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Introduction. Vacancies are among the crystal lattice defects that have a significant effect on the
structural transformations processes during thermal, chemical-thermal, thermomechanical, and other types of
alloys treatment. The vacancy formation energy is one of the most important parameters used to describe
diffusion processes. An effective approach to its definition is based on the use of the density functional theory
(DFT). The main advantage of this method is to carry out computations without any parameters defined
empirically. The purpose of the work is to estimate vacancy formation energy of BCC-, FCC- and HCP-
metals widely used in mechanical engineering and to compare these findings obtained using various exchange-
correlation functionals (GGA and meta-GGA). Computation procedure. The computations were carried out
using the projector-augmented wave method using the GPAW code and the atomic simulation environment
(ASE). The Perdew-Burke-Ernzerhof, MGGAC and rMGGAC functionals were used. The wave functions
were described by plane waves within simulations. Vacancies formation energy was evaluated using supercells
approach with a size 3 x 3 x 3. Computations were carried out for BCC-metals (Li, Na, K, V, Cr, Fe, Rb, Nb,
Mo, Cs, Ta, W), FCC-metals (41, Ni, Cu, Rh, Pd, Ag, Ir, Pt, Au, Pb, Co) and HCP-metals (Be, Ti, Zr, Mg, Sc,
Zn, Y, Ru, Cd, Hf, Os, Co, Re). Results and discussion. A comparison of the defined vacancy formation

PBE MGGAC rMGGAC
Ef < Ef < Ef

energies indicates the validity of the following ratio of values: . The values

obtained using the open source GPAW code are characterized by the same patterns as for widely spread
commercially distributed program VASP. It was revealed that the use of the PBE and MGGAC functionals
leads to a slight deviation relative to the experimentally determined vacancies formation energy in contrast to
the computations using *MGGAC.
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Introduction

Point defects, particularly vacancies, determine considerably the nature of various phenomena that
occur in metals and alloys. The presence of vacancies is one of the most critical factors that is taken into
consideration in the qualitative and quantitative description of diffusion processes accompanying thermal
and thermochemical treatment of metals. For instance, recrystallization that develops in plastically deformed
materials is based on the phenomenon of self-diffusion, which is closely related to the characteristics of
vacancy migration [1, 2]. Polygonization in deformed metals is closely associated with a climb of edge
dislocations which is accompanied by the emission or absorption of vacancies [1, 2].

Vacancies have a significant effect on the kinetics of diffusive phase transformations. The coagulation
of multiple vacancies is considered as one of the main reasons for the formation of the so-called Kirkendall
porosity observed during diffusion welding of some alloys [3—6]. Interstitial defects and vacancies are also
essential underway irradiation-induced swelling that is one of the major tasks in nuclear engineering.

The key parameter to describe vacancies is the energy of'its formation. There are a number of experimental
methods to evaluate the vacancy formation energy (VFE) to date. Methods based on precision measurement
of heat capacity, electrical resistivity analysis, and positron annihilation spectroscopy (PAS) are among it
[7-9]. It should be noted that the experimental determination of the formation energy of point defects is an
extremely time-consuming process and is characterized by insufficient accuracy.

The appearance and development of effective computational methods, among which the density-
functional theory (DFT) should especially emphasized, is the result of the intensive development of
computational materials science methods used, among other things, for the analysis of defects in the crystal
structure. Using DFT, one can easily evaluate the ground state energy for any substance [10] without the
introduction of some sort of empirically determined parameters for the calculations. Thus, point defect
formation energy can be defined as the difference between the energy values of a supercell containing a
vacancy (vacancy supercell, £,7) and a defect-free supercell (bulk supercell, E,lfft’lk) . The value obtained

by the DFT requires a number of additional corrections to compare with the empirically determined
parameters. The features of this approach are described in detail in review publications [11, 12].

