MPUKJIATHASLT MATEMATUKA 1 MEXAHUKA 2023, Tom 87, Ne 1, c. 63—80

YIK 517.538

ITPOCTPAHCTBEHHO-OTHOMEPHBIE KPAEBBIE 3ATTAYN CBA3AHHOW
TEPMOYITPYTOCTH. METOJI OBOBIIEHHBIX ®YHKITUI

© 2023 r. JI. A. Anekceeal**, M. M. Axmerkanopal:**

I Huemumym mamemamuru u mamemamuueckoeo modeaupogarus, Aama-Ama, Kazaxcman
*e-mail: alexeeva@math.kz
**e-mail: mariella80@mail.ru

TMocrynuna B pegakuuio 20.10.2019 r.
ITocne mopa6otkm 25.02.2020 1.
[Mpunsita K myoaukauum 29.11.2022 r.

PaccMarpuBatoTcst 3a1aum orpezesieHus TEPMOHATPSIKEHHOTO COCTOSIHUSI TEPMOYTIPYTOro
CTEPXKHSI C MCIOJIb30BaHUEM MOJIEIU CBSI3aHHOM TepMOyIpyrocty. B atom ciyyae B ypaB-
HEeHUE TEIJIONPOBOIHOCTU BXOIUT AMBEPreHLIMSI CKOPOCTU JBUXKEHUSI MAaTePUAJIbHBIX TO-
YyeK cpeibl, a B ypaBHEHUSI yIIPYrocTH — IpagueHT TeMreparypbl. Ha ocHoBe MeTona 0600-
IIEHHBbIX (DYHKIMI MOCTPOSHbI 000OIIEHHbIE PellIeHNs] HeCTallMOHAPHBIX M CTallMOHap-
HBIX MPSIMBIX W TIOJIyOOpATHBIX KpaeBbIX 3aad IMpU ACHCTBUM CWIOBBIX U TEIJIOBBIX
WCTOYHUKOB Pa3IMYHOIO TUIIA, B TOM YUCJIE OTTMCHIBAEMBIX CUHTYJISIDHBIMU O0O0I1IEHHbI -
MU (DYHKILIMSIMU, TIPU Pa3IMYHBIX KPaeBbIX YCIOBUSIX Ha KOHIIAX CTepXHs. PaccMoTpeHbl
TepMOYAapHbIe BOJIHBI, KOTOPbIE BO3HUKAIOT B TAKMX KOHCTPYKLIMSIX MPU IEUCTBUU yaap-
HBIX Harpy30K U TETUIOBBIX IIOTOKOB, IMOJYYeHbI yCJI0BUS Ha X poHTax. JlokazaHa envH-
CTBEHHOCTb MOCTaBJICHHBIX KPaeBbIX 3a/1a4y, B TOM YHCJIe C YYeTOM yIapHbIX BOJIH. JlaHbI
peryJsipHble UHTeTpaibHbIE TIPEeCTaBIeHUSI 0000IIEHHBIX PELIEHUI, KOTOpbIe JAlOT aHa-
JINTUYECKOE pellieHre TTOCTaBIeHHBIX KpaeBbIX 3a7au.
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1. Beeaenue. CTepkHeBble KOHCTPYKIIMU IIMPOKO MCMONB3YIOTCS B MAllIMHOCTPOSHUU
B KQYE€CTBEC COCOAMHUTCIIbHBIX U INEPCAATOYHbLIX 3BCHbLCB IJII KOHCTPYKTUBHBIX 2JICMCHTOB
caMBbIX pa3HbIX MalllMH 1 MeXaHU3MOB. B mpoliecce 3KcIutyaTaliliv OHY TTOABEPTaroTCs rnepe-
MEHHBIM MEXaHWYECKMM U TePMUYECKUM BO3IECUCTBUSIM, KOTOPbIE CO3MAIOT CIOXHOE Ha-
MPsSKeHHO-AeDOPMUPOBAaHHOE COCTOSTHUE B KOHCTPYKTUBHBIX DJIEMEHTAX, 3aBUCSIIIEE OT UX
TEMIIEpaTyphl, U BIMSIONIEe Ha UX TPOYHOCTb U HaJleXKHOCTh. [T03TOMY omnpeneneHue Tep-
MOHAIPSIKEHHOTO COCTOSIHUST CTEPXKHEBBIX KOHCTPYKIIMNA € yY4ETOM HX MEXaHUYEeCKUX
CBOICTB (B YaCTHOCTH, YIIPYTOCTH) OTHOCUTCS K YMCJTYy aKTYaJbHbBIX HAayYHO-TEXHUYECKUX
npobJieM.

