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Abstract. We consider the Lezanski-Polyak-Lojasiewicz
inequality for a real-analytic function on a real-analytic compact
manifold without boundary in finite-dimensional Euclidean space.
This inequality emerged in 1963 independently in works of three
authors: Lezanski and Lojasiewicz from Poland and Polyak from
the USSR. The inequality is appeared to be a very useful tool
in the convergence analysis of the gradient methods, firstly in

—~ - ﬁ unconstrained optimization and during the past few decades in
v problems of constrained optimization. Basically, it is applied for
HayL‘le”/' a smooth in a certain sense function on a smooth in a certain
sense manifold. We propose the derivation of the inequality from

OT,EI,eJ'I the error bound condition of the power type on a compact real-

L . ) analytic manifold. As an application, we prove the convergence

of the gradient projection algorithm of a real analytic function
on a real analytic compact manifold without boundary. Unlike
U known results, our proof gives explicit dependence of the error via
parameters of the problem: the power in the error bound condition
and the constant of proximal smoothness first of all. Here we
significantly use a technical fact that a smooth compact manifold
without boundary is a proximally smooth set.
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HepaBenctBo JlexaHckoro — Ilonsika — JlosiceBuua
U CXOAMMOCTb MeTOAA MPOEKIUU rpagreHTa

M. B. Bagamos

Hucrturyr npobaem ynpasnenuss PAH um. B. A. Tpanesnukosa, Poceusi, 117977, r. Mocksa, ya. IIpodcoros-
Has, 1. 65

Banamwos Makcum BuktopoBuu, 10KTOp (PHU3HKO-MaTeMaTHYECKUX HAyK, BeIYIIMH HAyYHBIH COTPYAHHK,
balashov73@mail.ru, https://orcid.org/0000-0002-5414-2149, AuthorID: 12909

AnHortauusa. PaccmarpuBaercs HepaBeHCTBO JlexkaHckoro — [losisika — JlosiceBu4a 1711 BellleCTBEHHO-
AQHAJMUTHYECKOH (DYHKLHH Ha BelleCTBEHHO-aHAJIHTHYECKOM KOMIAKTHOM MHOroo0pasuu 6e3 Kpas B
KOHEUHOMEPHOM €BKJIMJIOBOM NPOCTPAHCTBE. DTO HEPABEHCTBO BO3HHMKJIO He3aBHUCHMO B 1963 r. B
paboTax Tpex aBTOpoB: JlexkaHckoro u JlosiceBuya u3 Ilosbuu u [Tonska nus3 CCCP. HepaBenctBo
0Ka3aJ/10Ch OYeHb IMOJIE3HBIM HHCTPYMEHTOM [/ UCCJEeNO0BAHUS CXONUMOCTH TPAJHEHTHBIX METOIOB,
MepBOHAYaNbHO B 6€3yCJIOBHOH ONTHMH3alMH, @ B TeYeHHE MOCJeIHUX HECKOJbKHUX AeCsTHJe-
THH W B 3a/a4axX YCJOBHOH onTuUMu3auud. OHO NpruMeHsieTcs], IJIaBHBIM 06pa3oM, AJs TJIaAKHUX
B ONpe/ieJIeHHOM CMblcjie (DYHKLUHMH Ha TJIAAKHX B ONpelesNeHHOM CMbICe MHOroob6pasusx. Mel
npejsiaraeM BbIBOJ HEPAaBEHCTBA M3 YCJOBHSl OTPaHUYEHHS OMIMOKH CTEMeHHOrO THMa Ha KOM-
MaKTHOM BellleCTBEHHO-aHAJUTHIECKOM MHOroo0pasuu. B KauecTBe MpU/IOKEeHHUS] Mbl 10Ka3bIBaeM
CXOIMMOCTb METOIA MPOEKLHH IpajiieHTa BEleCTBEHHO-aHANMUTHIECKOH (DYHKLIHWH Ha BelleCTBEHHO
aHaJMTHUECKOM MHOroo6pasuu 6e3 Kpas. B oT/ndne oT M3BeCTHBIX pe3y/bTaToB, Hallle 10KA3aTeJb-
CTBO JIaeT SIBHYIO 3aBHCHMOCTB TOT'PEIIHOCTH Yepe3 MapaMeTphl 3afauu: B MEPBYI0 Ouepelb, Yepe3
MoKasaTesb B YCJIOBHHM OTPaHHUYEHHs OWIMOKH M KOHCTAHTY MPOKCHMaJsbHOH raankocTH. [Ipu atom
MBI CYLIECTBEHHO HMCIIOJb3yeM TeXHHUECKHUH (DaKT, UTo ryagkoe KOMIAKTHOe MHOroobpasue 6e3
Kpasi ecTh MPOKCHUMAaJBHO IJIaZIKOe MHOXKECTBO.

