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Abstract. We consider the Lezanski –Polyak –Lojasiewicz
inequality for a real-analytic function on a real-analytic compact
manifold without boundary in finite-dimensional Euclidean space.
This inequality emerged in 1963 independently in works of three
authors: Lezanski and Lojasiewicz from Poland and Polyak from
the USSR. The inequality is appeared to be a very useful tool
in the convergence analysis of the gradient methods, firstly in
unconstrained optimization and during the past few decades in
problems of constrained optimization. Basically, it is applied for
a smooth in a certain sense function on a smooth in a certain
sense manifold. We propose the derivation of the inequality from
the error bound condition of the power type on a compact real-
analytic manifold. As an application, we prove the convergence
of the gradient projection algorithm of a real analytic function
on a real analytic compact manifold without boundary. Unlike
known results, our proof gives explicit dependence of the error via
parameters of the problem: the power in the error bound condition
and the constant of proximal smoothness first of all. Here we
significantly use a technical fact that a smooth compact manifold
without boundary is a proximally smooth set.
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Аннотация. Рассматривается неравенство Лежанского –Поляка –Лоясевича для вещественно-
аналитической функции на вещественно-аналитическом компактном многообразии без края в
конечномерном евклидовом пространстве. Это неравенство возникло независимо в 1963 г. в
работах трех авторов: Лежанского и Лоясевича из Польши и Поляка из СССР. Неравенство
оказалось очень полезным инструментом для исследования сходимости градиентных методов,
первоначально в безусловной оптимизации, а в течение последних нескольких десятиле-
тий и в задачах условной оптимизации. Оно применяется, главным образом, для гладких
в определенном смысле функций на гладких в определенном смысле многообразиях. Мы
предлагаем вывод неравенства из условия ограничения ошибки степенного типа на ком-
пактном вещественно-аналитическом многообразии. В качестве приложения мы доказываем
сходимость метода проекции градиента вещественно-аналитической функции на вещественно
аналитическом многообразии без края. В отличие от известных результатов, наше доказатель-
ство дает явную зависимость погрешности через параметры задачи: в первую очередь, через
показатель в условии ограничения ошибки и константу проксимальной гладкости. При этом
мы существенно используем технический факт, что гладкое компактное многообразие без
края есть проксимально гладкое множество.
Ключевые слова: неравенство Лежанского –Поляка –Лоясевича, условие ограничения ошиб-
ки, проксимальная гладкость, метод проекции градиента, вещественно-аналитическая функция
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Introduction

Let R𝑛 be 𝑛-dimensional Euclidean space with the inner product (·, ·) and the norm
‖ · ‖2 = (·, ·). Define for 𝑟 > 0 and 𝑎 ∈ R𝑛 the ball 𝐵𝑟(𝑎) = {𝑥 ∈ R𝑛 : ‖𝑥− 𝑎‖ 6 𝑟}.

Recall that 𝑆 ⊂ R𝑛 is 𝐶𝑘, 𝑚-dimensional manifold without boundary, 1 6 𝑚 6 𝑛− 1,
if there exists an atlas {(𝑈𝑖, 𝜙𝑖)}𝑖∈𝐼 , 𝜙𝑖 ∈ 𝐶𝑘, 𝑈𝑖 ⊂ R𝑛, with 𝑆 =

⋃︀
𝑖∈𝐼
𝑈𝑖, 𝑈𝑖 is an open

subset of 𝑆 and 𝑈𝑖 = 𝜙−1
𝑖 (𝑉𝑖) for an open subset 𝑉𝑖 ⊂ R𝑚 for all 𝑖.

The smoothness of the manifold 𝑆 means that for any point 𝑥 ∈ 𝑆 there exist a
tangent subspace 𝑇𝑥 to 𝑆 at the point 𝑥 ∈ 𝑆 and a tangent plane 𝑥 + 𝑇𝑥. It should be
noted that 𝑇𝑥 has dimension 𝑚 for any 𝑥 ∈ 𝑆. See [1] for details. We denote by 𝑃𝐴𝑥 the
metric projection of a point 𝑥 ∈ R𝑛 onto a closed set 𝐴 ⊂ R𝑛.

