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B pabore BuepBbIe mpeaiozKeHa TeOpHUs CIIyIaitHOTO a3epa, NHTepdelic KOTOPOro COCTABISIOT CJIydailHble,

nian 6e3mMaciITabHbIe CeTH, B y3JjIaX KOTOPbIX HaAXOAATCA MUKPOPE30OHATOPHI C KBAHTOBBIMU IBYXYPOBHEBbIMU

cucreMaMu. MUKPOPE30HATOPHI CBA3AHBI MEXKy COOOi CBETONPOBOASAIIMMYI KaHAIAME, 00Pa3yIONuMu pedpa

cetu. [lokazamo, 94To Takoit 1azep 0bIaTAET PsIIOM OCOOEHHOCTEN B CIEKTPE, CBI3AHHBIX CO CTATUCTHIECKUMU

cBoiicTBaMu ceTeBoil cTpyKTypbl. Cpesy HUX — CyIIECTBOBAHUE TOMOJIOTMYECKHU 3AIUIIEHHOrO COGCTBEHHOTO

SHAYCHUA HeppOHa, O6yCJ’IOBJ’IeHHOI‘O HaJIMIUEeM CHJIBHOTI'O CPEIHETrO IIOJId B y3Ji€ MaKCUMAaJIbHOI'O BJIUAHUA,

PacCIIOJIO?KEHHOTI'O B HeHTpaJIbHOﬁ YJaCTHu CEeTH, ,II;EIIOK&III/I3aHI/IS{/HOKaHI/ISaJ_LI/IH MOJ U3JIyY€HUd B 3aBUCHUMOCTHU

OT BEPOSAITHOCTHU CBSI3U IIPOU3BOJIBHBIX MHUKPOPE30HATOPOB MexK 1y coboit. [lomydennble pe3yabTaThl OTKPBHIBA-

IOT IIEPCIIEKTUBBI B obsiacTu CO3JaHNAd HOBBIX HU3KOIIOPOT'OBBIX MCTOYHUKOB JIA3€PHOT'O U3JIyYC€HUA.

DOI: 10.31857/S1234567823110046, EDN: djcfic

Cayuaiiable azepst (CJI) MOXKHO Ha3BATH OJHUM U3
HanboJiee MHTEPECHBIX MPOsIBICHMI 00PA30BaHUS MaK-
POCKOIIMYECKO KOIM€PEHTHOCTU B pe3yJibTare CJIydaii-
HOT'O PacCesiHus CBeTa B HEYIIOPsiIOYEHHON, ONTHYeCKN
akTuBHOIi cpejie [1]. OcHoBHbIE bU3MYECKME IPUHIUIIBI,
Ha KOTOpbIX (yHKImoHupyor coppemennbie CJI, dak-
THYecKu ObLIH npeaioxKennl emne B. C. JleroxoBbIM st
ATOMHBIX CHCTEM [2]. DTy IPUHIUIIBI TIOCTOSHHO JIOIOJI-
HSIOTCSI W YTOYHAIOTCA C y9IEeTOM TOIO MHOr00Opa3us
cpen, B KoTopbix 3ddexkr CJI mabaomaercs B IKCIIe-
pumenre [1,3-5]. [TockosbKy Takue Jiazepbl He TPeOy-
0T HAJIMYWS BHEITHUX PE30HATOPOB, UX CBOWCTBA OIpe-
JIEJISIIOTCST BEJIMYUHON DPACCesIHUST W3JIyYeHUsl B Cpejle.
Cnaboe paccestiue (POTOHOB Ha YaCTUIAX CPeabl (op-
mupyer auddysuonusiii pexxum CJI, B To Bpems Kak
CUJIBHOE paccestHie BeJeT K aHIePCOHOBCKOI JIOKamM3a-
run u3sydenust [3]. Tlo cyTu, Tu KioueBble cBoiicTBa
u nenaor CJI BecbMma IOJIE3HBIMU HA IPAKTUKE.

OHaKo 10 cux mop Tpebyer u3ydeHust BOIIPOC O TOM,
B KaKOI Mepe HEYIOPSI0I€HHOCTD CPEJIbI MOXKET BJIMATH
Ha pexkumbl CJI, cp. ¢ [6]. B sToii cBsi3u BBIIEINM pabo-
Ty [4], Toe aBTOPBI HPOJEMOHCTPUPOBAJIM PEATUAIUIO
CJI Ha cTpyKType HAHOBOJIOKOH, OOPA3yIoIeil Crydaii-
HBII Tpad, MOMEIEHHBIX B KpacuTe b pogamul 6G, “or-
BETCTBEHHBIH 3a ycuienne usiaydenus. B |7, 8] upu ana-
J3e (POPMUPOBAHMS KOTEPEHTHOIO (Ha MAKPOCKOIIUIe-
CKOM YPOBHE) U3JIy9€HHs B CJIOXKHBIX CETEBBIX CTPYKTY-
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pax HaMu OBLIO TTOKA3aHO, YTO HOPOT JIA3E€PHON renepa-
uu OBICTPO YOBIBAET C YBEJIMYEHUEM CBSI3HOCTU rpada,
MOJIEJIUPYIOIIETO CPEy, UTO IKCIEPUMEHTAJBHO OBLIO
BoIsiByieHO B [4] nuist CJI. 3aech yMEeCTHO OTMETUTH, UTO
HCCJIEJIOBAHUE TAKUX CJIOYKHBIX CETEBBIX CTPYKTYD sIB-
JISIETCsI OJHUM M3 HauboJiee MHTEPECHBIX M BasKHBIX Ha-
[IpaBJIEHUIl COBPEMEHHOH (DU3UKU, MMEIOIIUM SPKO BbI-
pazkKeHHOEe MEXKIUCIUIITHAPHOE 3Ha4YeHue [9].

Henbio paboThl siBsieTCs BhISCHeHUE DU3NKH (HOP-
MUPOBaHUS JIA3EPHOI'O U3JIyIeHUsI B CPEJle, TOMOJIOT e~
CKH [IPEICTaBJIAIIIEH coboil ciyuaiinblii (puc. 1a), win
Geamacmrabublii (puc. 1b) HeHanpasJeHHbIH rpad, 06-
Pa30BaHHBIN CBA3aHHBIMU MUKpopesonaTopamu (MP).

