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A B S T R A C T

Introduction. The development of virtual digital models of the machining process on metal-cutting machines 
is a dynamically developing direction of increasing the efficiency of machine-building production. Such models 
include subsystems of parts quality prediction. Accuracy and validity of its work directly depends on the built model 
of dynamic cutting system, which is perturbed by force noise, the sources of which have different physical origin. 
In addition, the autonomous dynamic system itself is a generator of various attracting sets of deformations, such 
as limit cycles or chaotic attractors. Taking into account various nonlinear transformations in the properties of the 
dynamics of the cutting process allows increasing the adequacy of the model to the real process and is an actual 
task in the construction of simulation modeling systems of the dynamics of surface machining by cutting. Study 
object. Our earlier studies allow us to determine the geometry corresponding to the deformation trajectories of the 
surface formed by cutting. However, the adequacy of the mapping of the calculated trajectories to the geometry 
estimates remains not quite clear. The proposed paper focuses on achieving an adequate mapping of calculated as 
well as measured strain trajectories into the geometric topology of the part. The aim of the work is to evaluate the 
mapping of vibration perturbations of the system into the geometry of the surface formed by cutting. Method and 
methodology. The research is of experimental-theoretical nature. The content of the research includes the study of 
the correspondence of frequency characteristics obtained on the model and in real machining. The main attention 
is paid to the mapping of deformations to the part geometry. For this purpose, the paper considers the coherence 
functions between the strain functions and the part profile. Results and Discussion. It is shown that the conditioning 
of these transformations has a limited frequency range in which the explanation of the variable components of 
the generated relief is statistically significant. Mathematical modeling of the dynamic cutting system based on the 
mechanics of interaction between tool and workpiece allows adequate prediction of the macro geometry of the part 
formed by cutting. The obtained mathematical tools can be used to create systems for predicting the geometry of the 
machined surface.
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Introduction

In the last decade, many scientific teams have been working towards the creation of a virtual model 
of the machining process on metal cutting machines, i.e., the creation of its digital twin. The machining 
process is considered as a system, the individual subsystems of which are united by various links [1–7]. 
In the CNC machine tool system the subsystems that reveal the accuracy of correspondence between the 
program-defined and real motion trajectories of executive elements are singled out [8–10]. Attention is paid 
to the identification of generalized masses and friction links in servo drives of machine tool actuators, its 
influence on the correspondence between the trajectories specified by the program and real trajectories and 
the accuracy of interpolation and reproduction of trajectories [11–16]. The direction of building a virtual 
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model of the machining process on the machine tool, based on the intellectual approach to model building, 
which reveals the relationship between technological modes and output parameters of the cutting process, 
considered in the unity of the quality of parts manufacturing and machining efficiency [17–21], has also 
been formed. At the same time, the content of these transformations is not disclosed. Efficiency is also 
evaluated on the basis of determining the cutting speed, at which the tool wear intensity is minimal. When 
solving this issue, the choice of technological modes is considered, for example, according to the criterion 
of optimal cutting temperature [22–25]. The quality of the models depends on the depth of consideration of 
all the factors affecting the process.

The important problem in building a virtual model is to ensure the required motion trajectory of the tool 
tip relative to the workpiece, taking into account its elastic deformations, as well as its transformation into 
the geometric topology of the surface formed by cutting. Its solution is based on studies of the dynamic 
cutting system (DCS), the study of which has been carried out since the mid-50s-60s of the last century 
[26–28]. The idea of a DCS consisting of subsystems of the tool and the workpiece, which are united by a 
link formed by cutting [29–32], was formed. This coupling is a model of the forces represented in the state 
coordinates. The modeling of forces takes into account the regeneration of the trace on the workpiece left 
by the deformations in the previous revolution [33–36]. A bifurcation analysis of the stability of the cutting 
process in “trace” machining and a process analysis based on finite element modeling are given [37–40]. 
The lag of force variations during changes in the cutting area is taken into account [29, 41–46]. Nonlinear 
dependences of cutting and friction forces on velocities and displacements are taken into account [47–54]. 
Parametric self-excitation is considered [55–57]. This list does not exhaust the publications on DCS. It 
considers the stability of trajectories and the formation of various attracting sets of deformations (limit 
cycles, invariant tori, chaotic attractors, etc.).