KuaroueBbie cioBa: HepaBeHCTBO JlexaHckoro — [osisika — JlosiceBuua, ycoBrHe orpaHuueHus omuo-
KH, IPOKCHMaJbHasl IMIaIKOCTh, METO/ TPOEKLIHH I'pafiieHTa, BellleCTBeHHO-aHaluTHIecKas (QyHKLUS
BaaromapHocTu: Pa6ora BbimosiHeHa npu nopnepkke Poccuiickoro Hay4yHoro ¢oHna (NMpoekT
Ne 22-11-00042).
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Introduction

Let R™ be n-dimensional Euclidean space with the inner product (-,-) and the norm
| -1I> = (-,-). Define for r > 0 and a € R™ the ball B.(a) ={z € R" : |z —a| <1}

Recall that S C R" is C*, m-dimensional manifold without boundary, 1 < m <n—1,
if there exists an atlas {(U;, i) }ier, @i € CF, U; C R™, with S = |J U;, U; is an open

el
subset of S and U; = gol-_l(Vi) for an open subset V; C R™ for all .

The smoothness of the manifold S means that for any point z € S there exist a
tangent subspace 7T, to S at the point z € S and a tangent plane = + 7). It should be
noted that 7, has dimension m for any x € S. See [1] for details. We denote by Psz the
metric projection of a point x € R™ onto a closed set A C R™.

A function is called real-analytic if it is locally can be represented as a convergent
power series. The sum, product, and composition of real-analytic functions are also real-
analytic. Components of the Frechet gradient of a real-analytic function are real-analytic
too. A manifold is called real-analytic if functions ¢; are real-analytic.

Denote for A C R™ and = € R" the distance p4(z) = o(z, A) = ;relg |z — al|. In his

famous work [2], Lojasiewicz proved that for a real-analytic function f: R" D U — R,
U is an open set, and for any compact set  C U there exist &« > 0 and C' > 0 with

otz {y e U | fly) =0}) <Clf(@)|*  Vazek (1)

Note that the power a € (0, 1] depends on K. The value of « is usually hard to estimate
a priori.
Consider a problem nel%gl f(z) with a differentiable function. Suppose that Q =

= Arg m]%n f(z) # @. Let f. = f(Q). The Lezansli— Polyak — Lojasiewicz (further LPL)
zeR™
inequality for this problem means that there exist v > 0 and § € (0, 2] with

I (@)|? > v(fz)—f) Y axeR

This inequality and some more general variants were considered independently in 1963
by Lezanski, Polyak and Lojasiewicz, see [3] for details. Note that under the above
assumptions the LPL inequality may or may not be true.

In the case g = 2 the LPL condition provides the linear rate of convergence for the
gradient descent method for a Lipschitz differentiable function [4].