[Tpy n3yyeHUn TepMOAMHAMUYECKHUX MTPOLIECCOB B KOHCTPYKIIMSIX OOBIYHO MCTIOIB3YIOT -
CA YpaBHEHMST HeCeA3aHHOU TEPMOYIIPYTOCTH (TEOpUs TeMIIepaTypHBIX HaMPSKEHMIT).
B aTo0it Momenu BHavalsie pelraeTcs 3amada ornpeiesieHus TeMIepaTypHOro moJisi 6e3 ydyeTa
nedopMaluu Cpeibl, UTO CBOAUTCS K MOCTPOSHUIO pellieHUsT KpaeBbIX 3a1ay Ui Tapaboiu-
YeCKOTO YpaBHEHUSs TeruionpoBonHocTu. [locie onpeneneHus TeMnepaTypHOTro MoJisl, pe-
I1aeTcsl KpaeBasl 3aaya TMHAMUKU TEPMOYIIPYTOi Cpeibl, B KOTOPOUl B TUIIepOOIMYeCcKe
ypaBHEHMUST IBVKEHUSI YIIPYTOM Cpelbl BBOOUTCS TPAIMEHT yKe M3BECTHOTO TeMITepaTypHO-
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rO IOJIsI KaK MaccoBasl cuja. OTa MOoJieJib XOPOIIO OMKUChIBAET TEPMOAMHAMUYECKHUE TTPOoLIeC-
ChI TIPM MaJIbIX CKOPOCTSAX AechopMaliiii M1 COBEPILICHHO HEMPUTOIHA JIJIsi OMMCaHUsI BbICO-
KOCKOPOCTHBIX TMHAMUYECKUX MPOLECCOB, B YACTHOCTU, BBICOKOYACTOTHBIX MEPUOINYECKUX
KosiebaHMit, TIPU KOTOPBIX AeopMaliMy CYIIECTBEHHO BJIMSIOT Ha TEIUIOBOE COCTOSIHUE
CTepKHSI.

JIist onpenesieHrsl TepMOHAIIPSI)KEHHOTO COCTOSIHYSI TEPMOYIPYTOil Cpebl TPU BHICOKO-
CKOPOCTHBIX CUJIOBBIX 1 TETUJIOBBIX BO3IEHCTBUSIX UCTIOIB3YETCS MOJIENb CBSI3aHHO TepMO-
yripyroctu. B aTom ciyyae B ypaBHeHUE TETIJIONPOBOAHOCTHU BXOAUT AUBEPTEHIINSI CKOPOCTU
NBUKEHMST MaTepUaibHbIX TOUYEK Cpelibl (CKOPOCTh MUJIaTalliK), a B ypaBHEHUS YIIPYTOCTU —
rpaiveHT TeMIIepaTypbl. DTO CBSI3bIBAET yPABHEHUS B CUCTEMY, KOTOPYIO HA[O pellaTb COB-
MECTHO, He paseJisisi TeMIlepaTypHoe IoJjie U ynpyrue aepopmariun. O6e Teopun TepMOYIIpy-
rOoCTH HauboJiee MOoJTHO U3JIokeHbl B KHUrax Hoatikoro B. B ero pa6orax [1—3], mocTpoeHbl
YacTHBIE pEIIeHUsI YpaBHEHUIT HECBSI3aHHOI W CBSI3aHHOW TEPMOYMPYTOCTWM U PEIleH PsiI
KpaeBbIX 3a/1a4 B 00J1aCTSIX C KAHOHUYECKOU (hOpMOIi TpaHUII HA OCHOBE METO/IA Pa3AeIeHUS
IMEPEMEHHBIX U MHTETPAJIbHBIX TPEOOpPa30BaHU.