However, the problem of its transformation into the geometry of the part formed by cutting remains open. 
The purpose of this paper is to investigate the mechanism of transformation of deformation displacements 
of the tool into the geometry of the workpiece taking into account vibration disturbances in the dynamics of 
the turning cutting process in various machining conditions and modes. The paper evaluates the adequacy 
of the deformations calculated by the simulation model and measured during the real experiment, as well as 
its transformation into the geometrical topology of the workpiece. The adequacy is determined based on the 
proximity of the spectra as well as coherence functions. The research allows us to determine the adequacy 
of part geometry formation by forming motion trajectories (FMT), which are the unity of trajectories of 
machine actuators and deformation displacements of the tool relative to the workpiece.

Research technique

Mathematical description of the dynamic system

The following transformations in the cutting system should be considered as the basis for building a 
numerical model. The first is the transformation of the trajectories defined in the CNC system in the form 
of the control vector 1 2 3{ , , }TU U U= ∈ℜ(3)

UU  into the trajectories of the machine actuating elements 

(TMAE). The TMAE space for a lathe is given by the vector 3
1 2 3{ , , }TL L L= ∈ℜ( )L  (fig. 1, a). Here L1(t) 

and L2(t) are movements of transverse and longitudinal calipers; 
0

( ) ( )
t

D d= π Ω ξ ξ ξ∫( )3L t  is the movement 

of the workpiece along the direction L3. The velocities are also set as 3
1 2 3{ , , }TV V V= = ∈ℜ( )/ ( )dL dt V t . 

The transformation ℜ ⇒ ℜ(3) (3)
U  is not considered in this study. The trajectories L and V are assumed to be 

set within the bandwidths of the servomotors. Thus, the trajectories L and V describe the ideal contour of 
the workpiece.

Secondly, it is necessary to find out the transformation of the trajectories L and V into forming motion 

trajectories (FMT) { }( ) ( ) ( )Ô Ô Ô (3)
1 2 3, ,

T
L L L= ∈ℜÔL( )  and { }( ) ( ) ( )Ô Ô Ô) ) (3)

1 2 3/ , , .
T

V V V= = ∈ℜ( (V dL dtÔ Ô  
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The trajectories L(Φ) and V(Φ) take into account the deformations of the tool tip in addition to the TMAE.  
In the present study, we will focus on the case of machining an absolutely rigid workpiece by longitudinal 
turning. Then

 
)

)

 = -


= -

(Ô

(Ô

( );

( ),

L L X L

V V v L
 (1)

where 1 2 3{ , , }TX X X= ∈ℜ(3)
XX , 1 2 3{ , , }Tv v v= ∈ℜ(3)

Xv  are the vectors of deformations X and its velocities 

= /v dX dt  considered in the moving coordinate system given by L (fig. 1, a). 
Let’s consider turning the shaft const=D  with constant cutting modes: 1{ / 2,L d= =L  

2 2 3, }TL V t L d= = π Ω .
Thirdly, it is necessary to study the pattern of transformation L(Φ) and V(Φ) into geometrical surface 

topology (L, R). Geometrical topology is a mapping of shaft surface irregularities into a bounded plane. 
In the plane, the length of the shaft circumference along the L3 axis, the length of the shaft along the lon-
gitudinal feed direction along the L2 axis, and the variations of the radius of the vector R in the form of 
irregularities along the L1 axis. If the deformations are X = 0, then (L, R) is the plane «L2-L3».

Let us also consider a point mapping of the tool vertex constructed in a similar way. Let us call such a 
mapping a “skeletal” geometric topology C (L, X). Fig. 1, c shows its example for the vector X. The func-
tion X1(t) characterizes the height irregularities (fig. 1, с), X2(t) and X3(t) are stepwise. If the dynamical 
system is stable and unperturbed, the deformations are 1 2 3{ , , }TX X X∗ ∗ ∗= ∈ℜ(3)*

XX . This is the equilibrium 

point. It is shifted relative to L by a constant value X*. If 1 2 2 3{ / 2, , }TL d L V t L d= = = = π ΩL , then  
C (L, X) represents the plane parallel to «L2-L3», and shifted upward along the axis L1 by the value 

const=*
1X . If the geometrical topology (L, R) formed by cutting along a point contour is C (L, X), then 