One of the stages of DFT computation is associated with the choice of the exchange-correlation (XC)
functional. The exact shape of functionals is currently unknown [13] therefore its approximations are used
in practice. It should be noted that even if the chosen approximation of XC functional gives the correct
result in evaluating some physical property, it may not be appropriate for evaluating another one. There are
two widespread approximations among the great number of possible models of XC functionals, namely: the
local density approximation (LDA) based on the free electron model [13, 14] and the generalized gradient
approximation (GGA) that takes into account not only the electron density, but also its gradient at the
considered point in space [15]. Both LDA and GGA functionals are based on a number of simplifications
and, for this reason, are characterized by a certain inaccuracy. The choice of a particular XC functional
depends on the type of task being solved. For instance, the cohesive energy using GGA-model can be defined
more precisely [16] and therefore GGA can be effectively used to calculate the point defects formation
energy including vacancies (VFE). However, the inaccuracy of the VFE using the GGA functional turned
out to be quite high in practice [17]. In the review paper [11], Freysoldt et al. highlight that using of LDA
functional provides a higher accuracy of the VFE evaluating in comparison with computation using GGA.
It is associated with the assessment of the inner surface energy contribution arising when one of the atoms
is removed from the supercell.

The development of new XC functionals and its application for the calculation of various characteristics
of materials, including the VFE, make it possible to minimize the deviation of the calculated data from the
experimental ones. In particular, the paper [18] reports about efficiency of meta-GGA-functionals. Meta-
GGA functionals contain the second derivative of the electron density and also take into account the kinetic-
energy density of electrons, and therefore provide better precision. However, the computations of VFE
via the revTPSS functional (one of the most commonly used meta-GGA functionals) did not confirm this
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hypothesis [8]. Thus, the search for XC functionals that make it possible to improve the accuracy of VFE
calculations for metals remains an urgent task.

The aim of this work was to evaluate the VFE of BCC-, FCC- and HCP-metals widely used in
mechanical engineering using DFT and to compare the results obtained by application of various types of
XC functionals (GGA and meta-GGA). The results obtained are important for analyzing the effectiveness of
DFT computations of point defect formation energy. In addition, the obtained data can be used for reference
purposes in the simulation of diffusion processes.

Theoretical background

The calculations were carried out using the projector-augmented wave (PAW) method with the ap-
plication of the GPAW code [19, 20] and the atomic simulation environment (4SE) [21], implemented in
the Python programming language. The widely used Perdew-Burke-Ernzerhof (PBE) functional of GGA
family [22], as well as MGGAC [23] and rMGGAC [24] functionals were used to describe XC potential.
The MGGAC functional proposed in [23] is developed for quantum chemistry computations and solid state
physics. The authors of this model combined the resulting meta-GGA exchange functional with the GGA
correlation one. Using this combination, one can determine the structural and energy properties of solids
with high accuracy. The rMGGAC functional proposed by Jana et al. [24] accounts for mismatches in the
correlation energy of MGGAC for atoms and ions.

The wave functions were described with plane waves. The cut-off energy of 500 eV was used for the
plane-wave basis set. Total numbers of k-points generated according to Monkhorst-Pack method was 27 (3
x 3 x 3 along the X, Y and Z axes) for the chosen functionals (PBE, MGGAC and rMGGAC). To improve
convergence with respect to Brillouin zone sampling, Marzari-Vanderbilt distribution (cold smearing) with
the temperature broadening parameter of 0.2 eV was applied [25]. The energy of vacancy formation was
evaluated using supercells approach with a size of 3 % 3 x 3. Detailed information about the parameters used
in the computations is given in Appendix A.

Calculations were carried out for the following metals:

1) BCC-metals: Li, Na, K, V, Cr, Fe, Rb, Nb, Mo, Cs, Ta, W.

2) FCC-metals: A/, Ni, Cu, Rh, Pd, Ag, Ir, Pt, Au, Pb, Co.

3) HCP-metals: Be, Ti, Zr, Mg, Sc, Zn, Y, Ru, Cd, Hf, Os, Co, Re.