OTMeTUM, YTO TUHAMUKA TEPMOYIIPYTMX Cpel UMEeT JOBOJbHO OOIIMPHYIO OMGIMorpa-
¢uro, CBSI3aHHYIO C pellleHUeM KpaeBbIX 33/1a4 Ha OCHOBE MojieJieli CBSI3aHHOM M HECBSI3aH-
HOI TEPMOYTIPYTOCTH 1 UX Moaupukauuii. bubnmorpaduio 1o 3ToMy HarpaBJIeHUIO MOXKHO
HaiTu B padotax [4, 5].

B pa6otax Kympanze B./., I'erenua T.I"., bameneimsuim M.T. [6] u apyrux aBTopoB [7—
9] pazpaboTaH MeTOJ TPaHUYHBIX MHTETPaIbHBIX YPABHEHU IS pEIICHUS TNTIOCKUX U TPeX-
MEPHBIX KPaeBBIX 3a/1a4 TEPMOYIIPYTOCTHU B O0JIACTSIX C MPOM3BOJIbHOM TeoMeTpUeii rpaHuLl.
MeTon oCHOBaH Ha TEOPMM MOTEHIMAJIa, XOPOLIO Pa3BUTOM ISl SJUIMIITUYECKUX ypaBHeE-
HUI, 1 KOTOPBIM MOXHO HMCIIOJIb30BaTh B MPOCTPAHCTBE IpeoOpa3oBaHuii Jlannaca (v
dypbe) Mo BpeMeHU, TAe ypaBHEHUs ISl TpaHC(HOPMaH-pelIeHUI SIBJISIIOTCSI SJUIMIITHYE-
cKkuMMU. J1J1s1 BOCCTAaHOBJICHUSI OPUTMHATIOB HEOOXOAMMO MTPUBJIEYEHUE YUCICHHBIX METO/IOB
oOpaieHust TpaHchopmaHT. s YMcieHHOo! peanTu3aluuy peleHnit Takux 3amad pa3pado-
TaH [10, 11] MeTom rpaHUIHOTO IIEMEHTA.

31ech pacCMOTPEHBI TTPOCTPAHCTBEHHO-OTHOMEPHBIC 3a[1a4M CBSI3AaHHOI TEPMOYIIPYTo-
CTHU, MOJICJIUPYIOIIINE AUHAMUKY CTEPXKHEBBIX KOHCTPYKIMI, MOABEPKEHHBIX OCEBBIM pac-
TSKEHUSIM M CKaTUsIM. PaccMOTpeHBbl HECTallMOHAPHBIE U CTallMOHAPHBIE KpaeBble 3a/1auH,
KOTOpPBIE OMUCHIBAIOTCS cUCTeMOU quddepeHIInanbHbIX YPaBHEHU CMEILIAaHHOTO Mapabo-
JIO-TUNEPOOINYECKOTO TUMA, MPU Pa3IMYHbIX KPAeBbIX YCIOBUSX Ha KOHLAX CTEPXHS U
NeiCTBUM CUJIOBBIX 1 TETUIOBBIX UICTOYHUKOB Pa3JIMYHOIO TUIMA, B TOM YUCJIE OMMChIBAEMBIX
CUHTYJIIDHBIMU 00O0OIIIEHHBIMM (DYHKIIUSIMUA. PaccMoTpeHbl TepMoOynapHbIe BOJHBI, KOTO-
pble BO3HUKAIOT B TAKUX KOHCTPYKIIMSIX MIPU IEMCTBUU YAAPHBIX HATPY30K U TETIJIOBBIX TTO-
TOKOB, TTOJTyY€HBbI YCIO0BUS Ha UX (PpOHTAX yIapHBIX BOJTH.