A function is called real-analytic if it is locally can be represented as a convergent
power series. The sum, product, and composition of real-analytic functions are also real-
analytic. Components of the Frechet gradient of a real-analytic function are real-analytic
too. A manifold is called real-analytic if functions 𝜙𝑖 are real-analytic.

Denote for 𝐴 ⊂ R𝑛 and 𝑥 ∈ R𝑛 the distance 𝜚𝐴(𝑥) = 𝜚(𝑥,𝐴) = inf
𝑎∈𝐴

‖𝑥 − 𝑎‖. In his

famous work [2], Lojasiewicz proved that for a real-analytic function 𝑓 : R𝑛 ⊃ 𝑈 → R,
𝑈 is an open set, and for any compact set 𝒦 ⊂ 𝑈 there exist 𝛼 > 0 and 𝐶 > 0 with

𝜚(𝑥, {𝑦 ∈ 𝑈 | 𝑓(𝑦) = 0}) 6 𝐶|𝑓(𝑥)|𝛼 ∀ 𝑥 ∈ 𝒦. (1)

Note that the power 𝛼 ∈ (0, 1] depends on 𝒦. The value of 𝛼 is usually hard to estimate
a priori.

Consider a problem min
𝑥∈R𝑛

𝑓(𝑥) with a differentiable function. Suppose that Ω =

= Arg min
𝑥∈R𝑛

𝑓(𝑥) ̸= ∅. Let 𝑓* = 𝑓(Ω). The Lezansli – Polyak –Lojasiewicz (further LPL)

inequality for this problem means that there exist 𝜈 > 0 and 𝛽 ∈ (0, 2] with

‖𝑓 ′(𝑥)‖𝛽 > 𝜈(𝑓(𝑥) − 𝑓*) ∀ 𝑥 ∈ R𝑛.

This inequality and some more general variants were considered independently in 1963
by Lezanski, Polyak and Lojasiewicz, see [3] for details. Note that under the above
assumptions the LPL inequality may or may not be true.

In the case 𝛽 = 2 the LPL condition provides the linear rate of convergence for the
gradient descent method for a Lipschitz differentiable function [4].

Consider the case of constrained optimization

min
𝑥∈𝑆

𝑓(𝑥) (2)

with a real-analytic function 𝑓 and a real-analytic compact manifold without boundary 𝑆.
The standard gradient projection algorithm (further GPA) for problem (2) is the next

iteration process

𝑥0 ∈ 𝑆, 𝑥𝑘+1 = 𝑃𝑆(𝑥𝑘 − 𝑡𝑃𝑇𝑥𝑘𝑓
′(𝑥𝑘)), 𝑡 > 0. (3)

It is known [5, Proposition 2.2] that the LPL inequality for problem (2) has the next
local form ∀ 𝑥 ∈ 𝑆

∃ 𝑈 ∋ 𝑥(𝑈 − open subset of𝑆) ∃ 𝛽 ∈ (0, 2], 𝜈 > 0 ∀ 𝑦 ∈ 𝑈 𝜈|𝑓(𝑦)− 𝑓(𝑥)| 6 ‖𝑃𝑇𝑦𝑓 ′(𝑦)‖𝛽.
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On the basis of the last property, the convergence of the gradient projection method
for (2) was proved [5,6]. The main disadvantage of mentioned works is that in estimates
of the error there are fundamentally unknown constants. Thus these results are "not
constructive".

We plan to deduce the LPL condition for (2) from the error bound condition for the
problem (2). As an application, we give a new proof of the convergence of the GPA on
the base of obtained results.

1. Auxiliary facts
For a set 𝐴 define by 𝜕 𝐴 and int𝐴 the boundary and the interior of the set 𝐴,

respectively.
A closed set 𝐴 ⊂ R𝑛 is called proximally smooth with constant 𝑅 > 0 [7] if the

distance function 𝜚𝐴(𝑥) is continuously differentiable on the set 𝑈𝐴(𝑅) = {𝑥 ∈ R𝑛 : 0 <
< 𝜚𝐴(𝑥) < 𝑅}. Equivalently, the set 𝐴 ⊂ R𝑛 is proximally smooth with constant 𝑅 > 0 if
and only if for any 𝑥 ∈ 𝜕 𝐴 and 𝑝 ∈ 𝑁(𝐴, 𝑥) = {𝑞 ∈ R𝑛 | ∃ 𝑡0 > 0 : ∀ 𝑡 ∈ (0, 𝑡0) 𝜚𝐴(𝑥+𝑡𝑞) =
= 𝑡‖𝑞‖}, ‖𝑝‖ = 1, we have 𝐴 ∩ int𝐵𝑅(𝑥 + 𝑅𝑝) = ∅ and 𝑃𝐴𝑥 is a singleton for all
𝑥 ∈ 𝑈𝐴(𝑅).