To calculate the formation energy of point defect X via DFT, one can use the following formula [11]:

E1X9) = B[ X 9]~ Eqylbulk] ¥ mip; + qEp + Eqgpy (1)

where E/ [X 7] is the energy of defect X in charge state g; E;,;[X?]is the total energy of a supercell con-
taining the defect; Ej[bulk] is the total energy of the perfect supercell; n, is a number of atoms of type i
that have been added to (in this case it is assumed that n, > 0) or removed from (in this case it is assumed
that n, < 0) the supercell to form the defect; p, are the corresponding chemical potentials of the added or
removed atoms; £ 7 is the Fermi energy and £, is a correction term that accounts for finite k-point sam-

pling in the case of shallow impurities (a common term used in the physics of semiconductor).
In the case of single vacancy (or monovacancy) formed in a pure metal ¢ = 0; £, =0;i = 1;

corr

n, = n=—1. Thus, the equation (1) is significantly simplified and takes the following form:
E' vac] = E,y,[vac] - E,, [bulk] + p, )

where p is the chemical potential of the metal analyzed (the chemical potential of a single-element com-
pound is typically used in DFT calculations [26]).

This means that the VFE can be derived as the energy difference between a supercell that contains a
vacancy and a perfect one (defect-free supercell). However, the total energy is an extensive quantity. In

Vol. 25 No. 2 2023 %



CM OBRABOTKA METALLOV MATERIAL SCIENCE

other words, the energy of the system increases proportionally to the number of atoms contained therein.
A supercell containing a monovacancy obviously has one atom less than a perfect one. Thus, its energy
(excluding the vacancy effect) will be lower compared to the energy of a perfect supercell. Therefore, to
distinguish the vacancy contribution one needs to add the chemical potential of the removed atom to the
resulting energy difference according to the equation (2). It should be noted that the issue of point defect
energy formation definition is more complex for semiconductors and ionic crystals in contrast to metals

[11].

Results and Discussion

It is known, that the VFE in metals is well described through the following relationship:
E¢ ~ AKT,,, 3)

where T is a melting temperature (K); & is the Boltzmann constant; 4 is a proportionality constant close
to 10 [27].

Hayashiuchi et al. believed that a relationship between the VFE and the melting point is caused by the
similarity between processes of atomic movement during vacancy formation and also its movement at the
“solid — liquid” boundary during melting. According to this theory 4 = 9.7.

Fig. 1 shows the research findings in the coordinates “E = T ”. It can be noted that the trend of ViFE
growth with the melting temperature of the material is confirmed by data obtained using various methods.
The trends defined in this work have a similar character with the DF'T computations carried out by Medasani
et al. using the VASP computer program [8]. This fact testifies about the appropriateness of using of open
source GPAW code as to alternative to widely used commercial software package VASP. The computational
results carried out within this work and those obtained by other authors (including the experimental findings)
are summarized in Appendix B.

The proportionality constant 4, evaluated based on the results obtained using PAS, is close to ~12.1. It
is slightly above the 4 = 10 proposed in [27-29]. The proportionality constant was found to be approxi-

Fig. 1. Vacancy formation energy in various metals according to its melting point
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mately equal to ~11.6, ~13.9 and ~17.0 within the computation of VFFE using PBE, MGGAC and rMGGAC
respectively. Thus, the results obtained using the widespread PBE XC functional are considerably closer to
the experimental data.

The scatter in the computed results relative to the experimental data can be evaluated using mean square
error (MSE). In this paper, it was calculated according to the following equation:

\op  SLEPT -5

; 4

n
where E;alci and E;Xpi are the calculated and experimental VFE for element of type i, respectively.

It should be noted that only experimental values of the VFE, measured using PAS [7], were used in this
study. Since the experimental data are presented only for some metals [7], the deviation of the calculated
energies remained unknown for the rest, and, for this reason, was not taken into account to calculate the
MSE.