                                                   a                                                                                                    b

c
Fig. 1. Scheme for the formation of state space coordinates (a), and an example of “skeleton” geometrical topology 

(c) for variations of deformation displacements with frequency equal to the workpiece rotation frequency (b)
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it is accurately formed by the trajectories L(Φ). Then observation and/or calculation of L(Φ) allows to accu-
rately predict (L, R). If vector L is defined and its accuracy is ensured by the CNC system, then to deter-
mine C(L, X) it is necessary to calculate X. For this purpose we can use the developed mathematical 
models [22, 23, 45, 46, 54, 55, 58, 61]. Then

 

[ ]{ } { }

(0)
1 2 3

(0)(0) (0) (0)
3 3 1 2 2

{ , , } ;

/ 1 exp ( ) ( ) ( ) ( ),

T

t

P
t T

F

T dF dt F V v t X V v d
-


+ + =


 = χ χ χ

  + = ρ + µ -ζ - - ξ - ξ ξ  


∫

2

2
d X dX

m h cX F(L, V,X);
dtdt

F  (2)

where m, h, c are symmetric and positively definite matrices, i.e. potential matrices; ρ is a chip pressure on 
the leading edge of the tool; T(0) is a chip time constant, that takes into account transients in the cutting zone; 
μ, ζ are parameters determining the dependence of forces on cutting speed; χi, i = 1, 2, 3 is an angular coef-
ficient of cutting force orientation; (0)

Pt  is a depth of cut without elastic deformations; T is a workpiece 
turnover time, i.e.

 { }

( )
3

( )
3

3
3 3

( , )
( ) ( )

L

L D

d
T v

V v

Φ

Φ -π

ξ
Ω =

ξ - ξ∫ . (3)

System (2) is valid for small deformations in the vicinity of equilibrium, when the forces acting on the 
auxiliary flanks of the tool can be neglected. At large deviations of coordinates from equilibrium, it is necessary 
to take into account all nonlinear relationships and to introduce the interactions between the auxiliary flanks of 
the tool and the workpiece into the forces, as suggested in our earlier studies [22, 23, 45, 46, 54–61].

Adequacy of the “base” model

Let us first consider the adequacy of the deformations mapping X in a “base” model in which the forces 
are perturbed by a “white” noise of low intensity φ(t). The case when X* is asymptotically stable is analyzed 
here. The point X* corresponds to F(0, *). In view of the smallness of φ(t) it is sufficient to consider the 
linearized system (2) in variations with respect to equilibrium. For this purpose, let’s make a substitution: 
X(t)=X*+x(t), F(0)

(t)= F(0, *)+f(t). The equation in variations relative to const∗ =X , (0, )F const∗ = , and is 
obtained. Then the linearized Laplace equation in images is obtained

 + + = ϕ2 ( ),mp z hpz cz p  (4)

where 1 21 3{ ( ), ( ), ( ), ( )}Tx p x p x p f p=( )z p ; ) {0,0,0, ( )}pϕ = ϕ( p ; p  is a Laplace transform symbol; 
(0)

1P Pt t X∗ ∗= - ;

0 0 0

0 0 0

0 0 0

0 0 0 0

m

m

m

 
 
 =
 
 
 

m ; 

1,1 2,1 3,1

1,2 2,2 3,2

1,3 2,3 3,3

(0) (0)

0

0

0

0 0 P P

h h h

h h h

h h h

t S T∗

 
 
 

=  
 
 ρµζ  

h ;

3 3

1,1 2,1 3,1 1

1,2 2,2 3,2 2

1,3 2,3 3,3 3

(0)1 1 0 1V V
PP

c c c

c c c

c c c

e S e t-ζ -ζ ∗

-χ 
 

-χ 
=  -χ 
    ρ + µ ρ + µ     

c .
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From (4) we calculate the autospectra of oscillations 
1 1, ( )x xS ω , 

2 2, ( )x xS ω , 
3 3, ( )x xS ω . For example, the 

spectrum of deformations X1 responsible for the height irregularities of the topology C (L, X) is