For example, the Euclidean sphere 𝜕 𝐵1(0) is proximally smooth with constant 1 and,
more generally, the Stiefel manifold 𝑆𝑛,𝑘 = {𝑋 ∈ R𝑛×𝑘 | 𝑋𝑇𝑋 = 𝐼𝑘} is also proximally
smooth with constant 1 [8, text after Proposition 2] (here 𝑛, 𝑘 are natural with 𝑛 > 𝑘,
𝐼𝑘 is the identity 𝑘 × 𝑘 matrix).

In work [9], the next result was proved.

Proposition 1. Denote by Ω ⊂ 𝑆 the set of stationary points in problem (2)
with a real-analytic function and a real analytic set, i.e. for any 𝑥 ∈ Ω we have
−𝑓 ′(𝑥) ∈ 𝑁(𝑆, 𝑥). Then there exist 𝛼 ∈ (0, 1] and 𝜇 > 0 such that for any 𝑥 ∈ 𝑆 the
next inequality holds

𝜚(𝑥,Ω) 6 𝜇‖𝑃𝑇𝑥𝑓 ′(𝑥)‖𝛼. (4)

The inequality in Proposition 1 is referred to as the error bound condition. In fact,
this is some sort of generalization of the Hoffman lemma in a nonlinear case.

The next proposition gives the rate of decreasing of the function from (2) per step of
the gradient projection algorithm.

Proposition 2. [8, Theorem 2, Corollary 2, Formula (24)] Let 𝑆 be a 𝐶1 manifold
without boundary and a proximally smooth set with constant 𝜋

2
𝑅. Suppose that

𝑓 : R𝑛 → R is a Lipschitz function with constant 𝐿 and 𝑓 ′ is Lipschitz with constant
𝐿1 in the 𝑅-neighborhood {𝑥 ∈ R𝑛 : 𝜚𝑆(𝑥) < 𝑅} of 𝑆. Let 𝑡0 = 1/

(︀
𝐿1 + 2𝐿

𝑅

)︀
, 𝑡 ∈ (0, 𝑡0],

𝑥0 ∈ 𝑆 and 𝑥1 = 𝑃𝑆
(︀
𝑥0 − 𝑡𝑃𝑇𝑥0𝑓

′(𝑥0)
)︀
. Then we have

𝑓(𝑥0) − 𝑓(𝑥1) > 𝑞(𝑡)‖𝑃𝑇𝑥0𝑓
′(𝑥0)‖2, where 𝑞(𝑡) = 𝑡− 𝑡2

(︂
𝐿1

2
+
𝐿

𝑅

)︂
. (5)

Note that 𝑡0 < 𝑅/𝐿 and hence 𝑃𝑆
(︀
𝑥0 − 𝑡𝑃𝑇𝑥0𝑓

′(𝑥0)
)︀

is a singleton due to proximal
smoothness of the set 𝑆.

The next proposition states that any compact smooth manifold without boundary in
R𝑛 is proximally smooth with some constant 𝑅 > 0.

Proposition 3. [10, Lemma 1.19.3] Let 𝑆 be a compact smooth manifold without
boundary in R𝑛. Then there exists 𝑅 > 0 such that 𝑆 is proximally smooth with
constant 𝑅.

Математика 7
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Unfortunately, it is impossible to estimate 𝑅 in Proposition 3 in the general case.
For some manifolds, we know the precise value of 𝑅, for example for most matrix
manifolds [11]. Sometimes you can still estimate 𝑅, see [12].