PaccmarpuBaemyio cucreMy MOYXKHO TIPEJCTABUTH
KaK HEKOTOPYIO CeTh, B y3JIaX KOTOPOIl HAXOIATCS JIBYX-
yposHesble cuctembl (JIYC), K mpumepy, KBaHTOBbIE
TOYKH. DTOr0 MOXKHO JOOUTHCs, HAIIPUMED, Kak B [5],
pasmectuB A YC B HDOTOHOKPUCTAIMIECKON CTPYKTY-
pe, 0bJIaIatoIel KaHaIaMU paciipocTpaHeHust POTOHOB.
C apyroit cropounsr, JIYC moxuo momectuts B MP,
bu3nIeCcKn IPEICTABIILAIONINE CBA3AHHBIE MEXK Ty CODOM
mukpocTosbuku [10]. B manHo# pabore jisi onpeieseH-
HOCTHU OCTAHOBHUMCSI Ha MoJeu cBsizaHHBIX MP, cp. ¢
[11]. Takum o6pasom, momesns CJI upencrasiser coboit
N MP, kaxk7plii U3 KOTOPBIX COJEPXKHUT OJIMHAKOBBIE
JIYC, xapakTepusyeMble pE3OHAHCHOHN 4acToTOi (SHED-
rueii) nepexona wo. MUKpPOPE30HATOPBI HAXOAATCS B Y3~
JIaxX CJIOYKHOI ceTH, pebpa KOTOPOii 63 oTeph IPOBOIAT
cBet. [lone B kaxkmom i-m MP xapaktepusyercst orre-
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Puc. 1. (Ligernoii onunaiin) Narepdeiic cpeapt ciyuaitnoro nasepa B Buge: (a) — ciaydaitHol (kmax = 9, kmin = 1) u (b) —

GeamacinTabrol (Kmax = 25, kmin = 2) cerst ipu N = 100; Emax / min —

MaKCI/IMa,JIBHOG/MI/IHI/IMa.HbHOG 3HaYeHUEe CTeleHel

y3J10B. 1IBeToBBIE MaHe M XapaKTepU3yIOT COOCTBEHHBIE 3HAYEHU MATPUIBI CMEXKHOCTH Ti;. (¢) — Pacupenenenune creneneit

Y3JI0B COOTBETCTBYIONIUX CeTeil B ABOWHOM JiorapudmudeckoMm Maciirabe. OcrajbHbE JeTaji IPUBEIEHBI B TEKCTE

st
paropoMm yauuroxenus (poxuenus) f; (f; ) doronos,
1 = 1,...,N. B pamkax npubimxeHus BpaIaiomeics
BOJIHBI O1IEpaTop [ aMUIbTOHA CHCTEMbI MOYKHO IIPEICTa-
BuThb B Buje (cp. ¢ [12]):

N ~2
H:FLZ w0201 +wph,ifini+g(fi&;r+fiT&;) -
i—1

i (1)

> Tz‘j(ijﬁ' +ﬁTfj),

1,j=1

rae JIYC i-ro MP xapakrepusyercst orepaTopoM HHBEP-
cum G7, a TakXKe JICCTHUYHBIME OLEPATOPAM, &Z?t; g -
mapamerp B3ammojeiicteus JAYC ¢ KBAHTOBOI MO0
noust i-ro MP wacroret wppi. B (1) J > 0 onpeznensier
B3aumoyieticteue MP Mexk 1y coboit mocpeicTBOM BOJI-
HOBOZIOB ((DOTOHHBIX KAHAJIOB), KOTOPOE yUUTHIBAETCH C
LIOMOIIIBIO MATPHUIILI CME?KHOCTH Tj;, SJIEMEHTEI KOTOPOi
o61a1a10T CBOHCTBAMU T;; = Tj;, T4 = 0. Ilpu arom p;;
eCTh BEPOSITHOCTD CBsI3U Mexkty i-M u j-M MP (B Takom
CJIy9ae COOTBETCTBYIOIUI 3JIEMEHT MATPUIIBI CMEXKHO-
CTH Ti5 = 1, ) #])

Ha pucynke 1 npusenen unrepdeiic CJI B Bume ciay-
vaiinoii cetn Dpaema—Penbu (puc. 1a), a Tak:ke Geamac-
mrrabuoit ceru (puc. 1b), cMOAeIMPOBAHHBIX YHUCJIEHHO
¢ nomompio 6ubsmorekn Python NetworkX, coorset-
crBenHo. [TocienoBaTebHOCTH TOUEK U alIIPOKCUMUPY-
IoIllie MX KPHUBbIC HA PHC. 1¢ IpeacTaBisioT QpyHKIUH
paclpenesieHns CTelleHel y3JI0B 3TUX CeTell B JBOHOM
sorapudpMmuueckoM MacmTabe. A IMEHHO, KpUBbBIE YJI0-
BJIeTBOPAIOT IyaccoBckoMmy (pr = 7 (k)¥e™ ) n cre-
nennomy (pr o« k~") 3akonam pacupeieienuns; (k) =
= %23 kj = %Zi,j Tij — CPelHsisl CTEIEHb Y3JIOB.
ITapameTpbl MoJeIMpoBaHusl MOJOOpPAaHbI TAKUM OOpa-

30M, 4TOOBI 00a rpadpa Ha puc. 1 UMeIn CXOXKHue CTaTH-
cTUYeCKHe Xapakrepuctuku. B wacrhoctu, (k) = 4.04,
¢ = 4.88 ausa cayuaiinoit cern, rae ¢ = Y., kZ/N (k)
oIIpejieJisieT HOPMUPOBAHHBIN BTOPOIl MOMEHT CTelleHeil
y3ioB. Crenens 1) st 6e3MacIiITabHONl CeTH, a TAKXKE ee
CTATUCTUYECKHIE CBOMCTBA MOYKHO OINEHUTH B KOHTUHY-
aJIbHOM IIPUOJIMXKEHUH, BOCIIOJIb30BABIIICH TIOIXOIaMHU,
uzJoxkeHHbiMu B [9]; nosarasg Kmax = kminV e IOJLY-
qaeMm 7) ~ 2.82, B pesyubrare dero umeeMm (k) = 3.9,
¢ = 6.1, coorBeTCTBEHHO. 3aMeTUM, ITO Oe3MacinabHas
ceTb obamaeT xabaMu — y3jaMu HauOOJIbIIEH CBA3HO-
CTH, TPUCYTCTBYIONUMU B BUJIE Y€THIPEX CHHUX TOYEK
Jyist (PYHKIMK PacIpeesieHns] B IIPABOM HUXKHEM YIJLy
Ha puc. lc.