 
1 1, ( ) ( ) ( )X X p jS W p W p = ωω = -  (5)

where

1
( ) ( ) / ( )XW p p p= ∆ ∆ ;

1

2,1 2,1 3,1 3,1 1

2
2,2 2,2 3,2 3,2 2

2
2,3 2,3 3,3 3,3 3

( ) ( )

( ) ( ) ( )

( ) ( )

X

h p c h p c

p mp h p c h p c

h p c mp h p c

 + + -χ
 
 ∆ = + + + -χ
 
 + + + -χ 

;

3 3

2
1,1 1,1 2,1 2,1 3,1 3,1 1

2
1,2 1,2 2,2 2,2 3,2 3,2 2

2
1,3 1,3 2,3 2,3 3,3 3,3 3

(0) (0) (0)

( ) ( ) ( )

( ) ( ) ( )
( )

( ) ( ) ( )

[1 ] [1 ] 1V V
P PP P

mp h p c h p c h p c

h p c mp h p c h p c
p

h p c h p c mp h p c

e S e t t S pT-ζ -ζ ∗ ∗

 + + + + -χ
 
 + + + + -χ ∆ =
 + + + + -χ 
 ρ + µ ρ + µ -ρµζ + 

;

(0)
1P Pt t X∗ ∗= - .

Experiments show that a dynamical system under real conditions is always perturbed. If the  
equilibrium is stable, then small perturbations correspond to a sequence satisfying the hypotheses  
of stationary randomness ( )

1 ( )UX t . Let the measured signal (U)( )1X t  is a sequence )( )u t =(
1X  

{ }( ) ( ) ( ) ( )
1 1 1 1(0), ( ), (2 ),... ( )

TU U U UX X t X t X s t= ∆ ∆ ∆ . Here 1( )t -∆  is the Nyquist frequency. It is determined 

by an order of magnitude higher than the upper natural frequency of the oscillating circuits. The sequence 
(U)( )1X t allows to calculate the autocorrelation function and its Fourier image, i.e. spectrum ( ) ( )

1 1,
( )U UX X

S ω

 ( ) ( )
1 1

( ) ( )
,

( ) ( ) ( ) .U U
U U

p jX X
S W p W p = ωω = -  (6)

To assess the quality of model (4), we can introduce a proximity estimator

 { }( ) ( )

2( ) ( )
, , ,

1
( ) ( ) ( ) , 0, , 1,2; 1,2,3,U U

S S S S S S

i i
X X X X X X

S S i s
t

 ℘ ω = ω - ω ω∈ = = 
∆ 

   (7)

where 
ù -Äù

( ) ( )
, ,

1
( ) ( )

S S S S

i i
X X X XS S d

ω
ω = ω ω

∆ω ∫ ; 
ù -Äù

( ) ( ) ( ) ( ), ,

1
( ) ( )U U U U

S S S SX X X X
S S d

ω
ω = ω ω

∆ω ∫

 
– moving 

averages in the frequency window ∆ω ; spectrum (1)
, ( )

S SX XS ω  is calculated by the formula (5); spectrum 

(2)
, ( )

S SX XS ω  refers to the time sequence derived from the transformed “white” noise; frequency window ∆ω  

is selected substantially less than the bandwidth of oscillating circuits.
Finally, the adequacy analysis used amplitude-frequency characteristics measured directly on model (2) 

when the system is excited by forces φ0 sin(ωt) with slowly varying frequency ω. The obtained frequency 
response corresponds to (1) 2

, ( ) ( )
S S SX XS Aω = ω  (fig. 4). Here A is the ratio of the amplitude at the output to 

the amplitude at the input. We can also consider the dispersion estimation in the frequency domain
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 ( ) ( ) ( ) ( )

1
2 2( ) ( )

, , , ,
0 0

( ) ( ) ( ) , 1,2; 1,2,3,è è è è
S S S S S S S S

i i
X X X X X X X X

S S d S d i s
∞ ∞

-ω ω       σ = ω - ω ω × ω ω = =                
∫ ∫  (8)

where ω∞ is the frequency that is an order of magnitude higher than the upper natural frequency of the 
oscillating contour of the tool subsystem. 