Consider the case of constrained optimization

min f(z) (2)

zeSsS

with a real-analytic function f and a real-analytic compact manifold without boundary S.
The standard gradient projection algorithm (further GPA) for problem (2) is the next
iteration process

xo €5, Thy1 = Pg(xk — tPkaf/(fEk)), t > 0. (3)

[t is known [5, Proposition 2.2] that the LPL inequality for problem (2) has the next
local formV z € S

U 3 (U — open subset of S) 3 B € (0,2], v >0V y e U v|fly)— flz)| < ||Pr,f'(v)|°.
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On the basis of the last property, the convergence of the gradient projection method
for (2) was proved [5,6]. The main disadvantage of mentioned works is that in estimates
of the error there are fundamentally unknown constants. Thus these results are "not
constructive".

We plan to deduce the LPL condition for (2) from the error bound condition for the
problem (2). As an application, we give a new proof of the convergence of the GPA on
the base of obtained results.

1. Auxiliary facts

For a set A define by 0 A and int A the boundary and the interior of the set A,
respectively.

A closed set A C R" is called proximally smooth with constant R > 0 [7] if the
distance function p4(z) is continuously differentiable on the set U4(R) ={x € R" : 0 <
< pa(x) < R}. Equivalently, the set A C R" is proximally smooth with constant R > 0 if
and only if foranyz € 9 Aandp € N(A,z) ={g € R" | Ity > 0:Vt € (0,ty) oa(z+tq) =
= tllq|l}, llp]l = 1, we have ANintBg(z + Rp) = @ and P,z is a singleton for all
x € UA(R)

For example, the Euclidean sphere 0 B;(0) is proximally smooth with constant 1 and,
more generally, the Stiefel manifold S, = {X € R™* | XTX = [} is also proximally
smooth with constant 1 [8, text after Proposition 2] (here n, k are natural with n > &,
I}, is the identity k& x k& matrix).

In work [9], the next result was proved.

Proposition 1. Denote by ) C S the set of stationary points in problem (2)
with a real-analytic function and a real analytic set, i.e. for any x € ) we have
—f'(x) € N(S,xz). Then there exist a € (0,1] and p > 0 such that for any x € S the
next inequality holds

o(z, ) < pl| Pr, f'()]|* (4)

The inequality in Proposition 1 is referred to as the error bound condition. In fact,
this is some sort of generalization of the Hoffman lemma in a nonlinear case.

The next proposition gives the rate of decreasing of the function from (2) per step of
the gradient projection algorithm.

Proposition 2. [8, Theorem 2, Corollary 2, Formula (24)] Let S be a C' manifold
without boundary and a proximally smooth set with constant TR. Suppose that
f:R™ = R is a Lipschitz function with constant L and [ is Lipschitz with constant
Ly in the R-neighborhood {x € R" : pg(x) < R} of S. Let to =1/ (L1 + &), t € (0, tq),
zo € S and xy = Ps (vo — tPr, f'(x0)). Then we have

Ly L
Faw) = Fon) > a1 P fa)lE, where gty == (S 2). )
Note that #y < R/L and hence Ps (2o — tPr,, f'(x0)) is a singleton due to proximal
smoothness of the set S.
The next proposition states that any compact smooth manifold without boundary in
R"™ is proximally smooth with some constant R > 0.

Proposition 3. [10, Lemma 1.19.3] Let S be a compact smooth manifold without
boundary in R". Then there exists R > 0 such that S is proximally smooth with
constant R.

Maremartnka 7



@Ms& Capar. yH-1a. Hos. cep. Cep.: Maremarvka. Mexanuka. iHgpopmarnka. 2023. T. 23, sbin. 1

Unfortunately, it is impossible to estimate R in Proposition 3 in the general case.
For some manifolds, we know the precise value of R, for example for most matrix
manifolds [11]. Sometimes you can still estimate R, see [12].

