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AHHOTALMA

MonynAummn rnobanbHo CBA3aHHLIX OCLMANATOPOB ABAAIOTCA 6a30BbIMM MOLENAMM MPU U3YYEHUM NPOLECCOB CUHXPOHM-
3aLMM ¥ BO3HUKHOBEHWA KOMMEKTMBHBIX MoA. Bo MHOrMX cnyyasx rnobanbHbli xapaKTep CBA3M onpeensaeTca Henocpea-
CTBEHHO CBOMCTBaMM paccMatpvBaeMoi cucTeMbl. OOHaKo OCUMNNATOPBI, BXOAALLME B COCTaB aHCaMbnA, MoryT UMeTb
pa3Hble M0 BEIYMHE MapaMeTpbl, a TaKKe HaxoOWUTbCA MOf BO3OEUCTBMEM BHELUHUX LUYMOB, YTO MPUBOOUT K HEMEH-
TMYHOCTM B3aUMOAENCTBYIOLLMX 3NeMeHTOB. Hanbonee pacnpocTpaHEHHBIM UCTOYHMKOM TaKoM HEMIEHTUYHOCTU ABNAETCA
pa3bpoc B COBCTBEHHbIX YacToTax OCUMANATOPOB. 3PdeKThl, K KOTOPLIM MPUBOAWT Takoro pofda 6ecnopsafok B CUCTEME,
Ha AaHHbIA MOMEHT YKe [0CTaTO4HO [eTabHO PacCMOTPEHbI. B npecTaBneHHOM McCnea0BaHUM NPOaHaNU3NPOBaHO BiN-
fiHWe pasnuunA B Ga3oBbix cABUrax B cBA3W. [aHHble ha3oBble 3afepKKM ecTecTBEHHbIM 06pa3oM BO3HWKalT TaM, rae
CGOpPMMPOBaHHBIN CPEHWM NMOSIEM CUTHAN JOMKEH PacnpoCTPaHATLCA, YT0ObI JOCTVUYb NPOCTPAHCTBEHHO pacrpeaeneHHbIX
3/1EMEHTOB, NPUHaANEeHKaLLMX NONYAALUK.

Bo-nepBbix, B KayecTBe npuMepa bbina nocTpoeHa dasosas mMogenb B dopme Kypamoto—Cakaryum ona aHcambna Kea-
APaTUYHBIX HEMPOHOB TUMa «HAKOMEHNEe-COPOCy», PEKYPPEHTHO CBA3AHHBIX OPYr C APYroM NOCPeSCTBOM CMHANTUYECKOro
TOKQ, NPUXOLALLEro Ha OTAENbHO B3ATHIE KMETKU C Pa3HbIMU CABUIaMM MO BPEMEHW, T.6. KOr[a Kamabl HEMPOH Mosy-
YaeT CTUMYN OT JPYrux KNeToK aHcaMmbnA co cBoei COHCTBEHHOM 3afeprKKon. C MaTeMaTUYecKom TOYKKU 3peHUA B TaKoM
cuTyaumu rnobanbHas cuna AencTBYeT Ha PasinyHble OCLMINATOPbI C pacnpefenéHHbIM BpeMEHHbIM 3ana3fbiBaHUEM,
uTO B MTOre NMPMBOAMT K pasbpocy no napameTpy Cakaryum B cooTBeTCTBYloLeN da3oBov Mogenu. OTMeTUM, yto npu eé
BbIBOAE Npennonaranock cnaboe B3aMMOAENCTBUE MEMKY 3NEMEHTaMU CUCTEMBI, ObIN OCYLLECTBNEH NEPEX0S K MeAIeHHO
MeHALMMcA da3aM M UCcnoNb3oBaHa CTaHAAPTHaA NPoLeaypa YCpeaHeHus.