B pabore mbl umcnomb3yem mojaxoj [eiizenGepra—
JlaH>keBeHa B IPUOJIMKEHUN CPEIHETO I0JIsl, KOTOPbIi
¢ yuerom (1) mpuBomuT K CcHCTeMEe ypaBHEHWHH THUIIA
Makcsesuta—bioxa:

g' = (7Z'wph7i — IQZ)E,L — ngz + ZJZT”EJ, (2&)
J

P, = (—iwo — D) P; 4 igof&:; (2b)

67 = (vp — o) — (vp + D)0} + 2ig(E Py — & P)),
(2c)

rae & = (fi), Pi = (6, ), 0f = (67) — cpeanue 3Ha-
YeHWMsI COOTBETCTBYIONUX OMEPATOPHBIX BeaWduH; ' —
CKOPOCTDb 3aTyXaHUsI MOJISIPU3AIIH, KOTOPYIO CIUTAEM
onmuakoBoii juist Becex [IYC, k; — ckopocTb norepb (o-
ToHOB B i-M MP, vp — ckopocTh HaKaIKH, Yp — CKOPOCTH
3aTyxanus naBepcuu. lajee, ybepem “ObicTpnie” KoJIe-

OaHus 1 PacCMOTPUM CTallMOHapHbIE COCTOAHUA CHUCTE-
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MBI Ha 9aCTOTe W, N0JI0xKuB B (2) P;(t) = Pe~wol—iwt,

Ei(t) = Bje~wol=wt orkyna nmeem:
N
(w — A,L + ’L'Iii)EfL — gP,L + JZTijEj = 0, (38,)
j=1
(iI' +w)P, + gofE; =0, (3b)

roe A; = Wph,; — Wo — OTCTPOHKA OT PE30HAHCA IS
i-ro MP, Benmmumnay KOTOpOIT moJiaraeM OTHOCHUTEIHHO
HeGObIIOl, T.e. |A;| < g nust Beex i = . N. IIpu
9TOM CPEJIHIOI MHBEPCHIO HACeJeHHOCTeH B (2¢) cumra-
eM 3aJIaHHOl, Tak IT0 67 = 0 u 0} =~ x_gg, cp. ¢ [6].
Dusnueckn 3HaueHne w = 0 B (3) 03HAYaeT IBOIIO-
[UIO KakK (CpeJIHero) moJisi, TaK ¥ MOJISIPU3AIIN Ha, Jac-
TOTE Wp, COOTBETCTBYIOMEH gacTore mepexoma JLIYC.
Pasperast ypasHenue (3b) OTHOCHTEIBHO MOJSAPH-
samuu P, u nojacrasus ero B (3a), mojtydaeM ypaBHEHHE
JIUIST KOMILJIEKCHOM aMILTATY 6! tosist E; i-ro MP B Buge:

N
{(w—Ai+ik)wr +0°} Ei + Jwr Y 7B =0, (4)

Jj=1

rjie wr = w + il'; mapamerpot w, A;, k;, I, J HopMupo-
BaHBI HA (.

IIpoananu3upyemM BaxKHBIH IPEIEIbHBIN CITydait (4)7
momyckas -t MP m30/impoBaHHBIM OT OCTAJIBHOMN ceTe-
Boit crpykrypsl. Torma, momaras B (4) 7,; = 0, mpuxo-
JIIM K BBIPaKEHUSIM

1
w12 = _iX+7i+§ Al + \/(Al — 2iX—,i)2 —40* s (5)

OLIPEIEJISAIONIUM XapPaKTEePHbIE BBICOKO- (W) U HU3KOYa~
cTOTHBIE (W2) DJIEMEHTAPHBIE KOJeOAHNsI COOTBETCTBEH-
HO; X+ = (k; £T)/2. 3amerum, uro dusnuecku oTpy-
naTenbHas MHUMast 9acTh dactorel (Imfw] < 0) B (5)
OTBedaeT 3a JUCCHUIIAIMIO S3HEPrUU B CUCTEMe, B TO Bpe-
Ms Kak 1pu Imfw] > 0 mpoucxomur ycuienue, o6ycios-
JIEHHOE MHBEPCHUEH. A MMEHHO, B OE3MHBEPCHOM CIIyUae,
T.e. Opu 0® =~ —1, XapaKTepHbIE YaCTOTHI Wi 3 COOT-
BETCTBYIOT OOBIYHBIM IOJIIPUTOHAM BepXHEH U HUKHeil
JUICIIEPCHOHHBIX BerBeil [13]. B npenese MakcuMaabHO
nHBepcun 0° ~ 1 0Opa3yroTcs MOJAPUTOHBI PaMaHOB-
CKOr'O THIIA, COOTBETCTBYIONIUE YCUICHUIO U3JIyIeHUs B
cpene [14]. Dasee HAC MHTEPECYIOT YCJIOBHUs IIEPEXojia
paccmarpuBaemoii cucrembr MP k jstazeproit reneparun,
koryma 0 < ¢% < 1. JIyish YUCJIEHHBIX PACUYETOB yJIOOHO
UCIOJIb30BATh UCXOJHYIO cucTeMy (3), mosiarasi, 4To OT-
cTpoiika A;, a TakXKe kK; JJid TPOU3BOJBHOM i-if MOIIbI
CJI ecThb cirydaiiHble BeTMIUHBI, PABHOMEDHO PacIpee-
JIEHHbIE B HEKOTOPBIX IPOMEKYTKaX, cp. ¢ [6].
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Ha pucynke 2 mpesicraBieHbl 3aBUCHMOCTUH MHAMBIX
vyacreil cobcrBennbix yactoT CJI oT BelecTBeHHBIX 3HA~
YEHUIl 9TUX 2Ke JaCTOT, HAXOSIIHNECs HECKOJbKO HUXKE
Hopora reHepamnyu, oupejenseMoro ycjaosueM Imw] =
= 0, u coorBercrByiomnme rpadam Ha puc.l. Kak u
O’KUJIAJIOCH, (DOPMUPYIOTCS JIBe ODJIACTU PEIIeHuii, co-
OTBETCTBYIONIE XapaKTEPHBIM JacTOTaM Wi 2. 1HCICH-
HbIE 3HAYEHNs] HOPMUPOBAHHBIX HA ¢ [TAPAMETPOB K, '
JIJIsT 3aBUCUMOCTEIl HA PUC. 2 U HUXKE B CTaThe BHIOPAHBI
TAKUM 00Pa30M, ITOOBI BBIOJIHAIOCH (XOTs, ¥ Ha “Iipe-
zesie”) yeJioBue CUJIbHOM CBsA3M MexK Ty KaxKapiM JIYC u
nosieM, K, 1 < 1, cp. ¢ [10].

