM ABVXKYBUTHOI MOJJIEJIN
TABUCA — KAMMMHI'CA

AHHOTAIINA

B nannoit crarbe mcciieIoBaHa JUHAMHKA IIEPEIyTHIBAHUS JIBYX HICHTUYHBIX CBEPXIIPOBOJMAIINX KYyOHTOB,
PE30HAHCHO B3aMMOJECHCTBYIONINX C BBIJIEJEHHON MOJION II0OJIsI KOMILJIAHAPHOI'O MHUKPOBOJHOBOI'O PE30HATOPA
6e3 ToTEph TMOCPEIACTBOM OMHOMOTOHHBIX MEPEXOI0B IMPYW HAJWMINN HEJUHEHHOCTEH TPETHEro W ISATOrO
nopsaakoB. Ha ocHnoBe perienusi ypaBHEHUS IBOJIONUH CUCTEMbBI I (DOKOBCKUX HAYAJILHBIX COCTOSHUI IOJIs
pe3oHaTopa PACCUNTAH KPUTEPHil IIePeryTAHHOCTH KyOMTOB — OTPUNATEIHLHOCTH. Pe3yIbTaThbl BHIYUC/IEHUS
OTPULIATEILHOCTU IIOKA3BIBAIOT, YTO JJjIfd HA4YaJIbHBIX cenapabebHBIX COCTOSHUII HEJNHEHHOCTH DPE30HATOPA
MOXKET TMPHUBOJAUTH K CYyIIECTBEHHOMY VBEJUUYEHUIO MAaKCHMAJBbHON CTEleHN IepPEeIyThIBaHUS KyOHTOB.
Tlokazano, 910 myis HAYAJBHBIX TIEPEIIYTAHHBIX COCTOSHUN KyOWTOB M WHTEHCHUBHBIX MOJIEH PE30HATOpPA yUIET
HeJINHEHHOCTe!l NIPUBOAUT K CTAOMIM3AINKN CTEleHNd IEePeyThiBanusd KyOWTOB B PE30HATOPE, CIOCOOCTBYET
nc4Ye3HOBEeHNIO0 3D deKTa MIHOBEHHOW CMEPTHU IIepPeyTHIBaHUS KyOWUTOB.

KoaroueBbie ciioBa: Ky6I/ITI>I; PE30HaHCHOE BBaHMO,ZLefICTBHe; HEJIMHENHBIN PE30HATOP; O,II,HO(bOTOHHbIG
IIepexo/abl; (I)OKOBCKOG COCTOdAHUE IIOJIAA PE30HaTOpPa; IEPeIlyThIBaHUEe; OTPUIATEJIbHOCTH; MI'HOBEHHasA CMEPTH
Hepery ThIBAaHUA.
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Beenenue

Opnnoit n3 HanboJiee M3yIEHHBIX MOJE/IBHBIX CHCTEM B KBAHTOBOW OITHKE $BJISETCH JIBYXYPOBHEBBIH aTOM,
B3aMMOJIEHICTBYIOIUI ¢ BBIJEJIEHHON MOJION JIEKTPOMATHUTHOTO TIOJIS PE30HATOpa 0e3 MoTepb. DTa IPeJesh-
HO IIPOCTasi KBAHTOBAs CHCTEMA HUMEET TeM He MeHee HETPUBHAJIbHYIO KBAHTOBYIO JIMHAMUKY, OIMCHIBAEMYIO
ramuibToHnaHoM JIxkeitaca — Kammumarca [1]. DxcrepuMenTanibHas peagusanus Takoi MOJEIN Ha MHKPOBOJI-
HOBBIX YaCcTOTaX I03BOJIMJIA HADJIOIATh BCe OCHOBHBIE 3((MEKThI KBAHTOBOW OITHKH, TAKHE KAaK KOJLIAIC U
BoccTanoBene ocuusuisnuii Pabu, cxkarwe m aHTUIIYaCCOHOBCKYIO CTATHCTHUKY MOJis, PE30HATOPBI U jp. [2].
MmoroaroMHoOe pacIIMpeHre MOENIHN TaKKe YacTO HA3bIBaloT Mojeabio TaBuca — Kammmarca. Hosbrit nm-
nyabe K m3ydenuto mogenn JIxeitca — Kammunrca n ee 00001ennit, B 9aCTHOCTH MHOTOATOMHON MOIEIN
Hxeitnca — KamMmunrca, cBsi3aH C ee HCHOJH30BAHUEM B KBAHTOBON MHMOPMATHUKE, a WMEHHO ISl OIHCA-
HUsl JIUHAMUKH CBEPXIIPOBOJSIINX KOJIEl C J12K03e(PCOHOBCKUMU II€PEXOJaMy, IMPUMECHBIX CIUHOB W JIPYTUX
UCKYCCTBEHHBIX aTOMOB B pe3oHaropax [3-9]. Takue MCKycCTBEHHBIE aTOMBI MOIYT UCIOJIb30BATHCS B KAYECTBE
JIOTHYIECKUAX 3JIEMEHTOB KBAHTOBBIX KOMIIBIOTEDOB W KBAHTOBBIX ceTeil. [lojisi pe30HATOPOB MPH ITOM HUCIOJIb-
3yIOTCS [IJIsi T€HEPAINY, KOHTPOJIS U YIPABJIECHUS [E€PEIYyTAHHBIMU COCTOSHUSMHU CBEPXIIPOBOISAIINX KyOUTOB 1
JPYTUX UCKYCCTBEHHBIX aTOMOB. B 3Toli cBA3M mpescTaBisieT OOJIBIION MHTEPEC MCCIIEI0BATDH CIydail, KOrjga pe-
30HATOP, ¢ KOTOPBIM CBsI3aH KyOuT, 00JIa/1aeT HEJUHEHHOCTHIO, BhI3bIBasl HEIKBUIUCTAHTHOCTH SHEPIeTUIECKIX
ypoBHeil 1moJisi pe3oHaTopa. KyOUThI B HEJIMHEHOM PE30HATOPE OIMHUCHIBAIOTCS HEJUHEHHBIM TaMUJIBTOHUAHOM
muOroaroMuoit mogenu Jlxkeitaca — Kammvwuarca. Bkiodenne HenmHeiHOCTH 3HAYUTENBHO oborarmaer Gusn-
Ky CHCTEMBbI, IO3BOJIsis, B YACTHOCTH, 3HAYUTEIbHO Oojiee 3DEKTUBHO HCIOIB30BATH IIOJIE€ PE3OHATOPA JIJIsd
VIIPaBJIEHUSI CTENEHBIO IIeperyThiBaHus KyouTos. Innamuka KyOUTOB B HEJIMHEWHBIX PE30HATOPAX AKTHUBHO HC-
CJIeJIOBAJIACH B MOCJIEHEE BPEMsI B GOJIBIIIOM KOJHMYECTBE TEOPETUIECKUX U SKCIIEPUMEHTAJIbHBIX pabor [10-17].
B uacrrocTH, B pabore II. Beprera c¢ coaBropamu [18] Teopermueckn u 9KCIEPUMEHTAJIBHO M3y4eHA MHAMU-
Ka CBEPXIIPOBOJISAIIEr0 KyOWTa B PE30HATOPE C HEJIMHEHHOCTSMHM TPEThEro W IATOro mopsiaka. lIpemcrasiisier
wHTEpeC 0000IUTh yKA3aHHYIO MOZEIb Ha CIydail IByX KyOHMTOB B HEHEAJHLHOM pe3oHaTope. B Hacrosrmeit
CTaThe HAMM WCCJIEOBAHA [IMHAMHUKA IEPEIyTHhIBAHUs JBYX CBEPXIPOBOIAINNX KyOUTOB, B3aUMOJIENCTBYIOIINX
C IOJIEM HJIeAJIbHONO HEJIMHEHHOTO KOMJIAHAPHOIO pPe30HATOpa B paMKax HeJIMHEWHON JIByKyOUTHON Mojesin
Tasuca — Kammunrca.