The MSEs are close for PBE and MGGAC functionals (0.66 and 0.64 eV>, respectively). When using
rMGGAC, the MSE is significantly higher (1.11 eVz).

Using fig. 2, one can compare the VFE calculated within this study with the experimental results. The
comparison of findings was carried out according to the approach proposed by Medasani et al. [8]. From the
calculated data, it is clear that the use of the rMGGAC and MGGAC functionals results in VFE overestimation
as compared to the experimental values. The VFE computed using the widespread PBE functional quite
uniformly distributed relative to the y = x line. In general, the results obtained are characterized by the

following trend: E fPBE <E fMGGAC <E erGGAC that is well correlated with the findings of Medasani et al. [8].

a b c

Fig. 2. Comparison of experimental and computed values of the vacancy formation energy for the
exchange-correlation functionals PBE (a), rMGGAC (b) and MGGAC (c). The dotted line representing
the function y = x is shown on the graphs for the convenience of analyzing the obtained data

Analyzing the obtained results, it can be noted that patterns defined by computing correspond to the
experimental data. The typical dependence of the VFE from the melting temperature was mentioned
above. Nevertheless, it is difficult to use the VFE estimated using DFT in subsequent calculations without
introducing additional corrections. In particular, the equilibrium concentration of vacancies and the
diffusion coefficient depend exponentially on the VFE. It means that these parameters extremely sensitive
to the error in determining the latter one. According to 7. Mattsson and A. Mattsson [30], to obtain a
reasonable value of the defects’ equilibrium concentration at room temperature one need to know the VFE
with an accuracy of 0.025 eV. From the presented data it follows that this accuracy is unreachable without
additional corrections. One of the approaches used for a posteriori correction of the VFE is to account the
energy of the inner surface inside the crystal created by removing one of the atoms [30].

Vol. 25 No. 2 2023 %
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Conclusions

The analysis of VFE in BCC-, FCC- and HCP-metals was carried out using DFT simulation. Based on
the conducted study, the following conclusions can be made.

1. The use of DFT is an effective approach to evaluate the formation energy of point defects. The VFE
obtained via open source GPAW code are characterized by the same trends as the widely spread commercial
software package VASP. It is reasonable to compare the application efficiency of both programs in terms of
calculation accuracy and rate in further studies.

2. In most cases, the use of the PBE and MGGAC functionals provides a slighter deviation relative to
the experimentally defined VFE in comparison with the calculation via rMGGAC.

3.A comparison of the computed VFE indicates the validity of the following ratio:
St ==f :

4. Despite common patterns, the calculated VFE may differ significantly from the experimental data.
Thus, the VFE evaluated at 7= 0 K can be used only in comparative studies. To increase the accuracy, the
calculated VFE should be subject to additional correction.
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Appendix A

Detailed information about the parameters used in the computations

Details about metals used for DFT computations

Table 1

, Lattice parameters, A
Metal Lattice type Space group
a | b | c
Al 4.0509
Ni 3.5240
Cu 3.6149
Rh 3.8000
Pd 3.8889
Ag FCC 225 3.8889
Ir 3.8390
Pt 3.9230
Au 4.0773
Pb 4.9500
Co 3.4200
Li 3.5100
Na 4.2830
K 5.3100
14 3.0235
Cr 2.8848
Fe BCC 229 2.8620
Rb 5.6600
Nb 3.3030
Mo 3.1463
Ta 3.3110
w 3.1648
Be 2.2860 3.5840
Zr 3.2340 5.1480
Mg 3.2092 5.2099
Sc 3.3130 5.2760
Zn 2.6575 4.9340
Y 3.6435 5.7272
Ru HCP 194 2.7040 4.4000
Cd 2.9790 5.6140
Hf 3.1930 5.0520
Os 2.7350 4.3200
Ti 2.9400 4.6800
Co 2.5071 4.0686
Re 2.7600 4.4000
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Table 2
Parameters for calculating the energy of bulk and vacancy supercells