# Random graph
# Scale-free graph
-=—=T=05
- k=0325

0.1
-0.2
—0.3
—0.4

—0.5r—rrre—rrr—— {\ """"""""""""""""""""""""

0.6 s
]

I

-4 3 =2 -1 0 1 2 3
]

Im [w]

Puc. 2. (Ilsernoit onnaiin) ITonokenne coGCTBEHHBIX Yac-
tor CJI Ha KOMILJIEKCHO-BEIIECTBEHHOM MIJIOCKOCTH JIJIsl W,
COOTBETCTBYIOIINX CJIy4aiiHoil (KpacHbI 1Ber) u Geamac-
mTabHoi (CMHUI IIBET) ceTsiM, IPUBEACHHBIM Ha PHC. 1 1pn

*=0.1,I' =0.5, J = 0.6. [Tapamerpsr A; u k; — ciay4aii-
HbIE BEJIMYUHDBI, IPUHUMAIONINE C PABHOW BEPOSATHOCTHIO
3HadeHust B uHTepBasnax [—0.5, 0.5] u [0.5T", 0.8I'] coor-
BETCTBEHHO

BoIsicHUM 3aKOHOMEPHOCTH T'PYIIMPOBAHUS TOYEK
ma puc.2. Ilockonbky oba rpacda ma puc.l ummeroT
0JIN3KUE CTATUCTUYECKHE XapPAKTEPUCTUKHU, BbIparKae-
mble BesmuusaMu (k) u ¢, TO u ycioBHbIEe “ormbaro-
mpe” MPUBEJEHHBIX HA PHUC. 2 JUCKPETHBIX 3aBHCHMO-
creil mO0CTATOYHO OJsm3ku Mexay coboit. [Ipuamumm-
AJILHOW OCOOEHHOCTBIO CIIEKTPa COOCTBEHHBIX YACTOT
SBJIAETC HAJUYUE HM30JMPOBAHHOIO (MAKCHUMAJLHOIO
1o Bejmuube) cobcrBenHoro 3uadenus leppona, C3II
(Perron eigenvalue) — kpaiiaue (cjieBa) *KUpHBIE TOUKH
JUISL KaxKJI0ro n3 rpadoB Ha puc. 2. DTO CBA3aHO HEIOo-
CPEJICTBEHHO CO CBOMCTBAME CIIEKTPA MATPUIIHI CMEZKHO-
CTH T;j AJIsI CJIOXKHBIX cereil, 1yrst koropbix C3II 3akitro-
9YeHO B MHTepBaJse 3HadeHnil [(k), kmax], CM. HaIIpUMeED,
[15]. Ha pucynke la u 1b C3II coorBercTByIoT CBETIIO-
JKEJIThIE y3JIbl, HAXOIAIIUeCs TPUOJU3UTENBLHO B TIEHTPE
rpados. B gactaocTHu, Teopema Ileppona—dPpobennyca
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rapaHTHPYeT (IJIsl T;;) CYIIECTBOBAHNE HEBHIPOXK IEHHO-
ro noJjioxkuTebHOro Makcumasboro C3I1 ¢ mosiHoCThIO
[IOJIOYKUTELHBIMEA 3JIEMEHTAMU COOCTBEHHOIO BEKTOPA,;
HOCKOBKY B (1) 7;; IPHUCYTCIBYeT € OTPUIATEHHLIM
3uakoM, 1O u coorBercrByformue C3II maxomsTes B oT-
punaTeabHOH 06/1acTH COOCTBEHHBIX YaCTOT HA PUC. 2.

Samerum, aro C3II BoBce He 06513aHO COOTBETCTBO-
BaTh xalby, T.e. y3iy, OOJaJaroneMy MaKCHMAJIbHON
cessHocThio. C3II xapakrepusyer y3ej MaKCHUMaJbHO-
'O BJIUSIHUSA, ONPEIEJIAEMBIi 110 KPUTEPHUIO COOCTBEHHBIX
BeKTOPOB (eigenvector centrality) [16]. Hanpumep, coy-
vaiiHble ceTu He 00JIagat0T XabaMu BOBCe, HO y3€JI MaK-
CUMAJILHOTO BJIUSHUAS JJIsi HAX CYIIECTBYET — CBETJIO-
KeTas ToYKa Ha puc. la. Ousndyecku CyniecTBOBaHUE
TAKUX Y3JIOB CBS3aHO C HAJMYUEM HEHYJIEBOTO YCPe[I-
nenHoro (1o ysmaam ceru) moss B

_ 1 Y
E= W;kj]ﬂj, (6)

rae kj =), Tij €cThb CTEleHb j-TO y3iIa.
s uccoremoBannsa C3II Bocmop3yemcest anmpokcu-
Malueil OTOXKKEHHOM ceTn sl MATPUIIbl CMEXKHOCTU B
_ kik;
BUJIE Tij = 77y (cp. ¢ [7,9]), n noncrasum ee B (4). Pas-
PEIIUB [OJIy 9€HHOE ypaBHEHHEe OTHOCUTENBHO F;, moty-
quM