Bo-BTOpbIX, B paboTe noKasaHo, 4to pacnpepeneHve GpasoBbix COABMIOB B CBA3M MOXKET BO3HWKATb U U3-3a HEMTEHTUYHOCTM N0~
KanbHbIX CBOWCTB OCLMNIATOPOB, B YaCTHOCTU KOrAia B3aMMOLENCTBME HEVMPOHOB OCYLLIECTBAIAETCA Yepe3 robanbHO YCpeaHEH-
HOE C YYETOM «DULTPALMM HU3KUX YacTOT» CUHANTUYecKoe mone. A 3Toro HaMm Bbina paccMoTpeHa KaHOHWYeCcKan Mogerb
8-HelMpoHa, TpPaULIMOHHO MCMONb3yeMast NpY aHaU3e KONNEKTUBHOM AMHAMUKU MOMYNALMN HEMPOHOB, KOTOPbIE [EMOHCTPU-
PYIOT B CBOEM MOBELEHUM MEPEX0S, ONUCLIBAEMBIA HOpManbHOV (OpMON Cef10-y3N0BoM budypraLmmn. 3aeck, KaKk 1 B Npedbl-
AyLLIeM Cryyae, NPeanonaraeTcs, YTo HEMpOHbI robanbHO CBA3aHbI MeMdy C060/ XMMMYECKUMM CUHANCaMu, OfHaKOo A/ CooT-
BETCTBYIOLLIEIr0 CMHANTUYECKOr0 TOKa MPUMHUMAIOTCA BO BHUMaHME pelakcaLyoHHbIe NPOLIeCChl, KOTOpbIe 1A KaXKOoro HepoHa
MPOTEKAIOT CO CBOEM CKOPOCTLIO. B 3TOM cuTyaumm, aHanorMyHbiM 06pa3oM cuMTas XapakTep B3auMOLeMCTBUA ciabbiM 1 uc-
Mnonb3ys aCUMMTOTUYECKMIA METO BO MHOMMX BPEMEHHbIX MacLutabax, aBTopbl nonyunny Mogens Kypamoto—Cakaryum ons aH-
caMbnA ¢a3oBbIX OCLMNIATOPOB C pacnpefenéHHbIMYU (a3oBbIMU 3afepHKKaMU.

Hanee 6binn npoaHanu3upoBaHbl CBOMCTBA (a3oBoit Mogenu. B TepMoaMHammueckoM npepene mccnegyemylo Mogenb
MOMHO 0XapaKTepM30BaTb 0JHOYACTUYHOW MNIOTHOCTLIO BEPOATHOCTM, KOTOPAA 3BOJIIOLMOHMPYET COrIacHO YPaBHEHMIO He-
MPepbLIBHOCTM M MMEET TOYHOE pelleHue B BUAe aH3aua OTTa—AHTOHCEHa Npu Kaxm[oM 3HaveHun ($pa3oBoro cABwra a.
370 MHOroobpasue ABNAETCA NPUTArMBalOLLMM (KaK MOKasaHo B Apyrux paboTax) M COOTBETCTBYET creLuansHoMy npeg-
CTaBneHWio ans pasnoxenus B pag Oypbe no dasoBoii nepeMeHHoM B Buae Aapa [MyaccoHa. C NoMoLLblo JaHHOM0 aHanu-
TMYECKOro MOAX0Aa MOSIYYEHO HU3KOPA3MEPHOE OMMUCAHUE KOJIEKTUBHOMO MOBEAEHUA COOTBETCTBYIOLLEN CUCTEMBI, Fhe
B CaMM YpaBHEHWA [J1A MAaKPOCKOMMUYECKMX KOMMJIEKCHBIX NOMeN 3HayeHne (pa30BbIX CABMIOB O HE BXOAWT, U TOMbKO nepe-
onpenenéHHbIN napameTp nopagka Q(t,a) 3aBUCUT OT d Yepe3 HavasbHble YC0BMA. TakMM 06pa3oM, OCHOBLIBAACh Ha 3TUX
pedyLMpOBaHHbIX YPaBHEHWUAX U UCMONb3YA aHanU3 YCTOUYMBOCTU B IMHEMHOM NPUOAMMKEHUM, YOAETCA npuBecTU yoeam-
TeNbHble apryMeHTbl B MOfb3y TOr0, YTO B XOA4Ee AMHAMMKM NaMATb 0 HayanbHoM coctoaHum Tepaetca u Q(t,a)—>QA(t). Mo-
C/e TOro Kak BcroMoraTebHbli napaMeTp nopagka A(t,a) coweéncs K A(f), ouHaMuKa nonynAumM GasoBbIX OCLMIIATOPOB
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C pa3bpocoM $ha3oBbIx CABUIOB CBOAMTCA K OHOMY AUHAMMYECKOMY ypaBHEHWIO AndA BennunHbl Q(f), ¢ KOTOpoit UCXoaHble
napameTpbl NOpAAKa CBA3aHbI Yepe3 Kpyrosble MOMEHTbI NOTHOCTH pacripefeneHna g(a) BeNnUMHbI a.