Functional Lattice type N k E., | MV n n

FCC 108 107
PBE BCC

54 53
HCP

FCC 108 107

MGGAC BCC 3x3x3 3x3x3 500 | 0.2 54 53
HCP

FCC 108 107
rMGGAC BCC

54 53
HCP

Note: E,,, — kinetic energy cutoff that determines the number of plane waves, eV; MV — the magnitude of the temperature
broadening in the Marzari-Vanderbilt distribution, eV; n u nv — the number of atoms in an ideal supercell and a supercell with a
single vacancy. For all computations, periodic boundary conditions were set.

Appendix B
Values of vacancy formation energies in various elements
Table 3

Values of vacancy formation energies (eV) calculated in this work using the correlation-exchange functionals
PBE, MGGAC, MetaGGA, along with the data from [8] (calculated values) and [7] (results of PAS)

. LDA PBE PW9I PAS

No. Metal Lattice PBE MGGAC rMGGAC 8] (8] (8] 7]
1 Be 0.96 1.65 1.75 - - - -
2 Mg 0.85 0.96 1.07 0.8 0.77 0.72 -
3 Sc 2.01 2.4 2.51 1.97 1.86 1.8 -
4 Zn 0.41 0.68 0.76 0.5 0.42 0.49 -
5 Y 1.92 2.28 2.37 1.91 1.87 1.82 -
6 Ru 2.84 3.48 3.62 3.03 2.71 2.62 -
7 cd HCP 0.28 0.66 0.66 - - - -
8 Hf 2.29 3.18 - 2.17 2.24 2.16 -
9 Os 3.04 3.8 - 3.35 3.08 3.02 -
10 Ti 2.23 2.87 2.99 2.08 2.08 1.99 -
11 Co 2.04 2.39 2.56 2.22 1.96 1.9 -
12 Re 3.24 3.86 - 3.65 34 3.26 -
13 Zr 2.19 2.82 2.95 - - - -
14 Li 0.64 0.61 0.67 - - - -
15 Na 0.43 0.48 - 0.34 0.33 0.31 -

16 K 0.37 0.41 0.44 0.33 0.3 0.29 0.34

17 Vv BCC 2.98 3.49 3.76 - 2.27 2.2 2.07
18 Cr 3.05 3.93 4.1 2.85 2.77 2.65 2.0
19 Fe 1.86 2.58 2.71 2.3 2.2 2.14 -
20 Rb 0.32 0.37 0.4 - - - -

21 Nb 3.0 3.49 3.71 3.01 2.77 2.71 2.65
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End of the tab.3

: LDA PBE PW91 PAS
No. Metal Lattice PBE MGGAC rMGGAC (8] (8] [8] 7]
22 Mo 2.81 3.5 3.67 2.87 2.74 2.56 3.0
23 Cs 0.31 0.32 - - - - -
24 Ta 3.43 4.12 - 2.99 2.82 2.74 -
25 w 3.29 3.79 - 3.48 3.31 3.18 4.0
26 Al 0.74 0.7 0.96 0.71 0.65 0.56 0.66
27 Ni 1.51 2.09 2.19 1.68 1.46 1.89 -
28 Cu 1.04 1.77 1.8 1.29 1.09 1.05 1.28
29 Rh 1.64 2.22 2.31 2.02 1.74 1.66 -
30 Pd 1.06 1.74 1.75 1.48 1.21 1.18 1.85
31 Ag FcC 0.03 0.77 0.77 1.05 0.78 0.77 1.11
32 Ir 1.57 2.52 - 1.89 1.62 1.57 1.79
33 Pt 0.67 1.46 - 0.99 0.74 0.72 1.32
34 Au 0.17 1.18 - 0.66 0.41 0.39 0.89
35 Co 1.75 2.58 2.66 2.1 1.8 1.76 1.34
36 Pb - 0.81 - - - - -
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