L J(wp + i)k B
b= {(WP_Ai+iR)(wp+iF)+a-z}’ (7)

I7e K — OIpeJeJsieT CPpeJHUil YPOBEHb OTEPh (POTOHOB

B 33JlaHHOM WHTepBaJje 3HadeHuit k;, wp — C3II misa
gacrorsl. Boipazkenue (7) o3Hadaer, 4To I0JI€ B i-M y3-
Jsie, coorBercrByiomeM C3II, MOJHOCTBIO onpeenseTcs
cpeauM TosieM E, co3aBaeMbIM CeTeBOil CTPYKTYpOil.
IMoncrasnss (7) B (6) Jyist wp, TOIyIHM:

Re[wpﬁl] ~ *JC,
Relwp2] =0,

Im[wp 1] ~ —F, (8a)
Imfwps] = T, (8b)

rJle MbI OILyCTUJIA OTCTPOHKY A; B Clydae ee MaJIOCTH
[0 CPABHEHUIO ¢ Bem4IuHO#N J(, a TakXKe JJisi ITPOCTO-
Thl paccMoTpenu ciydail o ~ 0. Pesyubrarer (8) co-
[JIACYIOTCSI C YUCJCHHBIM MOJIETUPOBAHUEM, CM. DUC. 2:
Imfwp1] coorBeTCTBYET PO30BOI IyHKTHPHOI JIMHUM.
IIpu sToM xapakTepHas YacTOTa B HIXKHeHl 0o6jacTh
wp,1 ocraercd MEAMOI: Im|wp 2] cooTBeTCTBYET 3€sI€HO
JIMHUM HA PUC. 2, 9T0 (PU3MIECKU O3HAYAET OBICTPYIO
JIMCCUTIAIMIO HU3KOYACTOTHBIX BO3MYIIEHUN B IIPUCYT-
CTBUU BBICOKOYACTOTHBIX KoJiebanuit Ha 1dacrore C3II
Relwp,1]. 3ameTnM, 4TO HOCKOJILKY IapaMerp ¢ s 6e3-
MacirabHol cetn Gosibie (10 aGCOTIOTHON BEININHE ),
geM i caydaitaoii (cp. ¢ [7]), To C3II B nepsom city-
vae (CHHAS KUpHas Todka) Haxoxurcs jesee C3II s
CJIy9alHOM ceTn — KpacHasl >KUPHAsl TOYKa Ha PUC. 2.

Paccmorpum Tenepb TOYKM Ha PUC. 2, KOTOPLIE Pac-
[IOJIArAI0TCsT BIIOJIb CPEJIHErN0 YPOBHsI IOTEPh (DOTOHOB
Imfw] = —FR, u mua xoropuix E; ~ E;. lannoe nomy-
IIeHe OIPABIAHO OISATh K€ B BUIY CBOHCTB MaTpPUIIBI
CMEXKHOCTH, 00JIaal0el OTHOCUTEIHHO OOJIBIIIM II0
BesimunHe C3I1, 1 MEHBIIIMME OCTAJIBHBIMU COOCTBEHHBI-
MU 3HaUYeHusIMH, cM. [15]. B a1y rpyumny nonagaor kax
TOYKHU, KOTOpbIe 00JIaJAI0T CYIIECTBEHHLIM BJIMSHUAEM,
TaK 1 Xabbl, KOTOPbIe UMEIOTCS B De3MacIiTabHOI ceTu,
cM. puc. 1b. B pesyabrare, ¢ nomommpo (4) s xapak-
TEPHBIX YaCTOT MMEEM:

1
w2 = —ix4 + 3 8 £/ (6; —2ix_)2 —4o* |, (9)

rjge BBejeHbl obosHauenns X+ = (kR £ TI)/2, §; =
= A; — Jk; — orcrpoiika OT pe30HaHCa, yIUThIBAIOIIAs
TaK>Ke CTeleHb ¢-ro y3ia k;. Hasee, anamu3 paccmar-
pPHBaeMbIX TOYEK YJOOHO NPOBECTH B mpejene |0;] =~
~ Jk; > \/(ki —T')? + 40%, T.e. B IPE/IIIOJIOKEHAN, UTO
Besimanna Jk; nocrarouno Benuka. Toryma n3 (9) umeem

(cp- ¢ (8))

O.Z

Refwi] ~ —Jk; + T Imfw] ~ —F&, (10a)
O-Z
Relws] ~ ~ T Im[ws] ~ —T, (10b)

YTO XOPOINO COBHAJAET C YHCJIEHHBIM PACIeTOM HA
puc. 2. Ilpu 3ToM pa3bpoc HOJOKNTEIbLHBIX 3HAYCHUIT
COOCTBEHHBIX YACTOT BJIOJIb OCH abCIUCC OOJIbIe v 6e3-
MacmTabHOll ceru, NOCKOJIbKY KpaiiHue (crpaBa) cuHue
TOYKHU COOTBETCTBYIOT XabaM.