[TocTaBieHbI YeThIpEe MPSMBIC KpaeBble 3a/1a4M ¢ KJIaCCUYECKUM TUITOM KpPaeBbIX YCIOBUI
(110 1Ba U3 ClEAYIONIMX: MepeMellleHUii, HaNpsSKeHWid, TeMIepaTyphl, TEILUIOBBIX TTOTOKOB)
Ha kKoHIax. /JlokazaHa eNMHCTBEHHOCTh PEIICHUI MOCTABJICHHBIX KPaeBbIX 3a7a4, B TOM
YUCJIE C YYETOM YIapHBIX BOJH, UTO HE UCCIEA0OBAIIOCH IPYTUMU aBTOPaMU.

JInist pelieHus KpaeBbIX 3a1a4 MCITOIb3yeTcsl MeToa 00001eHHbIX GyHKIU (MOD), oc-
HOBHbBIE UJIeM KOTOPOTO M3JI0XEHBbI B [8] mJIsl pelnieHus: TUIOCKUX 3a/1ad TEPMOYIIPYTOCTU U
IUUTSI pellieHUsT KpaeBbIX 3a/1a4 [IJIsl KJIACCUUECKOTO BOJTHOBOTO YPAaBHEHUS B MTPOCTPAHCTBAX
pa3mepHoctu N = 1,2,3 [12]. Ins1 NpOoCTpaHCTB pa3MEPHOCTU €AUHUIIA STOT METO, SIBJISIET-
¢ 0606menneM Metona Biaagumuposa B.C. pemrenus 3agaun Ko 1t runep06oimyecKux
u napabonuyeckux ypaBHeHuit [13]. C ucrmonab3oBaHMEeM paHee MOCTPOEHHOU aBTOpaMM
Matpuiibl [puHa a3tnx ypaBHeHUit 1 MO®, 31ech mocTpoeHO BHaYajie 0600IIeHHOE, a 3aTeM
aHAJIUTUYECKOE pellieHne KpaeBbIX 3a1a4.

B ocHoBe MO® — cBemeHune NCXOOHOM KpaeBoii 3amaun K nuddepeHIMaIbLHEIM YpaBHE-
HUSIM B TIPOCTPAHCTBE 0000IIIEHHBIX (DYHKIIUI, KOTOPbIE B KaUeCTBE MpPaBbIX YacTeil coaep-
KaT CUHTYJISIpHbIE 000011IeHHbIe (DYHKIIMY — TIPOCThIE U IBOWHBIEC CJIOM Ha TpaHUIle 00Jia-
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CTU ONpelesieHUs pellleHus], TNIOTHOCTH KOTOPBIX BhIPpaXKaloTCs yepe3 I'paHUYHbIE YCIOBUSI,
YacTbh KOTOPbIX 3a/IaHa, a YaCTh MOMJICKUT ollpenesieHuto. Mcrionb3oBaHre CBOMCTB yHaa-
MEHTAJIbHBIX PEIIEHUI MO3BOJSIET MOCTPOUTH UX OOOOIIEHHbBIE pEellIeHUs, MHTerpajbHbIe
MpeACTaBIEHUS KOTOPBIX JAIOT KJIAaCCUYECKOe pellieHNe MOCTaBJIeHHO KpaeBoii 3a1auun.
A uvcrnonp30BaHME aCUMITOTUYECKMX CBOMCTB (pyHIAMEHTabHBIX PEIIeHUIl B HyJle U Ha
¢poHTax, MO3BOJISIIOT CTPOUTD pa3pellaloliue rpaHUYHbIC YPABHEHMUS IS ONIpeaeICHUS He-
M3BECTHBIX TPAHUYHBIX (DYHKIIUIA.