1. Moaenp u TOUHOE pellleHne KBAHTOBOI'O ypaBHeHud JInmyBuiiisa

Paccemorpum cucremy, cocTosmniyo M3 JABYX J2KO3€(PCOHOBCKUX CBEPXIIPOBOILAIINX KyOWTOB, BCTABJIEHBIX B
cepeyHe JIMHUHM TePeIadr KOMILUIAHAPHOTO pe3oHaTopa. J[K03edCOHOBCKHME KyOUTHI MOTYT PACCMATPUBATHCS
C JIEKTPOTEXHUIECKON TOYKM 3PEHHs KaK COCPEOTOYEHHAs Oe3/MCCUNATUBHAS HEJUHEHHAs WHIYKTHUBHOCTD.
B pesynbrare momoBasi cTpyKTypa pe3oHaTopa riyboko mojaudunupyercs. B mpesese, Korjia 4acTOTHI yIIpaB-
JISTFOIIIUX CUTHAJIOB NEHEPUPYIOT MApPMOHUKHU, PE30HAHCHBIE C BBICIIUMU MOJAME PE30HATOPA, PE3OHATOD MOYKHO
AIIPOKCUMUPOBATH TOJIBKO OJHON HesJuHeiHol Mozoii. B arom ciyuae, ciemys pabore [18], 3amumem ramuiib-
TOHUAH HAIEfl CACTeMbl B PE30HAHCHOM UPHUOJINIKEHUU B BHJE

2
H = hy Z(a"‘a; + 0/ a) — Ka*t2a® — Ka*3a?, (1)
i=1

rie at (a ) — omepatop pojenus (YHWYTOXKeHHs) (OTOHOB DPE3OHATODHOH MOIBI TIOJIHA, O

BBIITAIONINI ¥ IOHUKAIONIAN OIepaTop B i-M KyOumTe W Y — KOHCTAHTA B3aUMOJIEHCTBHUS KyOHTOB C IIOJIEM
pesonaropa u K u K — KOHCTAHTBI HEJIMHEHHOCTUH COOTBETCTBEHHO Tperbero (mocrosinHas Keppa) u msiroro
IIOpsIJIKA, MUMEIOIINe BU/T

u o — 1o-

3 2
T w,Ze
K = &2 e
h )
~ 2 —
[ 2K=(9 10p).
3pwy-

3aecs w, = 1/ VLC, rne L; — mosHas WMHJYKTHBHOCTb CHCTEMBI, paBHasd L, = Ly+ L., tne = Lg n L, —
MHIYKTHBHOCTH KyOWTOB M DPE30HATOPA COOTBETCTBEHHO U p = Lg/Li. Z — UMIeNaHC DPE30HATODA.

B uacraocru, B pabore II. Beprera ¢ coasropamu [18] paccmarpuBaemasi MOJe/b OblIa Deajn30BaHa CO
caenytomuMu mapamerpamMu B [

Takum 06pa3oM, OTHOINEHNE KOHCTAHTHI HEJIMHEHHOCTH TPETHEro MOPsIKAa K KOHCTAHTE KyOUT-TIOJEBOTO B3a-
umogieitcTsust coctapaaio K/g ~ 2-1072. Koncranta K B pabore [18] He m3mepsiiach. IIpoBejieM OIEHKY
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BO3MOXKHBIX 3HAYEHUNH KOHCTAHTHI HEJMHEHMHOCTH TISITOTO MOPsaKa. VHIYKTUBHOCTU CBEPXIIPOBOISIINX KyOu-
TOB Jie2kaT B wHTepBaje oT 1 mo 10 ul'H, a MHAYKTUBHOCTH KOMIIJIAHAPHBIX PE30HATOB B mHTepBaje ot 100
no 1000 al'a. Torma 3madenmsi Ge3zpamepnoro mapamerpa p Jjexar B mHTepBasie or 0.001 mo 0.1. B pesynb-
TaTe [Isi MUHAMAJIBHONO 3HAUEHHS [APAMETPA P OTHONIEHHE KOHCTAHT ISTONO M TPETHEro IMOPSIKOB K /K
MO2KET JOCTUTraTh 3HAUYEHUI MOpsIKa 102

O6Gosmaunm depes | +); u | —); BO3OyKJEHHOE M OCHOBHOE COCTOsIHHE -0 KyOura. Brpibepem B KauecTBe
HAYAJIBHBIX COCTOSIHUHN II0JICHCTEMBI KyOUTOB cernapabesbHble COCTOSIHUS BHJIA