PaceMOTprM Temeph TOUKHU Ha PHUC. 2, PACIOIOXKEH-
HbIEe B OTHOCUTEJILHO Y3KOii (BEPTHKAJIBHOI) TI0JIOCE 3HA~
qennii —1 < Re[w] < 1. D9To — aBe rpynmsl TOYEK,
IIJIOTHO PAacIIojaraloliuxcd B BepXHel U HUXKHell yacTu
pucC. 2, 1 COOTBETCTBYIOIUX OCHOBHOMY MaccuBy C3 cu-
crembl (3), cocTaBistoux TakxKe ocHoBy C3 MaTpuIb!
CMEXKHOCTH Ti;, cp. ¢ [15]. IIpuHIUIHAILHBIM X IIO-
BEJIEHUEM sBJIIeTCA TOT (PaKT, 9TO COOCTBEHHBIE 3HA-
YEeHUsI, COOTBETCTBYIOIINE 3TUM TOYKAM, MOTYT “IIpH-
TArUBaTLCA JAPYT K JIPYrY, YTO CBA3aHO CO CBOICTBOM
HEPMUTOBOCTH (CJIydaiiHO) MATPUILI, COOTBETCTBYIO-
uieit cucreme (3), cp. ¢ [17]. Tounee rosops, 31ech pednb
UJeT O HEe3PMUTOBOH JIOKAJIM3AIMNA M3JIydeHUsI, KOTO-
pasi CYIIECTBEHHO OTJIMYAETCsl OT (3PMUTOBOM) aHIpe-
COHOBCKOH JIOKaJIM3alui, TPOABJIAIONIECHCA B CTATUCTH-
YECKUX CBONCTBAX CIIEKTPAJIbHBLIX XapaKTEPUCTHUK, CM.,
HanpuMmep, [18]. Takas (HespMUTOBas) JOKAIU3AIHSA CY-
MIECTBEHHO BJIUSET HA CTATUCTHKY CIIEKTPATHHBIX JIA-
unit; B kcrepumente co CJI mpomemoHcTpHpOBaHO OT-
KJIOHEHHUe 3TOI CTATUCTHKHU OT pacipeesenus Burnepa
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Puc. 3. (Ipernoit onaiin) 3asucumocts (a) — eiicreurensroit Re[w] u (b) — munmoit, Im[w], gacreit cobersennbix vacror CJI,

[IPEJICTABJISIIOIIErO co0Oi cirydaiinblii rpad, Kak (pyHKIUT JECATUIHOrO JiorapudMa pa3HOCTH HaceaeHHOCTel 0. OcrajibHble

mapaMeTphl Te XKe, 9TO U Ha PUucC. 2

PACCTOSHUI ME€XKJIy YPOBHSIMH, XapaKTEpHOTro (bU3UKE
AHJIEPCOHOBCKOM JIoKasm3amu, cM. [4, 19].

Moyipl, onuchIBaroIIe TOUKY U3 BEPXHEH 001acTH Ha
pHC. 2, TIEPBBIMU CTPEMSITCSI IIOMACTD B MOJIYTLIOCKOCTh,
rje uMeercs JiasepHoe ycwienue, T.e. Imlw| > 0. Ux
“MOOHJILHOCTE” OOYCJIOBJIEHA TEM, UTO TOIMOJOIHIECKH
TaKue TOYKHU COOTBETCTBYIOT y3JIaM ¢ HEGOJIBIINM YHC-
JIOM CBsi3€il, MM HaWMEHee 3HAYUMBIM Y3JaM, PacIIo-
JIO?KEHHBIM IIPENMYIIECTBEHHO Ha Iepudepun rpados,
cM. puc.l, 9TO TaKKe MOATBEPKIAETCSI SKCIIEPUMEH-
TAJIBHBIME PE3YJIBTATAMHE, MOy I€HHBIME JIJIsSt JTA3€PHOI
renepaiuu CJI Ha rpadax [4].

st HAXOXKJIEHUsI XapaKTEePHBIX YaCTOT TOYEK,
IPYNIUPYONMXCsT BO3jie 3HadeHWst w = (0, MOXKHO
BOCIIOJIb30BaThCsl  BblpakenusMu (9), mojaras pu
sroMm MaJiol BeamauHy 0; ~ A; — Jkmin, TH€ Kmin —
MUHUMAJIbHOE 3HAYEHWe CTeleHeil y3i0B B rpade.
YucieHHOE MOJETUPOBAHNE TTOKA3BIBAET, YTO JTa3€PHAST
reHepalysi BOSHUKAET, KOrJla TOYKU BBEPXY PHC.2 BbI-
XOJSIT B TOJIYILJIOCKOCTh BEIIECTBEHHBIX COOCTBEHHBIX
3HAYEHWI, ITO ONPEIEIAETCS YCIOBAEM

o ~ gl +

NI

(11)

Ec/m pu 3TOM BBITIOMHAIOTCS HepaBeHcTsa |§;|x—, 07,
X% < 1, To ¢ nomompio (9), (11) noydaem

0

Refwn 2] ~ 3 Imfwi] =0, Imfws] ~—2x4, (12)

T.e. 4aCTOTa Wi CTAHOBUTCS BEIIECTBEHHONH. 3aMeTHM,
9TO 1ocJiefHAM cytaraeMbiM (11) B 9ToM mpejiesie MOXKHO
npeHebpeds, U TONAA yCJIOBHE JIA3ePHOl FeHepAIUH IIPH-
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obperaeT BeChbMa yHUBEPCAJIBHBIN /I JIa3epHOil busu-
KH BHJ, cp. ¢ [20].

Ha pucynke 3 npejcrasiennl 3apucumoctu Re[w] u
Im[w] post CJI, kak dbyHKIME OT Jorapudya MHBEPCAN
Hacesnennocreit ¢, U3 pucynka 3a BHIHO, 9TO TOYKH,
PACIIOJIOXKEHHBIE B MpeJeax MoJoChl 3HadeHnit —1 <
< Re[w] < 1 ¢ yBeauveHueM HHBEPCUH 0° IIPUXOJAT
B “mBukenne”’. CoOCTBEHHBIE YACTOTBI, COOTBETCTBYIO-
[ye 3TOi IPYIIe TOYeK Ha PUC. 34, JIBUXKYTCS HABCTPE-
1y JApYyT JAPYTY, 9TO Xapakrepusyer 3pdeKT 3aTsaruBa-
HUSI aCTOTHI JIA3ePHOI MeHepaluu K YacTOTe Iepexoia
B JIYC wy (B aTOM citygae w ~ 0), cp. ¢ [6].

C npyroi#t cTOpoHbI, U3 pHC. 3a CJIEIYET, YTO HUK-
Hesl (CHHssI) JIMHUsI, cooTBeTcTByMomas dactore C3II
Relwp,1] Masio MensieTcs ¢ pocroM 0. CxoKuM 06pazoM
BeIyT cebst TosTyDast U YKeJITas JUHUA B BepXHEH JacTu
puc. 3a, COOTBETCTBYIOIINE KPAHUM TOYKAM CIIpaBa Ha
puc. 2, u y3jaM, 00JIAJAIONINM CYIECTBEHHBIM BIIHSTHU-
eMm B cayugaitnoit ceru, nocae C3II, cp. puc. la. Takum
obpaszom, MP, naxonsruecs: B y37ax HAnOOJIBIIETO BJIH-
SHUSI, OCTAIOTCS KaK Obl TOIOJIOIMYECKH 3aIUIIEHHBI-
MU, U B IIPOIIECCE 3aTSATUBAHUS TACTOTHI IIPAKTUICCKU
HE yYaCcTBYIOT; MHAMAS 9aCTh COOTBETCTBYIOIIUX COO-
CTBEHHBIX YaCTOT B 06JacTh ycuienus: Im[w] > 0 tak u
HE [IEPEXOJUT, CM. puc. 3b.