Bce TeopeTnyeckue BbIBOALI MOATBEPHKAAIOTCA YMCTIEHHBIMM PAcYEéTaMK, BbINOSHEHHBIMU HEMOCPeACTBEHHO B paMKax pac-
CMaTp1BaeMbIX Moenei NonynALuiA rnobanbHo CBA3aHHbIX OCLUNNATOPOB.
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ABSTRACT

Globally coupled populations of oscillators are exemplary models for synchronization and the emergence of collective
modes. In many cases, the nature of the global coupling is predetermined by the setup. Nevertheless, the oscillators can
possess distinct properties and intrinsic noise, leading to non-identity of the system elements. The variation in natural
frequencies among the oscillators is the primary source of non-identity. This feature has already been extensively studied.
Our research focuses on the impact of phase shift coupling disorder. These phase lags naturally occur where the global
force must propagate to reach spatially distributed elements of the population.

First, we develop a phase model in the Kuramoto—Sakaguchi form for a group of quadratic integrate-and-fire neurons
that are inter-connected by a synaptic current transmitted with different time delays. This occurs when each cell receives
input from other cells of the ensemble with an inherent delay. From a mathematical perspective, a global force affects
oscillators with different time delays, resulting in a spread of phase lags in the corresponding phase model. Assuming
a weak interaction between system units, we transform to slow-varying phases and use the standard time-average
procedure.

Secondly, we demonstrate that a distribution of phase shifts in coupling may result from local oscillator properties,
particularly when synaptic coupling of neurons incorporates a “low-pass filter” of an incoming, globally averaged synaptic
field. For this purpose, we examine the classic 8-neuron model, which is frequently used to analyze the collective dynamics
of a Type | neuron population. Here, we posit that neurons interact through chemical synapses, with each corresponding
synaptic current forcing on the neuron satisfying the relaxation equation while having an individual, disordered value of the
relaxation constant. Under this assumption of weak coupling and through the use of multiple timescale analysis, we obtain
the Kuramoto-Sakaguchi model of phase oscillators which exhibit distributed phase lags.

Next, we will consider the characteristics of the phase model. In the thermodynamic limit, the one-particle probability density
function characterizes the continuum of phase oscillators. It evolves according to the continuity equation and possesses an
exact solution in the Ott—Antonsen ansatz form at each a phase lag value. This manifold is attractive and represents a special
ansatz for the expansion of a Poisson kernel in a Fourier series with respect to the phase variable, as demonstrated in other
papers. Using this analytical approach, we obtain a low-dimensional depiction of the collective behavior of the system,
which indicates that in the equations for macroscopic complex fields, the redefined order parameter Q(t,a) depends solely
on the phase shifts a through the initial conditions. However, its dynamics remain independent. Using stability analyses in
the linear approximation and reduced equations, we argue that during the dynamics process, the memory of the initial state
is lost and Q(t,a)—>Q(t). After Q(t) converges, the population dynamics with a distribution of phase shifts reduces to a single
dynamical equation for the auxiliary order parameter Q(t), and the original order parameters are connected to it through
circular moments of the phase shift distribution g(a).

All theoretical concepts are confirmed through numerical calculations performed directly within the oscillatory population
models under consideration.

Keywords: synchronization; collective modes; neuron population; global coupling; Kuramoto—Sakaguchi model; distrib-
uted phase lags.
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