W (0))Qi@: = [+, =), (2)

|\II(O)>Q1 Q2 — I+, +), (3)

a TakyKe IeperyTaHHbIe COCTOSTHUSI BUIA
[¥(0))g, @, = cosb|+,—)+sinb|+,—), (4)

rae mapamerp 6 ompesesiseT HavYaIbHYIO CTEIeHb II€PEIyThIBAHUS KyOWTOB.
B kadecTBe HAYAIBHOIO COCTOSIHWS TIOJIsI PE30HATOPA BhIOEpEeM (DOKOBCKHE COCTOSHUS BUIA

rae n — 9ucjao (POTOHOB B PE3OHATOPHON MOJE.
st uccreioBannsl JUHAMUKH [IE€PEIyThIBAHUSA KyOMTOB HalijleM BHaYaje BPEMEHHYIO BOJHOBYIO (BYHKIIHIO
cucreMbl i1 POKOBCKOI'O HAYAJIBHOI'O COCTOSHHUSA 10Jisd. Jljst 9T0 HEOOXOMMMO PeIuTh KBAHTOBOE YDaBHEHUE

Ipémuurepa
o)
ot
¥(0)) = ¥(0))q, .Y (0))F.
Pemenne ypasnenusi (5) OymeM UCKaTbh B BUJIE
|\P(t)>n = Xl,n(t)l_’ —n+ 2> + X2,n(t)|+7 —n+ 1> + X3,n(t)|_7 +,n+ 1>+
+X47n(t)‘+’+7n>' (6)
Jna xkoadbdunuenro X; uz (6) nosydaem ypaBHeHUs
iX.l,n(t) =—pnn+2)(n+1)X1 () —x(n+2)(n+ 1) X1, (&) + Vn +2Xo () + Vi + 2X3 (1),
@in(t) =vVn+2X1,(t) —pnn+1)(n—1) X, () — x(n+ 1)nXa n(t) + vV + 1X4,(¢),
ngn(t) =vn+2X;,1(t) —pun(n+1)(n — 1) X3 ,(t) — x(n + 1)nXs3 o (t) + vVn + 1X4 (1),
iXan(t) = Vn+1Xo,(t) + Vi + 1X3,(t) — pn(n — 2)(n — 1) Xy (t) — xn(n — 1) Xy n(t). (7)
Pemenne cucrembr ypasreHuii (7) UMeeT Upe3BBIYANHO TPOMO3JKHUI BHJ. [109TOMY MBI OIDAHUIHMCS B JIaJIb-
HelileM YUCJICHHBIM PelleHueM.
Vmest siBHBIH BUJL BpEMEHHON BOJHOBON (GyHKIWMU cucTeMbl (6), MBI MOYKEM BBIUHCJINTEH [APAMETD [eperry-
TBIBaHUS KyOUTOB — OTPHIATENLHOCTH. Il 3TOro HeoOXOJMMO HANTH PELyIUPOBAHHYIO JABYXKYOMTHYIO MAT-

puity mwioraoctu. Haiiziem BHadasie BpEMEHHYIO MaTPHUILY IJIOTHOCTH MOJIHOW cucTeMbl "Ba KybuTa+Moaa Imo-
Jist" CTAHJIAPTHBIM TSI YUCTBIX COCTOSTHUN 0OpazoM

pr(t) = [U(E))n n (U ()] (8)

PeynupoBaniyo Marpuily IUIOTHOCTH JBYX KyOUTOB Mbl MOXKEM BBIYUC/IUTH, yCPeIHss (8) IO IepeMeHHBIM

= [H, (1)) (5)

C HaYaJIbHBIM YCJIOBUEM

110JI14d
pn,qubitfqubit(t) = Sprn(t)
IepeiiieM K BBIYUCICHUIO KPUTEPUS IMEPEIyTHIBAHUS KyOUTOB.

2. Bbrumcienue oTpuiiaTeJIbHOCTH U 00CYyKAeHNe Pe3yIbTaTOB

OmupesiesM OTPUNIIATENIBHOCTD JUIsl IBYX KyOUTOB CTaHIAPTHBIM obpasom [19; 20|
N(t)=-2) wy, (9)
k

rie w, - OTpUIATENIbHBbIE COOCTBEHHBIC 3HAYEHNS YACTHIHO TPAHCIOHHPOBAHHON IO IIEPEMEHHBIM OJHOIO Ky-
OuTa peLyIUpPOBAHHON ABYXKyOHUTHOH Marpuilpl miorHoctu. s memepemyrannbix cocrosamit N = 0. dia
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nepenyTtanubix cocrosHuil 0 < N < 1. MakcuMaJabHOI CTeleHu NepernyThIBaHUs COOTBETCTBYeT 3HadeHne N =
=1.
it cenapabesibHbIX HAYAJbHBIX COCTOfHMEA KyOuroB (2) u (3) u meperyrannoro cocrosHus (4) IByXKy-
OnuTHASA peIyIUPOBAHHAS MATPHUIA ILIOTHOCTH HMEET BUJL
Pn,11 0 0 0

0 : 0
pnﬁqubitfqubit(t) (t) - 0 Zzzz Z:z; 0 . (10)
n, )

0 0 0 pnaa
Marpuanbie siaemenTsl (10) juisi HavaJbHBIX cocrosiHuit (2)—(4) mMmeror BuUj
pra1() = [X1n(@)? pn22(t) = [ Xon (), pss(t) = [ Xsa (),
pras(t) = [Xan®OF, poos(t) = Xow(t)X3,(1).

YacTU4HO TPaHCIOHUPOBAHHAS II0 IE€PEMEHHBIM ONHOTO KyOHWTa pPEIylMpOBAHHAS MATPHIA ILIOTHOCTH Ky-
6uros s (10) MoxkeT ObITH LIpEJCTABIICHA B BHJIE

Pn,11 0 0 02,23
Ty _ 0 Pn,22 0 0
pn,qubit—qubit (t) - 0 0 Pn.33 0 . (11)
Pn2s O 0 pnaa

Marpura (11) mmeer Bcero ofiHO COGCTBEHHOE 3HAUEHUE, KOTOPOE MOXKET OBITh OTPHUIATEJLHBIM. B pesyiib-
TaTe OTPHUIATENHHOCTH (9) MOXkKeT OBbITH 3alucaHa Kak