AcumnTorudeckoe MoBejeHUEe KPUBLIX Ha puc. 3b
[PU TIPEOJIOJIEHUH TIOPOTa PFeHEPAIH MOYKET OBITh MOSIC-
HeHO ciieayromuM obpasoM. Ilycrs cucrema IYC mos-
HOCTBIO MHBEPTHPOBaHa, T.e. 0° =~ 1. B aToMm ciyuae B
(9), ecrm momoxkuTh |02 — 4x2 | < 4, To BemecTBeHHAS
KOMOWHAITIST TTApaMeTpoB okazxercs 02 — 4 — 4x2 < 0.
BeiiesiB B BbipazkeHun (9) KOMIIEKCHYO U BEIIECTBEH-
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Hble yactu (cM., Hanpumep, [13]), B 9T0M npeene MOXK-
HOo Hadth Imfwi] = 1 — x4 =~ 0.59 u Imfws] = —(1 +
+ X+) =~ —1.41, 94TO XOPOIIIO COTTIACYETCS C MAKCUMAJb-
HBIM ¥ MUHUMAJIbHBIM 3HAYCHUSIMU KPAHIX KPUBBIX HA
puc. 3b upu log[o*] = 0 coorBercTBEHHO.

s 6e3macmrabuoii cern (puc. la) xapakrTepHble
3aBUCHMOCTH BEIECTBEHHON 1 MHUMO# JacTeil 4acToThI
W OT Pa3HOCTH HACEJIEHHOCTEH MMEIOT CXOXKWIl C puc. 3
Buj. CyIecTBeHHbIE OTKJIOHEHHsI ITHX 3aBUCHMOCTEN
BOBHHKAIOT, KOTJIa PACIIPEJIC/IEHUE CTEIeHEe y3JI0B IIPO-
UCXOJIUT TI0 CTEIEHHOMY 3aKOHY pr X k~" B obsactu
1 < n < 25, cp. ¢ [7]. Qua rakoit cern posib xabos
CUJIBHO BO3PACTAET, ITO OTPAYKAETCS HA UX CIEKTPAJIb-
HBIX XapaKTEPUCTUKAX: OHU HAYUHAIOT KOHKYPUPOBATH
¢ C3II 3a “Bausune” B ceru. B sTom ciaydae, Kak mo-
Ka3bIBAET YUCJIEHHBIA pacdyer, UMeeT CMBIC yIUThIBATH
KOPPEJIAINN MEXKJIy y3JIaMH CeTH 6ojiee BBICOKOTO IO-
paaka, yem ¢, cp. ¢ (8a). AHasn3 JaHHOIO Ipejiesia HaMU
OyZIeT mpOBEJIEH OTIEIBHO.

Hakonern, B korrekcre duzuku CJI ciaemxyer obpa-
TUTh BHUMAHNE Ha ToBeleHue 3(PPEeKTUBHOrO obbema
MOJI, oupejesisteMoro Kak (cp. ¢ [6])

N
1
V=Y ————|E;[%, 13
J 4 maXi[|Ei,j|2]| ,]| ( )

i=1

rae B; ; — aMmumTyja 1ojs B 4-M pe3oHaTope JJs j-To
COOCTBEHHOTO BEKTOpa CUCTEMBI (3).

Biusaane craructuueckmx CBOICTB CIIydaifHON ce-
TH Ha CBOWCTBA JIOKAJM3AIMNA COCTOSIHUII B PACCMATPU-
BaeMoil 3ajjadye MokKaszaHo Ha puc.4. A mMmeHHo, 37ech
[PUBEJIEHA YCPETHEHHAsT 110 OOJIBIIIOMY YUCILY PeaJn3a-
ui CaIyvafiHbIx rpadoB, 3aBUCUMOCTDb CPETHET0 00be-
Ma V', sanumaromero j-it mogoit CJI, or BeposiTHOCTH
P = Pij, C KOTODOIl coeJjuHeHa KaxKiad napa u3 N y3-
J10B. CpeJiHsIsl CTeNeHb Y3JI0B B 9TOM CJIy9ae €CTh IIPO-
cro (k) = p(N — 1) ~ pN [9]. 3aBucumocts Ha puc. 4
paccumTana, HaunHas co 3HadeHnsa p = 0.1, coorsBet-
crByiomero (k) ~ 1.

B obmactn 0 < (k) < 1 ciay4ailHast ceTb COCTOHUT
U3 OTJEJBHBIX, MAJO CBSI3aHHBIX JPYT C JPYrOM MHUK-
POPE30HATOPOB, YTO UPUBOJUT K YPE3MEPHBIM (pacder-
HBIM) (DIIyKTyarusaM CpeJHero o0bemMa Mo, MUHUMAIb-
HOe 3HavYeHne KOTOporo (corsacHo ompezesneruto (13))
PABHO €JIMHUIIEC IPH [OJHOW JIOKAJIU3AIUHA ITPOU3BOJIb-
HOWU j-# MOJIBI.