We also want to recall that for a Lipschitz differentiable with Lipschitz constant 𝐿1

function 𝑓 the next quadratic approximations hold [10, Theorem 2.1.2]

𝑓(𝑥0)+(𝑓 ′(𝑥0), 𝑥−𝑥0)−
𝐿1

2
‖𝑥−𝑥0‖2 6 𝑓(𝑥) 6 𝑓(𝑥0)+(𝑓 ′(𝑥0), 𝑥−𝑥0)+

𝐿1

2
‖𝑥−𝑥0‖2, ∀ 𝑥, 𝑥0.

2. The LPL inequality and convergence of the GPA
Theorem 1. Assume that conditions of Proposition 1 are fulfilled, 𝑥0 ∈ 𝑆, 𝑆0 =

= {𝑥 ∈ 𝑆 : 𝑓(𝑥) 6 𝑓(𝑥0)} and Ω0 = Arg min
𝑥∈𝑆

𝑓(𝑥), 𝑓* = 𝑓(Ω0). Suppose that for all

𝑥 ∈ 𝑆0 we have 𝜚(𝑥,Ω0) 6 𝜚(𝑥,Ω∖Ω0). Then for any 𝑥 ∈ 𝑆0 we have

‖𝑃𝑇𝑥𝑓 ′(𝑥)‖2𝛼 > 𝜈(𝑓(𝑥) − 𝑓*). (6)

In (6) 𝛼 ∈ (0, 1] is the number from the error bound condition and 𝜈−1 = 𝜇2
(︀
3
2
𝐿1 + 𝐿0

𝑅

)︀
.

Here 𝜇 > 0 is from the error bound condition, 𝐿1 is a Lipschitz constant of 𝑓 ′ on 𝑈𝑆(𝑅),
𝐿0 = max

𝑥∈Ω0

‖𝑓 ′(𝑥)‖ and 𝑅 is constant of proximal smoothness for the set 𝑆.

Proof by Proposition 1 Formula (4) holds. By Proposition 3 the set 𝑆 is proximally
smooth with some constant 𝑅 > 0.

Fix 𝑥 ∈ 𝑆0 and 𝑥* ∈ 𝑃Ω𝑥 = 𝑃Ω0𝑥.
If 𝑓 ′(𝑥*) = 0, then (𝑓 ′(𝑥*), 𝑥− 𝑥*) = 0. Further assume that 𝑓 ′(𝑥*) ̸= 0.
Consider case 1, when 𝑥 ∈ 𝑆0 ∩ 𝑈Ω0(𝑅). From the supporting principle for proximally

smooth sets and necessary condition of extremum ±𝑓 ′(𝑥*) ∈ 𝑁(𝑆, 𝑥*) we have

int𝐵𝑅

(︁
𝑥* ±𝑅 𝑓 ′(𝑥*)

‖𝑓 ′(𝑥*)‖

)︁
∩𝑆 = ∅. Define 𝐻 = {𝑥 ∈ R𝑛 : (𝑓 ′(𝑥*), 𝑥−𝑥*) = 0} and 𝑧 = 𝑃𝐻𝑥.

Then from the inclusion 𝑥 ∈ 𝑈Ω0(𝑅) we obtain that ‖𝑧 − 𝑥*‖ 6 ‖𝑥− 𝑥*‖ = 𝜚Ω0(𝑥) < 𝑅
and

‖𝑥− 𝑧‖ 6 𝑅−
√︀
𝑅2 − ‖𝑧 − 𝑥*‖2 6

‖𝑧 − 𝑥*‖2

𝑅
6

‖𝑥− 𝑥*‖2

𝑅
,

(𝑓 ′(𝑥*), 𝑥− 𝑥*) = ‖𝑓 ′(𝑥*)‖ · ‖𝑥− 𝑧‖ 6 𝐿0

𝑅
‖𝑥− 𝑥*‖2. (7)

Consider case 2, when 𝑥 ∈ 𝑆0∖𝑈Ω0(𝑅). Then ‖𝑥− 𝑥*‖ = 𝜚Ω0(𝑥) > 𝑅 and hence

(𝑓 ′(𝑥*), 𝑥− 𝑥*) 6 ‖𝑓 ′(𝑥*)‖ · ‖𝑥− 𝑥*‖ 6
𝐿0

𝑅
‖𝑥− 𝑥*‖2.