N(t) = \/(pn,44 —pna1)2 +4 - |pn23|? — Pni1 — Pnoaa

Puc. 1. 3aBucumocts orpunarenbHocredl N(t) OT NpHUBEJEHHONO BPeMeHH ¢t Jiisi HAYAJIBHOIO COCTOSTHHSE
KyouToB |+, —). HUucmo doronoB B Mome n = 2. 3HaveHnst HenauHeiHocTell X = = 0 (CIIomIHAs JIMHUS)
n x =0.1, p =0 (mrpuxoBas aunus) (a) 1 x = pu =0 (cwiomuas juang) u x =0, = 0.1 (mrTpuxoBas
saaust) (D)
Fig. 1. The negative dependence N(¢) on the time gt for the initial state of qubits |+,—). Number of photons in
mode n = 2. Mode of nonlinearities x = u =0 (solid line) and x = 0.1, x =0 (dashed line) (a) and x =p =0
(solid line) and x =0, g =0.1 (dashed line) (b)

Pe3yabraTsl KOMIBIOTEPHOTO MOJIEIMPOBAHUS BPEMEHHON 3aBHCHUMOCTH oTpunaresnbHocredi N(t) st Ha-
YAJBHOIO COCTOSIHUSA KYOUTOB |+, —) M pa3/IMUHBbIX 3HAYEHUI MAPAMETPOB HEJUHEHHOCTH Y U [t IIPEICTABJICHDBI
Ha puc. 1, a, b u puc. 2, a. Hucao GHOTOHOB B PE30HATOPHON MOJAE MAjig ITHX IPAMUKOB U BCEX IOCTEILY-
IOIUX BBIOpAHO paBHBIM N = 2. V3 rpadukoB XOpOIIO BUIHO, YTO HPH BKJIIOYEHUN HEJIMHEWHOCTU CTEIeHb
[epeIyThIBaHNs KyOUTOB PE3KO BO3PACTAET, JIOCTUTAas /I HEKOTOPHIX BPEMEH MaKCHUMAJbHOrO 3HadeHus N =
= 1. lHTepecHO OTMETHUTDb, YTO TaKOE IIOBEJIEHHE ITapaMeTpa IEPeIyThIBAHUS KyOUTOB XapaKTePHO sl JIFOOBIX
3HaYeHU mapaMeTpoB HejuHeiiHocTu. [Ilpm sTOM npM yBesmYeHMM TApaMeTPOB HEJIMHEHHOCTU BpEMeHa, JIJis
KOTOPBIX OTPUIATE]BHOCTh JOCTATAET MAKCHUMAJBHOIO 3HAYCHUSI, YMEHBINAIOTCS B CIydae (DOKOBCKUX COCTOS-
HUil Tosi pe3onarTopa. Hampumep, 11 3HaUEHH mapamMeTpoB HEJTHHEHHOCTEH, TOCTUTHYTHIX B SKCIEPUMEHTE
I1. Beprera ¢ coasropamu [18] (x = 0.02, u = 0), Bpems, mIs KOTOPOTO HAOGIIONAETCS TEPBBIA MAKCHMYM
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Puc. 2. 3aBucumocts orpunarenbHocTedi N(t) OT NpHUBEIEHHONO BPEeMEHH ¢t JiIsl HAYAJIBHOTO COCTOSIHMSI
Ky6uros |+, +) (a) u mepemyrammoro cocrosmus 1/v/2(|+, =) + |—,+) (b). Yucio dboronos B Mome n = 2
(a) mw n =10 (b). Bnauenus memuueiiHocreit X = 1, p =0 (cunommuas nuans) u x =0, p = 0.5 (mrTpuxoBast
munus) (@) u x = p =0 (cwomuas juaust), X = 1, 4 = 0 (mrpuxosas juansg) u x =0, u = 0.2 (Toueunas

JIMHUSA)

Fig. 2. The negative dependence N(t) on the time gt for the initial state of qubits |+,4+) (a) and entangled
state 1/v/2(]+, =) + |-, +) (b). Number of photons in mode n =2 and n =10 (b). Meaning of non-linearity
x=1, £ =0 (solid line) and x =0, 4 = 0.5 (dashed line) (a) and x = p =0 (solid line), x =1, p =0 (dashed
line) and x =0, p=0.2 (dotted line)

OTPUIIATEILHOCTH, cocTaBjsieT ¢t &~ 450 ¢, 9TO 3HAYUTE/IbHO IIPEBOCXOIUT BPEMsI KOT€PEHTHOCTH B pPaccMar-
pUBaeMBbIX CHCTeMax KyOWTOB B pe3oHaTope. Takmm 00pasom, Ijis HaOJIOMEHUS IPEICKa3biBaeMoro 3dderra
HEOOXOIMMO HOOUTHCS IKCIEPUMEHTAJIBHO YBEJIMYCHNUs [IapaMeTPOB HeJIUHeHOocTelr 0ojiee, €M Ha IMOPSIOK.
B cuny Bblecka3aHHOTO YHCIEHHOE MOJEIMPOBAHUE BPEMEHHOI'O IIOBEIEHUS OTPUIATEILHOCTH IIPOBOJIMIIOCH
JUIsT TaKWX 3HAYEHUN [1apaMeTpOB HEJIMHEHHOCTH. 3aMeTUM TaKKe, UTO C yBeJUYeHWeM dYncjaa (hPOTOHOB B
PE30HATOPHON MOJIe BpeMeHa, JJisi KOTOPBIX HabOJIFOJAI0TCd MAKCUMYMbl OTPUIATEILHOCTH, YBEJIMYNBAIOTCS.

