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AHHOTALMA

AHcaMbnu $a30BbIX OCLIMINIATOPOB LUMPOKO MPUMEHAIOTCA B KayecTBe 6a30BOM MofenM, ONUCHIBAIOLLEN BO3HUKHOBEHWE
KOJIEKTUBHOM JUHAMUKM B MHOrOKOMIMOHEHTHBIX PeanbHbIX 06bEKTaX, BKIOUaA HEMPOHHbIE CETH, MONYNALMM XUMUYECKMX
OCLMNNIATOPOB, 3IEKTPUYECKUE U coLpanbHble ceT. Mogenb KypamoTo 0gHOMEpHBIX MW OBYMepHbIX (a3oBbiX OCLMANA-
TOPOB ABMAETCA KIIOYEBbIM NPUMEPOM TaKMX CUCTEM, KOTOpble MOYT AE@MOHCTPUPOBAaTh HETPMBMAMLHYKD KONEKTUBHYIO
LVHAMUKY, BKIIOYaA MOMHYI0, YaCTUYHYK WAM WMHOYLMPOBaHHYI0 aCUMMETPUEN CMHXPOHM3ALMI0, XMMEPHbIE COCTOAHUA,
YEeAVHEHHbIE COCTOAHWA, KNACTEPHbIE PEXMMBI, FPaMeHTHble COCTOAHUA. [lpUMeyaTenbHO, YTO MOHAA CUHXPOHM3AUMA
ABNAETCA JOMUHUPYIOLLMM PUTMOM, BbI3bIBAEMbIM POCTOM CWJTbI CBA3M B KNaccuyeckoh Mogenm Kypamoto. Pacnpepenén-
Hble W KNacTepHble pacnpedenéHHble COCTOAHMA 06bIYHO HabnlogalTcA B ceTAX KypaMoTo C 0TTankMBaloLLEeN CBA3bIO; 0f-
HaKo MOJTHOr0 MOHWMMAaHMA, NPU KaKUX YCOBUAX TOT UM MHOW PUTM MOMKET BO3HWUKHYTb U CTaTb YCTOMYMBbLIM B LUIMPOKOW
obnactu $a3oBoro NMPOCTPaHCTBA, HeT.

He MeHee BaKHbIM OnA NOHUMaHWUA CBA3W CeTel ocLuMUnnATOpoB KypamoTo C peanbHbIMU (U3NYECKUMU CUCTEMaMU AB-
NAETCA onpefeneHne pon KOMNOHEHT B3aMMOAENCTBUA bonee BbICOKOM0 NOPAJKa, KOTOpble MPeACTaBnAioT cobom UneHbl
pasnoxeHua B pag Oypbe 06Len 2n-nepruoanyeckon ¢pyHKumm cunbl ceasu [1]. [JobaBneHue cnaraeMbix 6onee BbICOKOM0
nopsAgKa K QyHKLMK CBA3W B KNAcCMYeCcKoM Mofenu ocumnnATopoB KypaMoTo MOXKET MPUBOAUTL K MyNbTUCTabUIbHOCTH
CMHXPOHHBIX cocToAHMM. OfHaKo ponb Mof cBA3M Honiee BbICOKOr0 MOpAAKa B pUTMOreHe3e CETe C OTTa/KUBAIOLLMM B3a-
MMOENCTBMEM eLUE NPeSCTOUT YCTaHOBMUTb.