We also want to recall that for a Lipschitz differentiable with Lipschitz constant L,
function f the next quadratic approximations hold [10, Theorem 2.1.2]

o)+ (o), w—0)—tlla ol < F(2) < F(a)+(f (o), =20+ o=zl V2, 26

2. The LPL inequality and convergence of the GPA

Theorem 1. Assume that conditions of Proposition I are fulfilled, xo € S, Sy =
={z € S: f(x) < f(xo)} and Qo = Argmigl f(z), f« = f(Q0). Suppose that for all
Te

xr € Sy we have o(x,) < o(x, Q\Q). Then for any x € Sy we have
1P, f'(@)[** = v(f(z) = f). (6)

In (6) a € (0,1] is the number from the error bound condition and v=' = p? (%Ll + %)
Here 11 > 0 is from the error bound condition, L, is a Lipschitz constant of f' on Us(R),
Ly = max Ilf'(x)|| and R is constant of proximal smoothness for the set S.

xello

Proof by Proposition 1 Formula (4) holds. By Proposition 3 the set S is proximally
smooth with some constant R > 0.

Fix x € Sy and z, € Pox = Py .

If f'(z.) =0, then (f'(z.),x — x,) = 0. Further assume that f'(x,) # 0.

Consider case 1, when z € Sy N Uq,(R). From the supporting principle for proximally
smooth sets and necessary condition of extremum =+f'(z.) € N(S,z.) we have

int Bg (1;* + RH%;:;OHS = &. Define H ={z € R" : (f'(z.),x—x,) =0} and z = Pgu.

Then from the inclusion x € Ug,(R) we obtain that ||z — z.| < ||z — z.|| = 0q,(z) < R
and

R N L

R = R
L
(f'(ze),z — ) = || f/(@)|| - |z — 2] < ﬁon — z]]%. (7)

le—z| <R— VR -r-a <)

Consider case 2, when z € So\Uq,(R). Then ||z — z.|| = 0q,(z) > R and hence

/ / L
(f'(z),x = 2) < f (@)l - llo — 2l < EOHJI — .

Thus for any x € Sy we have condition (7).
From the quadratic approximation of the Lipschitz differentiable function f we get

F@) ~ F(w) < (@)= 2.) + e —
(F(@) =2 = (F@) ~ f@)x =)+ ()7 — ) <

L L
< Lifle =l + 2 = wlP = Clle — al?, C=Li+ 22,
Finally we have, taking in mind ||z — z.| = 0q(x),
- <(c+2) o —alP <@DIPLf@)|* D=C+2 O
fla) = fla) < O+ o )z = 2" < w™Dl| Pr f (@)1, D=C+ -

On the base of the LPL inequality we prove the convergence of the GPA.
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Theorem 2. Assume that conditions of Proposition 2 and Theorem I are [ulfilled.
Then the iterations (3) give the sequence {xy} with f(xy) — f(Q). The rate of
convergence is given by Formula (8).

Proof. Fix k> 1. From Formula (5) we have

flaw) = fzei) = a@)l| Pr, f' (@) ||

and f(zx) < f(xo), i.e. xx € Sy. By Theorem 1 there exist numbers v > 0 and 5 € (0, 2]
with
| Pr, f'(2)||° > v(f(z) — f.) V€S

Combining the two last formulae we get
flae) = fara) 2 q()ve (f(z) — f2)5.
Put ¢, = f(zx) — f«. Then

2 2 2 2
oK — i1 = qOVP o), i < o —qt)riey. (8)

O

Formula (8) ensures the convergence. For example, for § = 2, we have the linear

rate of convergence. Moreover, if § = 2 then 1 —wvq(t) > 0. If a = % —1 > 0 then
by [13, Chapter 2, Lemma 6]

¥o
5 1/a"
(1 + aq(t)uﬁgogk)

Yk <

Notice that Theorems 1 and 2 become constructive if we have information about the
error bound condition (4) and the constant of proximal smoothness for S. For example,
if f and S are an arbitrary C? function and a compact manifold, respectively, and Q
is a finite set then, under some assumption of nondegeneracy, Formula (4) holds with
a =1 [14, Theorem 1].

[f the value R is unknown then there can be a problem with choosing the step size t.
In this case, the GPA with Armijo’s step size can be considered [11].
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