3nech pa3paboTaHa eqrMHasi METOIMKA PEIeHUs He TOJILKO MPSIMbIX, HO U psila 0OpaTHBIX
U TIOJIyOOpaTHBIX KpaeBbIX 3adad, KOTOpasl JaeT BO3MOXHOCTh pelllaTh 35 KpaeBbIX 3aaay
Mpy 3aJaHHBIX YETBIPEX U3 BOCHBbMM TPAHUYHBIX (DYHKIIMI (TIepeMelleHMs], HalpsKeHUsI,
TeMmIiepaTypa, TeIUIOBOU MOTOK) Ha KOHIIAX CTePXKHSI.

2. ITocTaHOBKA HECTAIMOHAPHBIX KPaeBbIX 3a1a4 TepMoynpyroctu. PaccmarpuBaetcs Tep-
MOYIIPYTHIA CTEPXKEHD IUIMHBI 2 L , KOTOPBIA XapaKTepU3yeTcs IUIOTHOCTBIO P, XKECTKOCTBIO EJ
Y TEPMOYINIPYTUMHU KOHCTaHTaMu Y,M U K [1, 2]. [lepemellieHust cedeHUit CTEP>KHS U TeMIIe-
paTypHOe I10Jie CTeP>XKHSI OIMMCHIBA€TCSI CUCTEMOI TUIEpO0JIO-NapadoJIMIeCcKX ypaBHEHU ]
Buna [1]:

pczu’xx — Pl — Ye’x + pFl =0 (2 1
0, — K '8, - Ny, +FH =0

3nech u(x,t) — KOMIIOHEHTBI MIPOAOJbHBIX CMEIICHU, 6(X,7) — OTHOCUTENIbHASI TEMIIEpaTy-

pa (6 = T(x,t) — Ty), T(x,t) — abcomoTHas Temneparypa, T, — abCOJIIOTHasl TeMIlepaTypa,

IpU KOTOPOIi B CTEPXKHE HET HanpsikeHuit u nedopmauuii; F(x,7) — NpoaosbHass KOMIO-

HEHTa O0BEMHOM CWIbL; ¢ = | EJ/p — CKOPOCTb pacpOCTpaHEHUs TEPMOYIIPYIUX BOJIH B

CTEPXHE, P — [IOIOHHAas [UIOTHOCTb. JlelicTBYE TENIOBbIX MCTOYHUKOB ONUCHIBAET F5(X,f) =

= (KOK)le(x, 1), tne W — Konm4yecTBO BbIAEJIEHHOTO (WJIM TIONIOLIEHHOIO) Teruia Ha eIu-
HUILLy 00beMa 3a eNUHULLY BpeMEeHH, Ay — KO3GbMOUIIMEHT TeTIONPOBOIHOCTH.
IIpennonaraercst, uro pyukuuu F(x,t), F(x,f) npuHamiexar kiaccy OOOOLLIEHHBIX

. 2
¢yHkuuMii MeaneHHoro pocta S'(R”) [5], 4TO MO3BOJSIET MOAEIUPOBATh TEPMOAUHAMUYE-
CKMe TIPOLIECChI B CTEPXKHSIX MPU IEUCTBUM COCPENOTOUEHHBIX KaK CUJIOBBIX, TaK U TEILIO-
BBIX ICTOYHUKOB Pa3IMYHOIO TUNA. 3[eCh U Jajiee UCIIOIb3yeM 0003HAUYCHUST YACTHBIX ITPO-

M3BOIHBIX OT (DYHKUMI U KOMIOHEHT: [, t;,; = O /0f = O ;5 ] = X, 1.
TepMoyTpyroe HamnpsoKeHUE B CTEpXKHE OMperessieTcsl cooTHoleHueM Joamensi—Heit-
MaHa:

_ 2

c =pcu, — Y0 2.2)

PaccMmoTpuM psin mpsIMBIX KpaeBbIX 3alad TePMOYIIPYTOCTU, PEIIeHUsT KOTOPBIX YIOBIIe-
TBOPSIIOT CJIEAYIOIIMM HayaJIbHBIM U KpaeBbIM YCIIOBUSIM [2].