Ha puc. 2, a upejcrasiieHa BpeMeHHasi 3aBUCUMOCTb OTPUIATEIBHOCTU OT IPHUBEIEHHOIO BpeMeHU ¢t Jijisi
HAYAJBHOIO COCTOSIHUSI KyOUTOB |+, 4, —) M PA3jIMUHBIX 3HAUEHWH [ApaMEeTPOB HEJMHEHHOCTH. 3aMeTHM, UYTO
B OTCYTCTBUE HEJIMHEWHOCTU PE30HATOPA [IJIsi TAKOTO HAYAJBHOIO COCTOSHWS KyOWTOB II€PEIyTHIBAHWE HE BO3-
HUKAEeT HU Jisl KAKUX HAadaJdbHbIX cocToguuii Kyburos [21]. Ilpu yuere HeJIMHEHHOCTH IOSIBJISIETCS [EPEILyThi-
BaHue Kyouros. Pacuernl 1OKa3bIBAIOT, YTO 3aBUCHMOCTb MAKCHMAJIHLHON CTENEHU IMEePEyThIBAHUS KyOUTOB OT
HEJIMHEITHOCTH TPEeThEero IOopsijika Y HEMOHOTOHHasi. B MHTepBaJie 3HaYeHUi Oe3pa3sMepHOro lapamerpa HeJd-
Heitnoctu 0 < x < 1 ¢ yBeJnyeHneM HEJIUHEHHOCTH Y MaKCHMaJibHasi CTEIEHb ITePeIyThIBaHUSI KyOUTOB PacTeT,
a 1y x > 1, Haobopor, ymenbimaercs. JIs HeTMHEHOCTH ATOro MopsiaKa p curyarus uHasi. C yBequdeHueM
mapaMerpa (i PACTeT W MAKCHUMAJIbHAsl CTEIeHb IePelyThIBaHUs KyOUTOB, JOCTHrasd MaKCHUMAJIbHBIX 3HAYEHUN
npu p > 5. Ha puc. 2, b mokazana BpeMeHHAs 3aBUCHMOCTH OTPUIATEIBHOCTH OT IPUBEJIEHHOIO BPDEMEHH gt
JUIsl HAYAJIBHOTO IIEPEITyTAHHOTO COCTOsiHUS KyOuTos (4) mpu 6 = 7/4 u pasjauvHBIX 3HAUEHUH apaMeTpoB
nesmHeitnocTu. Yucsao dporono B Mose paBao n = 10. Jljisi BEIOPAHHOTO HAYAJIBHOIO COCTOsIHUSI KyOUTOB HeJIU-
HEWHOCTU TPETHEr0 W IATOrO MOPSIKOB IIPUBOAAT K YMEHBIIEHUIO AMILIUTY/T KOJEOaHUN OTPUIATEbHOCTHA W,
COOTBETCTBEHHO, K CTAOMIM3AINU IIE€PEeIyThIBaHUS KyOMTOB B pe3oHaTope. Kpome TOro, oHE CIOCOOCTBYIOT
nCYe3HOBeHNIO 3h@dEKTa MIHOBEHHON CMEPTHU II€PEryTHIABHUS KyOHTOB, T. €. MCUE3HOBEHUIO IEPEIyTHIBAHUS
KyOMTOB Ha BpEMEHaX MEHbBINX BpeMeHH jekorepernnn [22; 23|. Onucanubie 3hdHeKTh XapaKTEPHBI sl COCTO-
STHUAN TO0JIsT ¢ 60abIIUM 9UCIOM (OTOHOB. [Jisi MaJibIx 4umcesi (DOTOHOB BJIMSIHUE HEJMHENHHOCTel Ha IOBeIeHNe
OTPUIIATEILHOCTH HE3HAYUTEIHHO.

BreiBoabl

Takum obpazoMm, B TaHHOW CTAThe MBI PACCMOTPEIN NMHAMUKY CHCTEMBI, COCTOANIEN U3 JBYX WJIEHTUIHBIX
KyOUTOB, B3aMMOJIEHCTBYIONMMX C MOJOW TOJIS HUJICAJLHOTO PE30HATOPA C HEJIUHEHHOCTIMS TPETHErO U IIATOTO
MOPsAIKOB. JJIsT KOJIMYIECTBEHHON OIEHKW Mepbhl IMEPEIyThIBAHNS KyOUTOB HWCIIO/IH30BAJIACH OTPUIATEILHOCT.
Berauciienusi orpunaTeibHOCTH TPOU3BEIEHBI JIs CernapadebHbIX U Oe/IOBCKUX HAYAJIBHBIX COCTOSHMI KyOu-
TOB U (DOKOBCKOIO COCTOsiHMS M0Jis pe3oHaTopa. IlokazaHo, 4ro s cenapabesbHOrO COCTOSHUS |+, —) yder
HeJINHETHOCTEl KaK TPeThero, TaK U IIATOTO IOPSIKOB IPUBOJAUT K CYIIECTBEHHOMY YBEJIHMUEHUIO CTEIeHU Ile-
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penyThiBaHUs KyOMTOB. XOPOIIO U3BECTHO, UTO JJIsi pe30oHaHCHOUW Mmojenun Tasuca — Kammunrca B cirydae
HAYAJBHOIO COCTOSIHUS |+, +) IepenyThIBaHHE COCTOSHUII KyOUTOB He BO3HMKAET HU JJIsi KAKUX HAYAJIbHBIX
cocrosiHuii nosisa pezonaropa [21]. Ilpu BRIIOUEHMH HEJMHEHHOCTH DPE30HATOPA BO3MOXKHO MEPEILyThIBAHUE KY-
OuUTOB B mpoIlecce mX majbHeineir sBosroruu. s (HOKOBCKMX COCTOAHWIT MOJI PE30HATOPA PACIETHI MOKa-
3bIBAIOT, YTO /IS MAJIbIX 3HAYEHMI 0e3pa3sMepHOro IapaMeTpa HeJUHEHHOCTH TPeThero mopsaka y < 1 yBesn-
JeHune mapaMerpa HeJUHEHHOCTH TPUBOJIUAT K YBEJUUEHUIO MAaKCHMAJBHON CTEIEHU IIeperyThbiBaHus KyOWUTOB,
a it OOJIBIINX 3HAYeHWil Oe3pa3MepHOro apamMerpa HejuHeiiHocTH Y > 1 mMMeer MecTo obOpaTHasi 3aBHUCHU-
MocTb. C yBesimdeHueM 06e3pa3MEpHOrO MapaMerpa HEeJIMHEHHOCTH MISTOrO MOPSiIKA (i PACTET MAaKCHUMAJIbHAsT
CTEeIeHb IePeIyThIBaHUusS KyOWTOB, JOCTUTAsi MAaKCAMAJIbHBIX 3HadeHWil mpu 1 > 5. Jjaa 6e/toBCKOro Hadvasb-
HOI'O IIEPeIlyTaAHHOI'O COCTOsiHUs KyOuToB (4) yder HeJUHEHHOCTEH TPETHEro W ISTOr0 IHOPSIKOB IIPUBOIUT
K YMEHBIIEHUIO aMILUIUTY/] KOJjebaHUil OTPHUIIATE]HLHOCTA U, COOTBETCTBEHHO, K CTAOMJIM3AINN II€PEeIryThIBAHUSI
KybuToB B pesonarope. Hajnumuune HejmHEiTHOCTEH CIIOCOOCTBYIOT TaK:Ke HUCYE3HOBEHUIO 3 deKkTa MIHOBEHHOM
CMEPTH IePEenyThIBAHNS KyOUTOB. YKa3aHHBbIE 3(D(EKThl MPOSIBIAIOTCA 3aMETHBIM O0Opa30M JIAIIb JJIsi COCTOsI-
HUIT 11071 ¢ OOJIbIMM 9IucIOM (POTOHOB. J[jist Maibix unces (pOTOHOB BIIMSIHUE HEJMHEHHOCTEH Ha MOBEICHUE
OTPHUIATEIBHOCTH HE3HAYUTEJIbHO.
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ENTANGLEMENT IN NONLINEAR TWO-QUBIT TAVIS — CUMMINGS
MODEL