When analyzing adequacy, it is necessary to consider also the evaluation of the influence of additional 
interactions not included in the mathematical description of the model (2). For example, adhesive interactions, 
formation of dissipative structures (e.g., growth), and additional disturbances (e.g., kinematic disturbances 
from the machine itself). Moreover, these perturbations can be applied not directly to the forces, but to other 
elements of the system, in the case of kinematic perturbations – these are variations in feed rate. For this 
purpose, the coherence function between the observed strain displacements ( )

1 ( )èX t  and the calculated 

1 ( )X t  is considered. Then 

 ( )
2

,

1
( ) , 1,2,3,

1 ( )u
S SX X S

K sω = =
+ δ ω

 (9)

where ,
2( )

( )
( )

( )

S
S

u
S

S

W j

θ ω
δ ω =

ω
; , ( )SSθ ω  is spectrum of additional unmeasured noise; 

2( )( )u
SW jω  is square of 

the modulus of transformation of “white” noise into deformations ( )( )è
SX t .

Equation (9) shows that the coherence function tends to unity in two cases: there are no additional 
interaction forces unaccounted for in the model or the unaccounted for interactions with respect to the 
accounted perturbations are small. Estimates (7)–(9) also allow us to perform a terminal correction of the 
parameters of model (2).

Let’s consider an example of analyzing the adequacy of the model for small oscillations during 
longitudinal turning on a 1K62 machine tool (fig. 2). The 20X steel shaft D = 20 mm was machined with  
a tool equipped with non-transferable T15K6 tetrahedral plates. Generalized mass was equal to  
0.015 kg∙s2/mm. The parameters are given in Table 1 and Table 2, determined according to the methodology 
described in [22, 23, 61]. Rotational speed of the workpiece was equal to 25 Hz. The corresponding cutting 
speed was equal to 1.5 m/s. Cutting depth and feed rate were equal: (0)

pt  = 2 mm; (0)
pS  = 0.1 mm.

                          a                                                                       b
Fig 2. General views of the equipment (a) and measurement interface (b) used 

for experiments

T a b l e  1
Dynamic link options

ρ, kg/mm2 σ, (mm/s)-1 T(0), s μ χ1 χ2 χ3 Ω, s-1

200–1.000 0.0011 0.0002 0.5 0.4 0.51 0.76 5–50
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T a b l e  2
Parameters of the matrices of velocity coefficients and elasticity of the tool subsystem

h1,1, kg∙s/mm h2,2, kg∙s/mm h3,3, kg∙s/mm h1,2=h2,1, kg∙s/mm h1,3=h3,1, kg∙s/mm h2,3=h3,2, kg∙s/mm

1.3 1.1 0.8 0.6 0.5 0.4
c1,1, kg/mm c2,2, kg/mm c3,3, kg/mm c1,2=c2,1, kg/mm c1,3=c3,1, kg/mm c2,3=c3,2, kg/mm

2.000 900 350 200 150 80

Two sets of time sequences were considered: those calculated using the model parameters and those 
actually measured. General views of the experimental stand for research and the instrument equipped with 
sensors for vibration measurement are shown in fig. 2.

The “white” noise model of power disturbances in the frequency range up to 30.0 kHz was used to 
determine the calculated time sequences. Examples of time realizations of “white” noise, computed and 
measured time sequences X1 in the direction are shown in fig. 3.

In fig. 4 shows examples of spectra normalized to dispersion determined from the calculated  
(2)

, ( )
S SX XS ω  (а) and measured ( ) ( ),

( )U U
S SX X

S ω  (b) sequences. The analytically calculated spectra are also 

shown in red color on the graphs (1)
, ( )

S SX XS ω , and also in fig. 4, c shows a fragment of force perturbation in 

the form of sinusoidal change of additional forces with slowly changing frequency. In addition, an  
example of strain amplitude variations in the direction of 1X , i.e., the amplitude-frequency response of the 
model, is given (fig. 4, c). It should be noted that these characteristics remain unchanged at small ampli-
tudes of force excitation. In the example under consideration, variations in the amplitude of the force dis-
turbance up to 10 kHz do not change it. When the amplitude increases, the nonlinear properties of the 
model are noticeable. It is manifested in changes in the resonance frequency, in the redistribution of fre-
quencies and amplitudes of the main oscillators, in the broadening of its spectral line, and so on. 