Hauanvnoie ycroseus (ycnosust Koim): mpu ¢+ = 0 cMenieHusi, CKOPOCTU 1 TeMmIiepaTypa
U3BECTHBI:

(2.3)

Ha koH1ax crepxHst (x = x; = —L,x = x, = L) 3a1aHBI Kpaegvle yc106us, KOTOPbIE pa3-
JIMYHBI B 3aBUCUMOCTU OT paccMaTpUBaeMbIX KpaeBbIX 3aiay. 37ech MpUBeaeM Kiaccuye-
CKMe YCJIOBUS JUIsT YEThIpEeX KpaeBbIX 3a1ay:

1 kpaesas 3adaua. I3BeCTHBI TIepeMEIIEHUST KOHIIOB CTEPXKHSI M TeMIIepaTypa Ha HUX:

u(xpt)=w;(r), 6(x;,0n=0;0; j=1.22 (2.4)
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ZKpaeeaﬂ 3adaua. I3BeCTHBI HaIlps2KCHMA Ha KOHLIAX CTCP2KHA U TEIJIOBBIC ITOTOKW HA HUX:

o(x;0)=p;(1), B, (xu0)=q;0); j=12 2.5)

3 Kpaeeas 3adaua. VI3BeCTHBI INEPpEMEIICHHUA KOHIOB CTCPXKHA M TCIIJIOBBIC ITOTOKM Ha
HHUX:

w(xpt)=wi(1), By (x;0=gq;0); j=1,2 (2.6)
4 Kpaeeas 3060‘10. I/I3BGCTH]:I HaIIpSA2KEHHWA M TEMIIEpATypa Ha KOHIIaX CTCPXKHA:
o(x;.1)=p; (1), O(x;,0)=0,(); j=12 2.7)

[Ipennonaraercsi, YTO rpaHWYHbIE (DYHKLUMU YAOBJIETBOPSIOT CJIEAYIOLIUM YCIOBUSIM
TJIATKOCTH:

ujt) € C0,%), 6;(t)e C0,), g;(1)e L(0,%), p;(1)e L(0,o) (2.8)

O4eBUIHO, MOXHO paccMaTpUBaTh KOMOMHUPOBAHHBIC 3a1a4M C OMHUM TUTIOM KPaeBBIX
YCJIOBMIT Ha OMMTHOM KOHIIE CTEPXKHS U IPYTUM Ha BTOPOM KOHIIE U IPyTMe HECUMMETPUIHBIE
YCIOBMS MO KOJWYECTBY 3aJaHHBIX (DYHKIIMIT HAa KOHIIAX CTEPXKHS. 3MeCh MbI TIPEMIOXUM
pellleHre U TaKOTo TUITa MOJIyOoOpaTHBIX U 0OpaTHBIX 3a1ay.

3. YaapHble TepMOYNpyrue BOJHbI KAK 00001eHHbIE PelieHns1 ypaBHeHHii aeuxkennsa. Cucre-
Ma ypaBHeHUi1 (2.1) cMelmaHHOTO TumepooI0-Imapadomyeckoro tTuia. B cuiry rumep6ommda-
HOCTHM, BO3MOXHO BO3HUKHOBEHHE yHapHBIX TEPMOYIIPYTUMX BOJIH TPU yAapHBIX BO3meii-
CTBMSIX Ha KOHIIAX CTep:KH. JIJIsl BBIBONA yCJIOBUiIT Ha (hpOHTAX YIapHBIX BOJTH PAaCCMOTPUM
5TU ypaBHEHUS B KJiIacce 0000IIEHHBIX BEKTOP-GYHKIIMI, KOMITOHEHTBI KOTOPBIX SIBJISTIOTCS

000011IeHHBIMU (DYHKUIUSIMU U3 S'(Rz) [13].