ABSTRACT

In this work, we have studied the dynamics of entanglement of two identical superconducting qubits resonantly
interacting with the one-mode field of a coplanar microwave cavity without loss through single-photon transitions
in the presence of third- and fifth-order nonlinearities. Based on the solution of the equation of evolution of the
system for the Fock initial states of the cavity field, the criterion of qubits entanglement — negativity is calculated.
The results of the negativity calculation show that for the initial separable states, the cavity nonlinearity can lead
to a significant increase in the maximum degree of qubit entanglement. It is shown that for the initial entangled
states of qubits and intense cavity fields, taking into account nonlinearities leads to stabilization of the degree of
entanglement of qubits in the cavity and contributes to the disappearance of the effect of the entanglement sudden
death of qubits.

Key words: qubits; resonant interaction; nonlinear cavity; fock state of the cavity field; entanglement; negativity;
sudden death of entanglement.
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TPEBOBAHUA K O®OPMJIEHUIO CTATEM

2Kypuan “BectHuk Camapckoro yHuBepcurera. EcTrecTBeHHOHayuyHasa cepus’’ wusnaercd ¢ 1995 r. u sBasercs
PEryJIsIpHBIM HaydYHBIM H3JaHUEM, BbITyCKaeMblM CaMapCKUM YHHUBEPCHTETOM C IEJIbI0 PA3BUTHs HAYIHO-HCCIIEI0BATEILCKOMN
esITeJIbHOCTH, IOJJIEPKKHM BEAYIINX HAayYHBIX IIKOJ U IOATOTOBKM KaJpOB BbICHIelH KBajaudukaruu. 2KypHasl BBIXOJUT Kak
B II€IATHOM, TaK M B JIEKTPOHHOM BHJE. DJIEKTPOHHAS BEPCHS JKypHaja pa3Merrnaercss Ha caifite CaMapCKOro yHHBEPCHTETA
no azpecy http://vestnik.samsu.ruhttp://journals.ssau.ru/index.php /vestnik-est. Bce craTbu HPOXOLAT IPOBEPKY B INPOrpaMMe
"AnTumrarnar".

B xkypnane "Bectuuk Camapckoro ynuBepcurera. KcTecTBEeHHOHAydYHAs cepus’ NEeYaTAIOTCS OPUTHMHAJbHBIE HAyYHBIE pe-
3yJbTaThl U3 PAa3jIMYHBIX OOJACTEll eCcTecTBO3HaHWMsI 1O mpodmiro 6a3bl maHHbix zbMath, panee He myOyiMKOBaBIIMECT W He
[Ipe/ICTAaBJIEHHbIe K IyOJIMKaIlM¥ B JPYIUX H3IaHAAX. E>KerogHo BBIXOASAT B CBET YeThIPE PErYJsSPHBIX BBIMYCKa >KYpP-
HaJa.

IIpencraBisiemast B »KypHay paboTa JO/KHA OBITh 3aKOHYEHHBIM HAy4YHBIM MCCJIEJOBAHUEM U COJEPXKATH HOBbIE HAyYHbIE
pe3ysnbrarsl. CTaTby JOJIKHBI IOAINCBIBATHCS BCEMU aBTOPAMH, UTO O3HAYAET MX COIVIACHE Ha IIepeJady BCEX IIpaB Ha PacCIpo-
crpaHeHne paboT C MOMOIIBIO MEYATHBIX U 9JIEKTPOHHBIX HocuTeneil mudopmamun Camapckomy yuuBepcurery. CraTbu MOryT
OBITL HAIMCAHBI HA PYCCKOM WM AHIVIMACKOM $I3BIKAX, IIPH 9TOM aBTOPBLI OOS3aHBI IPELbSBIIATH IIOBBIMIEHHbIE TPEOOBAHHUS K
CTHJIIO W3JIOXKEHUsI U aA3bIKy. CTaTbH JJOJIXKHBI COIPOBOXKJATHCS HAIPABICHUEM OPraHU3allid, B KOTOPOH BBITOJIHEHA paboTa.
Crarbu 0G30PHOIO XapakTepa, PEleH3UN Ha HaydHble MOHOrpaduu IUIIYTCH, KaK [IPABUJIO, [0 IPOCHOE PEIKOJIIErHH KypHAJA.
Bce mpezacraBiennble paboTBI pefakiins »KypHajla HapaBisieT Ha peleH3upoBaHue. Pernenue 00 OIyOJIMKOBaHUU NPHHUMAET-
Cd PEIKOJUIETWil »KypHaja HAa OCHOBAHUU DPeNeH3uu. ABTOPAM PEKOMEHJYETCs O3HAKOMHUTLCS C IIPABUJIAMHU IIOJITOTOBKHU CTATEH
mepes NPEeACTABIECHHEM HX B peJaknuio. Paborel, opOpMIIEHHBIE HE IO IPaBUJIAM, PEIKOJIIETHEel pacCMaTpUBATLCS HE OyIyT.
Pepaknusi nmpocur aBTOpPOB npu 0(dOPMJIEHUU PaGOTBHI NPUAEP>KUBATHCH CJIEAYIOIUX IIPABUJI M PEKOMEHJALUN:

1. Crarpu mpeAcTaBisSIOTCS B ABYX QopMaTax: TBepJas KOIHs, pacledaTaHHas C OJHOI CTOpOHBI JjucTa ¢dopMmara A4, u
anekTponHas (e-mail: nsvestnik@ssau.ru). DJIEeKTPOHHBIH BapHaHT MOJI?)KEH TOYHO COOTBETCTBOBATH II€YATHOMY.