                                             a                                                                                                  b

                                             с                                                                                                  d

e
Fig. 3. Examples of trajectories: 

a – power “white” noise; b, c – calculated deformations in two time scales; d, e – measured deformations in two time scales
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                                            a                                                                                     b

c

Fig. 4. Spectrums ( )
, ( )

S S

U
X XS ω  obtained on the basis of experiments (a); on the basis of digital  

sequence calculated after transformation by the model of power “white” noise (2)
, ( )

S SX XS ω  (b);  

example of direct measurement of AFC on the model (c)

In fig. 4, a, the model-calculated spectra are highlighted in red color 
1 1

(1)
, ( )X XS ω . The obtained sequences 

allow us to determine the coherence function ( )
2

,
( )U

S SX X
K ω  (9). An example of this for various cutting 

speeds V3 and tool wear h is shown in fig. 5. There is also an example of evaluation of proximity of 
theoretical and experimental spectra ( )

, ( )
S S

i
X X℘ ω . The frequenciesin which (2)

, ( ) 0.7
S SX XS ω 〉 , are highlighted 

on the curves (2)
, ( )

S SX XS ω . These results allow us to draw conclusions about the adequacy of the model (2). 

In the low-frequency range (2)
, ( ) 1

S SX XS ω → . As the frequency increases, there is a tendency to decrease 

(2)
, ( )

S SX XS ω , i.e. in the high-frequency region, usually lying outside the bandwidths of oscillating circuits 

(2)
, ( ) 0

S SX XS ω → .
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An adequate description of deformations in the high-frequency region requires more complex 
models in which the interacting subsystems are systems with distributed parameters and physical 
interactions unrelated to the mechanics of the cutting process are additionally taken into account, for 
example, molecular-adhesion ones. The adequacy of the mathematical description of cutting dynamics 
also depends on the machining modes. It has been established that with increasing cutting speed there 
is an expansion of the frequency range in which the mathematical toolkit allows adequate evaluation of 
the deformations of the tool tip relative to the workpiece. This is indicated by the coherence function 

( )
2

,
( )U

S SX X
K ω . It is enough to compare the graphs in fig. 5 a, c and d. In the region of frequencies close 

to the resonances of the tool subsystem, the coherence function approaches unity. As wear increases, the 
frequency range in which mathematical modeling is adequate, also decreases. At frequencies equal or 
divisible to the rotational frequency of the workpiece Ω, a sharp decrease in the coherence function was 
observed. The general trend of the uncertainty of the mathematical model is as follows: as the attenuation 
introduced by the dynamical system increases, the uncertainty of modeling the dynamical system as 
system (2) increases. This is also indicated by the estimation of the modeling error ( )

, ( )
S S

i
X X℘ ω  in the 

frequency domain (fig. 5, e).

e
Fig. 5. Examples of coherence function variation and estimation of proximity of amplitude-frequency 

characteristics of the model and the real process

                                               a                                                                                                  b

                                               c                                                                                                  d
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Results and its discussion

The accuracy of the mathematical modeling of deformations does not guarantee the adequacy of its 
transformation into the part geometry. If it is possible to determine X(t), the trajectories L(Φ), V(Φ)(t) are 
determined on the basis of (1) when L(t), V(t) are given. To analyze the adequacy of transformation forming 
motions into geometric topology, it is necessary to compare the two topologies C(L, X) and (L, X) since 
the “skeletal” geometric topology is a direct geometric representation of the trajectory L(Φ)(t), V(Φ)(t) on the 
part surface. Note that if a geometric topology is specified, then any accepted engineering practice estimates 
of the geometric quality of the part can be calculated from it.

A profile and contour measuring station T4HD by IMTS/Triebworx (the error does not exceed 0.01 µm 
in the range: diameter up to 200 mm and width of the controlled surface 20 mm) was used to measure the 
relief and surface morphology. The device allows measuring irregularities up to half of the circumference 
length. The measurement of X1(t) and R(t) (fig. 6) allows spectral analysis of the vibrational displacements 
X1(t) and profile function R(t) in the unity of the auto and cross spectrum, as well as the coherence function 

1

2
, ( )X RK ω .