C yBesmuenueM p (4To o3Ha4aeT poct (k)) creneHb
CBSI3HOCTHU CJIy9IailHOro rpada yBeJUIHBAETCS. JHaUe-
are p = 0.1 Ha puc.4 coorBercrByer Besmunse (k) ~
~ 10, npu KOTOpPOi y Tpada yKe UMeeTcs TUTaHTCKas
(cBsI3aHHAas1) KOMIOHEHTa. TakuM 00pa3oM, yBeJndeHre
cpesHero obbeMa ¢ pocToM cpejiHeil crernenn y3ios (k)

14

12

10

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
p

Puc.4. (Usernoit ownsaiin) VYcpeaHeHHas [0 GOJIBIIO-
My YHCIY PeaJn3aIuil CaIydaifHbIX rpadoB 3aBUCHMOCTD
cpenuero obbema mox V. CJI or Bepoarnoctu p (TOU-
KaM COOTBETCTBYIOT MCJIEHHO IOJIy“€HHbIe 3aBUCUMOCTH,
a CIUIONIHAS JIMHHUS — PE3yJabTaT UX AIMMPOKCUMAIUHN).
OcraJjbHble TApAMeTPhI T€ XK€, YTO ¥ Ha PHC. 2

cBujieTeIbCTByeT 00 3ddeKrTe mepexojia OT JIOKAJIA30-
BaHHBIX cocrostHuil (npu (k) < 1) K Jenokanusanuu
U3JIy9YeHNsl, MIPUCYIIEro CaydaiiHoMmy rpady ¢ rurant-
CKOI KOMIIOHEHTOI CBSI3HOCTH. BBIXOJ COOTBETCTBYIO-
meil KpUBOl Ha HACBIIIEHWE CBS3aH C UCYE3HOBEHUEM
M30JIMPOBAHHBIX Y3JI0B B CJIyYailHOM rpade, 9To MpOouc-
xomut B npegese (k) > 1, cm. puc. 4.

SamMernM, UTO, KaK ITOKA3bIBAET YUCJIEHHBIA pac-
Jer, [OBeJeHne cpejHero obbema Moz Vo (T.e. mposiB-
Jierre 3bdeKTa JOKATU3AINN / eJOKATN3AINN U3JLY de-
HUs) 1 paccMaTpusaemoro B padore CJI B 3aBucumo-
CTH OT Apyrux MarepuasbHbix napamerpos CJI (nanpu-
Mep, UHBEPCHHU HACEJIEHHOCTEH ), MOXKeT OTJIMIATHCS OT
“obpraubix” CJI, geMoHCTpUpPYOMAX (IIOYTH SKCIIOHEH-
NUAJIBHO) JIEJIOKAIU3ANMIO U3JIyIeHHs] B CBOEH CTPYK-
type [6]. B mamem ciayudae 10T 3ddeKT 3aBHCUT HE
TOJBKO OT CTATUCTUYECKHUX CBOHCTB rpada (MaTpuis!
CMEXKHOCTH), HO M OT XapaKTEPHBIX [aPAMETPOB JEKO-
TE€PEHTHOCTH, TUCCUIAINA U OTCTPOHKU OT PE30HAHCA,
cp. ¢ [17]. B ofmem ciaydae, il pasIMIHbIX KOMOU-
HAIMI 9TUX MapaMeTpoB udydenne 3ddeKTa JoKam3a-
U / JeJIOKAJIN3AIUE U3JIy YeHUs IPECTABIAETC BECh-
Ma MHTEPECHOUN U He TPUBUAJIBHONI (Ho Kpalineil mepe, B
Teopum) 3aj1a4eil, Koropast 6yJeT HaMU IPOAHAIA3UPO-
BaHA OTIEJIHHO.

B sakitouenune, B pabore uccjie0BaHa MOJIEJIb CBsI-
3aHHBIX MUKPOPE30HATOPOB, comepxkamux JIYC, u pac-
HOJIOZKEHHbIE B y3JIaX KOMILIEKCHON (cirydaitHoili, uim
6eamaciTabHOl ) ceTr, pedpaMu KOTOPOU SIBJISIOTCS CBE-
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TOIIPOBO/IAIINE KAHAJBI, CBA3BIBAIOIINE MEXKy CO0Oi
9TH MUKDPOPE30HATOPHI. PaccMaTpuBaeMasi CUCTEMA JIe-
MOHCTPUPYET OCHOBHBIE CBOMCTBa CJIyJailHBIX JIAa3€POB,
3aKJTI0YAONINECH KAK B JIOKAJIM3AINI, TAK U B JIEJIOKA-
JIM3AIMH CBETOBOIO M3JIyYEHUS B 3aBUCAMOCTH OT CTa-
THUCTUYIECKUX CBOWCTB CETEBON CTPYKTYpbl. B 3TOoM ac-
[IEKTEe IPEJIOKEHHA MOJE/b CIyJIaliHOTO Jia3epa Ka-
YECTBEHHO COIVIACYETCs C HEJABHUMU IKCIEPUMEHTAMM,
BeinoiHeHHBIMU cO CJI, 06pa30BaHHBIM CJIy4aiiHON ce-
THIO HAHOBOJIOKOH. BMecTe ¢ TeM, pacCMOTpEHHAs HAMU
MOJIEJIb Jia3epa JIeMOHCTPUPYET JOBOJILHO HHTEDECHBIE
CIIEKTPAJIbHBIE CBOMCTBA, 3aK/IFOYAIONINECS B HAJIAIUU
MAKCHMAJIBHOTO 110 BeJinuuHe (yeIMHEeHHOr0) COOCTBEH-
HOTO 3HaYeHUs lleppoHa M 9acTOTBI. DTHU CBOWCTBA
CBH3aHBI C HEOAMHAKOBOCTHIO BKJIAJA DPA3JIUIHBIX y3-
JoB rpada (CTATHCTUIECKUX CBOHCTB CTeleHell y3JI0B)
B IPOIIECC JIa3ePHOI reHepanuu. B mocsemyomux my6-
JINKAIUSX MbI COOMPAEMCs HCCIEI0BATE TAHHBIE BOIPO-
Chbl st DoJIee MUPOKOTO JIMAIa30Ha M3MEHEHUs] MaTe-
pHAIBHBIX [TAPAMETPOB Jia3epa, 9eM Te, KOTOPbIe ObLIN
[IPEJICTABJIEHBI B paboTe.

Pabora BrinostHeHa pu mojepkke rpanta Poccuii-
ckoro Hay4dHoro donma 23-22-00058 “KorepenTthbie 3d-
GbeKTHI B IByXMEPHBIX KBAHTOBBIX MATEPHUAJIAX C HHTEP-
deiicoMm CIIOKHBIX ceTei’”.
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