2. Crarbs JTOJIKHA COJEPKATh: HasBaHHe paboThl (6e3 dhOpMyi), CIMCOK ABTOPOB, HNPEJCTABJIECHHBIH B aadaBUTHOM IODSIKE,
C ykKazaHueM MecTa pabOTbl M €ro ajpeca C HHIEKCOM, aJPECOB 3JIEKTPOHHON MOYTHI KaKJ/ION0 U3 HUX, 3BaHWs, [OJIXKHOCTH,
ORCID Ha pyccKOM ¥ aHIVIMICKOM s3bIKaxX; aHHoTanuio He MeHee 100 CJIOB Ha PYCCKOM M AHIVIMACKOM $3BIKaX, KOTOPas
aeTcs Iepej OCHOBHBIM TEKCTOM; OCHOBHOM TEKCT, KOTODBIA DPEKOMEHJYeTCs Pa3lessTh Ha IOAPAa3esibl C IEJbI0 0bJerdeHust
qTeHUsI pabOThI; 3aKJIIOUEHHE C KPATKOH XapaKTEPHUCTHUKOW OCHOBHBIX IIOJIyYEHHBIX PE3YJILTATOB.

3. CraTbsa no/pKHA ObITh CHAGXKEHA WHIEKCOM yHuBepcaabHOi kiaccudukamun (Y/IK), HEOGXOMUMO NMpeICTaBUTh KJIIOYEBBIC
CJIOBa Ha PYCCKOM M AHIVIMHACKOM SI3bIKaX.

4. O6beM cTaTbU HE IOJIKEH NMPEBBIIATH 1525 CTpaHuIl, WIIIOCTPHPOBAHHOIO He Gojiee YeM 5 pucyHKaMu # 5 Tabinmamu.
Bazoseiit pasmep mpudra — 10 nyakroB. OnybinkoBanue paboT, HE COOTBETCTBYIONIMX ITUM OIPAHUYEHUSAM, BO3MOXKHO TOJIBKO
[OoCjIe CHEIUAJLHOIO PEIICHUsI PEAKOJUIETHU 2KyPHAa.

5. Tlonmucu K pucCyHKaMm [OJKHBI pa3MeNaTbCs CHU3Y OT PUCYHKa U JOJKHBI COJEPXKATh MX KPATKOE ONUCAHUE M, BO3-
MOXKHO, OOBSICHEHHE MCIIOJb30BAHHBIX CHMBOJIOB M YCJIOBHBIX OOO3HAYEHWIA.

6. YKaszareib TabJUIBI TOJIPKEH OBITh Pa3MENIEH CIIpaBa CBEepXy OT Tabimupl. 3arojoBok Tabimupl (Kak u cama Tabuuna)
JOJIZKEH OBITH OTLEHTPUPOBAH IO IIUPUHE OCHOBHOI'O TEKCTA.

7. Hywmeparuss puCyHKOB m TaOJIHI[ JOJIKHA OBITH ITOPa3JesIbHONM IO TEKCTy cTarbh. He momyckaercss pa3Merarb B TEKCTE
PHUCYHKN ¥ TaOJMLBl JI0 TOSBJIEHUs] HAa HUX CCBIJIKM B TEKCTE.

8. Tekcr crarbu [JOKEH OBITH IIOATOTOBJIEH CPEIACTBAMH H3IaTeIbCKOH cucreMbl INTEX2: ¢ HCHOIB30BAHWEM CTHIIS
samgu.cls. Cruib samgu.cls u upumep odOPMIIEHUs] CTaTbU MOXKHO HaiiTu Ha cailre CaMapCKOro rocyJapCTBEHHOIO yHH-
Bepcurera (axpec ykasaH Beire). Vcmonb3oBanue apyrux peanusanuii TEX’a kpaiine HexxesmaresnbHo. [1oAroToBKa 9JIEKTPOHHOMN
BEPCUM CTaThbU C IOMOINBIO JPYIUX CPEJCTB JIOJKHA OBITH 3apaHee corjlacoBaHa C pefakiueil. WimocTpaTuBHBIN MaTepuast
(pucynkm, TabaMIbI, AMArpAMMBI) TOTOBUTCS CTaHAAPTHBIMU cpeacTBamu IATEX’a. Pucynku MOryT OBITH Tak»Ke MOATOTOBJICHBI
B J1I060M rpaduyueckoM peJakTope M mpenocrasieHbl B dopmare EPS. Duekrponnsie npeacrasienus ¢dpororpaduii T0MyCKaOTC
Toabko B ¢dopmarax EPS mau TIFF c paspemenmem me menee 600 dpi. B caywae umcmosnb3oBamumsi HeCTaHZAPTHBIX CTHIIEBBIX
dailsioB aBTOp 06s13aH NPEIOCTABUTH DPENaKIUU HeOOXOIMMble CTHEBble dailiabl. V3MeHeHnsl CTaHZAPTHBIX CTHJIEBBIX (ailioB
HEOILyCTUMBI.

9. Ilpu NOArOTOBKE 3JIEKTPOHHOI'O BapHaHTa CTATbU CJeJyeT IPUHUMATh BO BHHMAHHUE CJIEYIONME DEKOMEHIAIUN:

a) npu Habope CTaTbU HEOOXOAMMO PAa3/IMYaTh CJIEAYIOIINE 3HAKH IPEIHMHAHUS M KOHTPOJIbHBIE IIOCJIEJI0BATELHOCTH, MM
cooTBercTByIomue: onuHapHbii geduc (™), apoitnoit nebuc (")!, rTpoitnoit medbuc ("—")2. OmumapubIi AeduC UCTONB3YIOT B
COCTaBHBIX CJIOBAaX; JBOWHON J1epUC PEKOMEH/IYeTCsl Il YKa3aHWs [Ualla3oHa dYuces W IBOMHBIX bamMuinii; TpouHoU meduc
O3Ha4YaeT THUPE;

6) JONyCTUMO WCIOJB30BAaHME TOJBKO OOpaTHBIX KaBbldek (7) ¢ IIOMOIIBIO KOHTPOJIBHOH — IIOCJIEJOBATEIbLHOCTH
\textquotedblright;

B) HEJOMYCTUMO HAXOXKJEHUS PSAJIOM ABYX M 6Oojiee 3aKPBIBAIONMX HJIM OTKPBIBAIOIIMX CKOGOK OJHOIO BHJA. PeKoMeHiyercs
BHUMATEJIbHO OTHOCUTBHCS K OaJlaHCy CKODOK;