To evaluate the surface morphology, a three-dimensional microscope Contour ELITE (manufactured 
by BRUKER) was used, which allows obtaining photographs and surface relief with high resolution (in the 
horizontal plane of the order of 160 nm) (fig. 7). For vibration measurements, sensors made by Bruel and 
Kjerr and certified AP35D transducers with digital output were used. An integration operation was used to 

a

b

c
Fig. 6. Variation of coherence functions between vibrational  

displacements and profile function



OBRABOTKA METALLOV

Vol. 23 No. 3 2021

MATERIAL SCIENCE OBRABOTKA METALLOVEQUIPMENT. INSTRUMENTS

Vol. 26 No. 2 2024

convert vibration velocities to displacements, with the removal of the trend caused by the uncertainty of 
the initial conditions. All instruments provide direct access to the computer memory for further automatic 
processing of information.

Let us first consider the change of 
1

2
, ( )X RK ω . When machining a shaft, the profile function ( )R t  is 

represented as the deviation of the radius from the coordinate of the tool tip without taking into account 
elastic deformations 2(0) / 2L d= . Rotational speed of the workpiece is const=Ω . Therefore, the functions 
R(t) and R(L3) differ by a constant coefficient, since d t= π Ω3L  (here πdΩ is constant). As before, the 
conditions, under which the process is asymptotically stable and the strain variations are small, are 
considered. In this case, the coupling of X1(t) and R(t) can be evaluated using the coherence function 

1

2
, ( )X RK ω . Fig. 6 shows 

1

2
, ( )X RK ω  for the modes, at which the adequacy of the mathematical modeling of 

the system was analyzed (fig. 4). In fig. 6 the red dotted curves show the coherence functions averaged by 
moving average algorithms. The regions in which 

1

2
, ( ) 0,7X RK ω 〉  are highlighted. The frequency region 

0,0(0, )ω∈ ω  is estimated as the range in which the formed relief is explained by L(Φ)(t) trajectories.

Here the frequency ω0,0 depends on the modes. It increases with increasing cutting speed and decreases 
with the development of tool wear, as well as with changes in all conditions under which the volume of 

a

b

c
Fig. 7. Variation of micro surface morphology as a function of cutting speed: 

a – dispersion normalized spectra of relief reduced to time sequence; b, c – surface morphologies



OBRABOTKA METALLOV MATERIAL SCIENCE

Том 23 № 3 2021

OBRABOTKA METALLOV EQUIPMENT. INSTRUMENTS

Vol. 26 No. 2 2024

plastic deformation in the cutting zone increases. If we compare the coherence functions shown in fig. 5 and 
fig. 6, we can conclude that the topologies C(L, X) and (L, X) are adequate. With the given mathematical 
tools it is possible to estimate only macro geometric characteristics. As far as surface roughness is concerned, 
a frequency range of up to 5.0 kHz, depending on the accuracy qualification, should be considered when 
forming it. In addition, molecular-mechanical interactions, plastic deformation processes and the dynamics 
of chip formation itself are of greater importance. If we follow GOST 25142-82, then irregularities within 
the length of the reference surface are in the frequency range in which 

1

2
, ( ) 0.7X RK ω 〉  are located only in 

rough machining. To confirm this, it is sufficient to analyze the auto spectrum (fig. 7, a) calculated from the 
profile function measurement and the corresponding machined surface morphologies, which are obtained 
at three cutting speeds (fig. 7, b, c).

The geometrical topologies determined with the Contour ELITE microscope clearly show additional 
fine irregularities in the surface topography, which are formed in the vicinity of the tool tip trace obtained at 
low cutting speed (speed of 0.75 m/s). Such fine irregularities are practically absent at a cutting speed of 3.0 
m/s. At the same time, the relief spectrum changes in the high-frequency region (fig. 7, a). In addition, the 
transition from relief at 3.0 m/s to relief at 0.75 m/s is characterized by instability of formation of additional 
deviations of relief different from the trace left by the tool.