B nanHoM paboTe npefcTaBnieHbl CYLLIECTBEHHBIE LA K PeLLIeHUI0 3TOW KpUTUMYeCKon npobneMbl AniA ceTer $pa3oBbix oc-
unnnatopoB Kypamoto—CaKaryuu ¢ 0TTanKvBaloLMMM CBA3AMM, COLEPHALLMMM FapMOHMKM BbICOKOro nopagka. CHavana
YCTaHaB/IMBAETCA, YTO [BYXKMACTEPHbIE U TPEXKNACTEPHbIE COCTOAHWUA ABNAIOTCA AOMMHUPYIOLMMKA pUTMaMu B cnabooT-
TaNKMBaILLMX CETAX C YETHBIM U HEYETHBIM YMCIIOM OCLIMMATOPOB CO CBA3bI0, COLEPHKALLEN TOMbKO MEPBYI0 FapMOHUKY.
TpéxKnacTepHble peuMMbl NpY 3TOM 00pa30BaHbl JBYMA KOrepeHTHbIMU No dase KnacTepamMu paBHOrO pa3Mepa U 0fHUM
YEAWHEHHBIM OCLMNINIATOPOM. ITW TPUMOAHbIE COCTOAHUA MOXKHO PaccMaTpuBaTh Kak TMOPUOHBIA PeXUM, COYEeTaloLLnUi
XMMepy OBYX 60MbLUMX KNacTepoB C 0AMHOUYHBIM YeAMHEHHBIM cocToAHMeM. Obpalladch K rpedeckon MUdONornm, Mol Ha-
3blBaeM 3T TPEXKNACTEPHbIE PEHUMBI LIMKIOMHBIMUA COCTOAHUAMM, TAE OOMHOYHBIA OCLIMANATOP U CUHXPOHHbIE KNacTepbl
NpeAcTaBnAOT COOTBETCTBEHHO rNa3 W mneun umknona. Ocobo oTMeTUM, uTo fobaBneHwe Mof CBA3W Gomnee BbICOKOro
nopsAgKa NpUBOAUT K rN06anbHOM YCTOMUYMBOCTM LMKIOMHBIX COCTOAHWI NPAKTUYECKM BO BCEM [Mana3oHe 3HaueHun da-
30BOr0 CABUra, KOHTPOJIMPYIOLLEr0 CTEMeHb OTTaIKMBaHWUA 3NeMEHTOB [2].

MomuMo ocumnnATopoB KypamMoTo, Mbl MOKa3biBaeM, YT0 3TOT 3IGGEKT CUNBHO MPOABNAETCA B CETAX TeTa-HEMPOHOB C ajan-
TUBHOW CBA3bl0. Ha bonee 06LLieM ypoBHe HalLW pe3ynbTathl MPeaaralT BapuaHTbl AnA NoMcKa JOMUHUPYIOLLUX PUTMOB
B PU3NYECKMX U BUONOrMYECKMX CETAX C OTTA/IKMBAKOLLMMIU CBA3AMM.
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ABSTRACT

Networks of phase oscillators have become a widely established paradigmatic model for studying emergent collective
behavior across several real-world systems, including neuronal networks, populations of chemical oscillators, and power
grids. The Kuramoto model, involving one-dimensional or two-dimensional phase oscillators, demonstrates the potential
for networks to showcase exceptional collective dynamics. This encompasses various outcomes such as full, partial,
explosive, and asymmetry-induced synchronization, clusters, chimeras, solitary states, and generalized splay states.
Notably, increasing all-to-all coupling in the classical Kuramoto model induces full synchronization as the most probable
outcome and dominant rhythm. Kuramoto networks with repulsive coupling usually display splay, generalized, and cluster
splay states, but the conditions under which a certain rhythm can arise and prevail are not entirely understood.

Equally important for connecting Kuramoto networks to practical physical systems is understanding the function of higher-
order coupling terms. These terms display a Fourier decomposition of a general 2n-periodic interaction function [1]. Previous
studies have demonstrated that the inclusion of higher-order terms in the classical Kuramoto model of oscillators with all-
to-all attractive coupling can lead to multiple synchronous states and switching between synchronization clusters. However,
the impact of higher-order coupling modes on rhythm generation in repulsive networks remains unexplored.

In this work, we present significant progress in addressing the critical issue related to repulsive Kuramoto—Sakaguchi
networks of phase oscillators with phase-lagged first-order and higher-order coupling. We demonstrate that weakly
repulsive networks of even and odd numbers of oscillators with first-order coupling are dominated by two-cluster and
three-cluster splay states, respectively. The three-cluster splay states consist of two distinct coherent clusters and one
solitary oscillator. These tripod states can be considered a fusion of a two-body chimera and a solitary state. We have
dubbed these patterns of three oscillators as “Cyclops states” in reference to the Greek mythological giant with a single
eye. The solitary oscillator and synchronous clusters respectively represent the Cyclops’ eye and shoulders. We present
a remarkable discovery that the inclusion of higher-order coupling modes leads to worldwide stability of cyclops states
across almost the entire range of the phase-lag parameter controlling repulsion [2].

Beyond the Kuramoto oscillators, we demonstrate the robust presence of this effect in networks of canonical theta-neurons
with adaptive coupling. Furthermore, our results provide insight into identifying dominant rhythms within repulsive physical
and biological networks.
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