I') JIONyCKaeTCs HUCIIOJIL30BAaHUE CJIEAYIOIUX KOMaH[ Iepekiiodenus mpudTos: \rm, \it, \bf, \sl u crangapTHbIX WPUdTOB
cemetictBa AMS ¢ nCIosb30BaHHEM CIIEAYIONUX KOMAH[ IEpeK/IovYeHuss mpudTos \mathbf, \mathcal, \mathfrak. lcmosmb3so-
BaHHME JPYTrHX HIPUMTOB JOJKHO OBITH COIVIACOBAHO C peJaKIueil »KypHaJa;

1) Ha rpaduKax JO/DKHA ObITh HAHECEHA CeTKa (JKeJIaTeIbHO KBaJpaTHas) ¢ ObO3HAaYeHHeM JejieHuii. PexoMeHryemblit
pa3Mep pucyHkoB — 11-15 cm mo ropusontasu u 5-15 cm 1o Beprukaju. HeobXoIuMo TIATENBHO CJIEIUTH 33 TOYHBIM COOT-
BeTCTBHEM OOO3HAdUeHMI B TEKCTe M Ha PUCYHKax W 3a momobmem mpudros. Hagmumcu, 3arpomoxkparonine pUCYHKH, JOJIXKHBL

L CooTBeTcTByONAasA KOHTPOJbHAS TOCTEI0BATENLHOCTh ecTh \cdash--~
2Co0TBeTCTBYONIAs KOHTPOIbHASA TOC/IEI0BATEIBHOCTE eCTh \cdash---
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OBITH 3aMeHEHBl IUdpPaMu HIH OyKBEHHBIMH OOO3HAYEHUSIMH W BHECEHbI B IIOAPHUCYHOUHBIe moamucu. CaMu NOAPHCYHOYHBIE
MOJIINCH JIOJ2KHBI OBbITH, 110 BO3MOXKHOCTH, KparTkuMmu. Pemakmusi ocrasisier 3a coboit mpaBo TpeboBaTh OT aBTOpa 0Oojiee Ka-
YECTBEHHOI'O BBINOJIHEHHUS I'PAPHUIECKOTO MaTepUaJIa;

€) Ul MaTeMaTHIeCKUX OOO3HAYEHUIl DEKOMEHJIyeTCsl YIOTPEeOJIsATb, [0 BO3MOXKHOCTH, CTaHJAPTHbIE U HaubOJIee NPOCTHbIE
cuMmBosibl. He criemyer mpumeHaTb MHOEKCHI n3 OyKB pyccKoro asidasBuTa. BeKTOPBI M TEH30PHI BBIIOJHSAIOTCH KUPHBIM MIpud-
TOM. BMecTo OJMHAKOBBIX INOBTOPSIIOIIUXCS OJIOKOB B (bOpMysIax »KeJaTeJbHO MCIOJIb30BATh MX COKpAIlEeHHble OOO3HAYEHNs;

K) mpu Hymepanuu (HOPMyJI PEIAKIUs MPOCHT IOJIb30BATHCH NECATHUYHON cucTeMoil. PexoMeHmyercst nBoiiHasi HyMeparysi:
nepBas nudpa — HOMEp pa3jesa CTaTbd, BTopas Iwdpa IOCIe TOYKH — HOMep (OpMyJsbl BHYTpH pasdzena. Homep momken
crosATh crupaBa or dopmyibl. He cienyer HymepoBarb (OpMysibl, Ha KOTOPblE HET CCHUIOK B TEKCTE;

3) TeOopeMbl, JIEMMBbI, [PUMEPBI, YTBEPXKJEHHUS W T.II. BBIIOJHSIOTCA OOBIYHBIM MIPUATOM; UX 3arOJIOBKU JAIOTCS >KUPHBIM
mrpudToM;

M) CIIUCOK JIMTEPATYPBI COCTABJSETCS IO HOPSJAKY IMTHPOBAHUS, PACIIOJNAraeTCs B KOHIIE CTAThH HA PYCCKOM M AHIVIMICKOM
asbikax (He Menee 10 mynkToB). [lyis KHMr coobmiaercs cienyomas uHpoOpMalws: daMUINK ¥ HHUIMAJILL aBTOPOB, IIOJIHOE
Ha3BaHHE KHUTH, H3JaTEJbCTBO, TOJ H3JAHUs U KOJMUIECTBO CTPAHUI; [JIs CTaTeil B COOPHHKAX U JKypHaJax — QaMuInu
¥ MHHULIUAJIBI aBTOPOB, IOJHOE HA3BaHHE CTaTbU, Ha3BaHWE >KypHasa (COOPHHKA) IOJHOCTBIO HJIM, €CIM €CThb CTaHJApTHOE
COKpAIlleHHUE, COKPAIEHHO, oJHasa uHopMaimsa o6 u3ganuu (cepus, TOM, HOMED, BBIILYCK, I'OJ), HOMEPa HAYAJIbHON M KOHEUHOMN
CTPaHUIl CTaTbH;

K) CCBUIKM HA HWHOCTPAHHbIE UCTOYHUKH (BKJIIOYAs II€PEBEJCHHBbIE HA DPYCCKHUIl fA3BIK CTATbU U KHUIH) JAIOTCA OBA3aTEIHHO
Ha $I3bIKE OPUTHHAJA U COIPOBOXKIAIOTCA B CJydae [IE€PEBOAA Ha PYCCKHM sI3BIK C yKA3aHWEM Ha3BAHUSA U BBIXOLHBIX TaHHBIX
IepeBo/ia.

IutrpoBanme ocyimecTBiIsieTCs KOMaHAOH \cite ¢ coorBercTByIomeil MeTKOi. CChUIKE Ha HeOIyOJMKOBaHHBIE PaOOTHI HEIO-
IIyCTHMBI.

HesblnosiHeHne aBTOpaMy IEPEYUCIIEHHBIX BBIIIE IIPaBUJI MOXKET IOBJIeYb 3a COGOI 3alep:KKy € OIyOiaMKOBaHUEM pPaboTHI.

B KypHaJie JJaeTCd yKa3aHhue Ha OaTy IIOCTYIIJICHU pa60T1>1 B peJaKIUI0 U JaTbl €€ IIPUHATHUA. Hpocr>6a peJgakKmuu O Iiepe-
pa60TKe CTaTbU HE O3Ha4YaeT, UYTO CTaTbsdA IIPUHATa K II€daTH; IIOCJIe nepepa60TKM CTaThbsd BHOBH DPaCCMaTpPHUBaETCA peaKonner‘Hef/’I

JKypHaJa.

Pedaxuyua orcyprana
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