Conclusions

When creating a digital twin of the cutting process, one of the problems is to create a mathematical 
toolkit that can be used to reconstruct the geometry of the surface formed by cutting. The study considers 
the adequacy of the reconstructed geometrical topology C(L, X), obtained by calculating and/or measuring 
the trajectories of formative motions L(Φ)(t), as well as the real topology (L, X). The real topology is 
represented as a function of the profile in the direction of cutting speed. The reconstructed topology  
C(L, X) is based on the trajectory of forming motions, which represent the unity of the TMAE L(t) defined 
by the CNC program and the trajectories of deformation displacements of the tool tip X(t) relative to the 
workpiece. Two cases when the trajectory X(t) is measured or calculated are considered.

In order to analyze the adequacy, the main attention is paid to the coherence function between the 
formative motions and the surface topography along the direction of tool motion. Examples of shaft surface 
morphology obtained by turning the shaft under different machining conditions and modes are also 
considered. The studies have shown, first, that the frequency range in which the reconstructed topology  
C(L, X) adequately represents the real topology (L, X) is limited by the bandwidth of the adopted finite-
dimensional model of the dynamic cutting system. In the examples under consideration, this band is

0,0(0, )ω∈ ω . Here, the upper frequency ω0,0 depends not only on the bandwidth of the subsystems 

interacting through the cutting process, but also on the process modes. In the example under consideration, 
this range is limited to frequencies, at best in the range of 200–300 Hz. Under the conditions of the performed 
studies, there is a tendency of some expansion of the frequency range of adequate representation of the 
reconstructed topology of the real topology with increasing cutting speed. The 0,0(0, )ω∈ ω  range decreases 

as tool wear develops and the amount of plastic deformation of the material in the cutting zone increases. 
By comparing the topology reconstructed from the measured vibration sequences C(L, X) and the real 
topology (L, X) the frequency range 0,0(0, )ω∈ ω  can be extended to 500 Hz. However, even in this case, 

only macro geometrical properties of the surface formed by cutting in the unity of dimensional accuracy 
and waviness can be adequately evaluated in the reconstructed topology. When estimating microrelief, 
more complex statistical estimations and more accurate measuring devices are required, which allow to 
significantly expanding the frequency range of modeled and measurable vibration sequences.

The performed analysis of elementary surface morphologies has shown that, when cutting speed 
decreases, additional deviations are formed in the vicinity of the trajectory formed by the tool tip, the 
physical nature of which is related to the plastic deformation of micro areas in the contact of auxiliary flanks 
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of the tool and the thermodynamics of cutting (fig. 7, b and c). In our opinion, depending on the cutting 
speed, it is necessary to take into account molecular-mechanical interactions, such as the formation and 
breaking of adhesive bonds. Its formation and breakage depend on the speed of tool movements relative to 
the workpiece. A number of key findings emerged from the study.

1. The quality of creating a digital twin of the cutting process on metal cutting machines depends on the 
depth of penetration of the models used in this process into the physics of interactions between the tool and 
the workpiece through the cutting zone.

2. Trajectories of forming motions of the tool relative to the workpiece, considered in the unity of the 
trajectories of the machine tool actuators and deformation displacements of the tool tip relative to the 
workpiece specified by the CNC system, adequately reflect the geometrical topology of the workpiece 
surface formed by cutting. However, the adequacy of such representation is limited by the frequency range, 
which depends, firstly, on the selective properties of the interacting subsystems on the side of the tool and the 
workpiece; secondly, it is limited by the possibility of measuring high-frequency vibrational displacements 
of the tool tip relative to the workpiece, as well as independent, not included in the dynamic cutting system, 
physical interactions in the cutting zone.

3. Mathematical modeling of the dynamic cutting system based on the mechanics of interaction between 
the tool and the workpiece allows to adequately predict the macro geometry of the part formed by cutting, 
but not the properties of surface roughness, much less the properties of the surface layer. For predicting 
microrelief, mathematical models that reveal the connection of trajectories of machine tool actuating 
elements taking into account elastic deformations into geometrical topology should be compositional. In 
addition to the mechanics of tool and workpiece interactions through the dynamic coupling formed by the 
cutting process, it is necessary to include thermodynamic and molecular interactions, as well as to take into 
account the plastic deformation of surface layers. 

4. The present studies are limited to linearized models valid for small perturbations and for the case 
of stable trajectories. For large perturbations, it is necessary to additionally take into account nonlinear 
interaction effects, which will be analyzed in our next publications.
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