Thus for any 𝑥 ∈ 𝑆0 we have condition (7).
From the quadratic approximation of the Lipschitz differentiable function 𝑓 we get

𝑓(𝑥) − 𝑓(𝑥*) 6 (𝑓 ′(𝑥), 𝑥− 𝑥*) +
𝐿1

2
‖𝑥− 𝑥*‖2,

(𝑓 ′(𝑥), 𝑥− 𝑥*) = (𝑓 ′(𝑥) − 𝑓 ′(𝑥*), 𝑥− 𝑥*) + (𝑓 ′(𝑥*), 𝑥− 𝑥*) 6

6 𝐿1‖𝑥− 𝑥*‖2 +
𝐿0

𝑅
‖𝑥− 𝑥*‖2 = 𝐶‖𝑥− 𝑥*‖2, 𝐶 = 𝐿1 +

𝐿0

𝑅
.

Finally we have, taking in mind ‖𝑥− 𝑥*‖ = 𝜚Ω(𝑥),

𝑓(𝑥) − 𝑓(𝑥*) 6

(︂
𝐶 +

𝐿1

2

)︂
‖𝑥− 𝑥*‖2 6 𝜇2𝐷‖𝑃𝑇𝑥𝑓 ′(𝑥)‖2𝛼, 𝐷 = 𝐶 +

𝐿1

2
. �

On the base of the LPL inequality we prove the convergence of the GPA.

8 Научный отдел
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Theorem 2. Assume that conditions of Proposition 2 and Theorem 1 are fulfilled.
Then the iterations (3) give the sequence {𝑥𝑘} with 𝑓(𝑥𝑘) → 𝑓(Ω). The rate of
convergence is given by Formula (8).

Proof. Fix 𝑘 > 1. From Formula (5) we have

𝑓(𝑥𝑘) − 𝑓(𝑥𝑘+1) > 𝑞(𝑡)‖𝑃𝑇𝑥𝑘𝑓
′(𝑥𝑘)‖2

and 𝑓(𝑥𝑘) 6 𝑓(𝑥0), i.e. 𝑥𝑘 ∈ 𝑆0. By Theorem 1 there exist numbers 𝜈 > 0 and 𝛽 ∈ (0, 2]
with

‖𝑃𝑇𝑥𝑓 ′(𝑥)‖𝛽 > 𝜈(𝑓(𝑥) − 𝑓*) ∀ 𝑥 ∈ 𝑆0.

Combining the two last formulae we get

𝑓(𝑥𝑘) − 𝑓(𝑥𝑘+1) > 𝑞(𝑡)𝜈
2
𝛽 (𝑓(𝑥) − 𝑓*)

2
𝛽 .

Put 𝜙𝑘 = 𝑓(𝑥𝑘) − 𝑓*. Then

𝜙𝑘 − 𝜙𝑘+1 > 𝑞(𝑡)𝜈
2
𝛽𝜙

2
𝛽

𝑘 , 𝜙𝑘+1 6 𝜙𝑘 − 𝑞(𝑡)𝜈
2
𝛽𝜙

2
𝛽

𝑘 . (8)

�
Formula (8) ensures the convergence. For example, for 𝛽 = 2, we have the linear

rate of convergence. Moreover, if 𝛽 = 2 then 1 − 𝜈𝑞(𝑡) > 0. If 𝑎 = 2
𝛽
− 1 > 0 then

by [13, Chapter 2, Lemma 6]

𝜙𝑘 6
𝜙0(︁

1 + 𝑎𝑞(𝑡)𝜈
2
𝛽𝜙𝑎0𝑘

)︁1/𝑎 .
Notice that Theorems 1 and 2 become constructive if we have information about the

error bound condition (4) and the constant of proximal smoothness for 𝑆. For example,
if 𝑓 and 𝑆 are an arbitrary 𝐶2 function and a compact manifold, respectively, and Ω
is a finite set then, under some assumption of nondegeneracy, Formula (4) holds with
𝛼 = 1 [14, Theorem 1].

If the value 𝑅 is unknown then there can be a problem with choosing the step size 𝑡.
In this case, the GPA with Armijo’s step size can be considered [11].
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