ComnacHo mnpaBujaM auddepeHIMpoBaHUsl Pa3pbIBHLIX PETYISIPHBIX O00OIIEHHBIX
GYHKIIMIA IJTIST TEPMOYIIPYTUX YIAPHBIX BOJIH, YPaBHEHUS IBVDKEHUS IIPUMYT BUI:

Pt = Pitsy = YO+ + ([Pt = ¥0] Vi = pluy], v, )3p(xn) +

+ pczax [U]F 8F - pat [u]p 6F =0 (3.1)
eaxx - K_len — Ny + FZ + ax [e]F VxSF +

+ [0, ], ViOp — |:K_19 + nu,x]F V,8p —M0, [u] . v,8r =0

3nech KBaIpaTHble CKOOKM O0O3HAyaloT CKayoOK yKa3aHHBIX B HUX (PpyHKUMIA HAa (poOHTE
yIapHOW BOJHBI (11 MIPOCTOTHI 3alMCU 31€Ch YpaBHEHUS 3alMCaHbl 11 OMHOM yaapHOit
BOJIHEI).

CuHrynsipHasi o6o0uieHHast GbyHKIUs &5 (x,7) — MPOCTOM CIOW Ha XapaKTePUCTUUECKON

rnoBepxHoct F B D~ = {(x, e R : x| <L 1< t}, Ha KOTOPOil TPOU3BOIHBIE MMEIOT

ckauku. B mpocTtpaHcTBe R'eii COOTBETCTBYET (DPOHT yIAPHOU BOJIHBI F;, KOTOPBII IBUXKET-
Csl B CTEPXHE CO CKOPOCTHIO ¢. Takux (ppOHTOB MOXET OBITh HECKOJIBKO, UTO CBSI3AHO C e~
CTBYIOIIMMU HArpy3KamMu U NepeoTpakeHMEeM yIapHbIX BOJIH. Torna B 3TUX ypaBHEHUSIX MO-
SIBATCSI JOTIOJIHUTEJIbHBIE CUHTYJISIPHbBIE CllaraéMble TAKOTO XK€ TUIla, CBSI3aHHbIE C KaXIOM
yaapHOI BOJIHOM.

M3 (2.1) cnenyer, uto Ha F oOpaiiaercsi B HOJb CIAEAYIONINI OTIpeeTUTENb:
p (c2vi - v,z) 0

2
Vx —MNVVx

= -NpV,Vy (czvfC — v,z) =0, (3.2)
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roe v = (v,,V,) — HopMaib K F B D™ . 13 (3.2) cienyer, uTo IpsiMble x = const U ¢ = const
SIBJISTFOTCSI XapaKTePUCTUYECKUMM TTOBEPXHOCTSAMM ISl ypaBHeHUt (2.1), a miIsi ynapHbIX
BOJIH:

v, = —clv,]| (3.3)

311echb, B IPOCTPAHCTBEHHO-OHOMEPHOM Cllydae, (GPOHT BOIHBI MIMEET IPOCTOM BUIL:
0
D, ={(x,t):xict=x }
DTO TOYKa pa3pbiBa MPOM3BOAHbBIX HA MHTepBaJe x € (—L, L), KOoTopast ABUKETCSI CO CKOPO-

0
CTBIO ¢ OT TOYKHM X , TAe oHa (hopMUpYyeTCsl, B TY WU APYTYIO CTOPOHY.
ITockomnbKy, B CUJTy CIUIOLIIHOCTHY CPEIbl, MepeMEIleHUs] HE MOTYT ObITh Pa3pbIBHBIMU:

[ul,, = 0

B o6nactu muddepeHInpyeMoCT! yaapHbIe BOJHBI SIBJISIOTCS peineHusaMu (2.1), moaTo-
my u3 (3.1), ¢ yuetom (2.2), ciemyer, YTOOBI yaapHasl BoJIHA OblIa pellleHreM ypaBHeHui (2.1) B

S'(Rz), HEO00X0IUMO, YTOOBI

(I:pczu’x - Ye:|vx - P[M,,]V,)SF =0
9. [0]v.8r + ([0,4]V, — [K‘le + nu,xJ)vtsF =0

Orclona, ¢ yuetoM (3.3), ciemayeT, 4To Ha ()pOHTAX yIApHBIX BOJH JOJKHBI BBIITOJIHSITHCS
cienyronye ycaoBys Ha CKauKu:

[u], =0, [o], =—pe[d], (3.5)
[6], =0. [6.], =nlul, (3.6)

IlepBoe ycinoBue HeMPEePHIBHOCTU TepeMeIeHNT — HE0OOXOIMMOe YCIIOBHE ISl COXpaHEHU ST
CILJIOIITHOCTU cpenbl. BTopoe ycioBue onuchiBaeT CKa4OoK HaIpspkeHUit (yaap), KOTOpbIi
MPUBOJIUT K CKaYKy CKOpoCTeil Ha (bpoHTE BOJIHBI. M3 TpeThero u 4eTBEpTOro yCJIOBUS Clie-
IIyeT, YTO TeMIlepaTypa HelpepbiBHA Ha (PpOHTE BOJIHBI, a TETUIOBOI TTOTOK MMEET CKavyoK,
MTPOMOPIMOHAIBHBIN CKAYKy CKOPOCTU CMEIIIeHU cpeabl Ha (DpOHTE BOJH.

M3 3TuX Xe COOTHOIIEHUI CJIeyeT, YTO CKAYOK TEIJIOBOTO ITOTOKA B CTEPXKHE TaKXKe
dbopmupyeT TepMoOyIapHyIo BOJIHY, T.K. OH BBI3bIBaeT CKa4OK CKOPOCTeil Ha (hpOHTE, KOTO-
DB TIPUBOAMT K CKAa4yKy HaIpsDKeHUM Ha HeM. Takue TepMoymapHbie BOJHBI Beerna ¢hop-
MUPYIOTCSI Ha KOHIIaX CTEPKHS, €CJIM 10 GUKCUPOBAHHOTO MOMEHTA BpeMEHM OH HaXOIJI-
Cs1 B CTaTUYECKOM COCTOSIHUM, a 3aTeM K HEMY Ha KOHIIaX MPUJIOKUTb HEHYJIEBble HampsiKe-
HUS WU TETUIOBbIE TIOTOKM.

4. ENMHCTBEHHOCTD PellieHNs1 HAYaJIbHO-KPAaeBo# 3a1a4d C YYeTOM yIapHbIX BOJH. [Tokakem
€IMHCTBEHHOCTb PEelIeHUsI HAaYaJIbHO-KpaeBOM 3aa4yu NPy HAIMYUU yAapHbIX BoJH. [Ipena-
oJIaraeTcsi, YTo B KaXIblii GUKCUPOBAHHBIE MOMEHT BPEMEHM 00J1aCTh OTIpeaeIeHUS 0 X

(3.4)

k
MOXHO Pa3Ae]rTh Ha KOHEYHOE YMCJIO MUHTEPBAJIOB MeXAY GPOHTaMU yAAPHBIX BOJIH F, , Ha
KOTOPBIX pellleHne HeNpepbIBHO U auddepeHpyeMo cormacHo (2.1).

OG603HAaYNM TUIOTHOCTb 9HEPTUY CTEPXKHS

B0 = 2o ) + ¢ () + (9”67,
1 MOLIHOCTb BHYTPEHHUX CUJI:

M(x,1) = u, (P, — 10) + 17108,

JlokaxkeM CJIeIYIOIIYIO TEOPEMY.
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Teopema 1 (3aKOH COXpaHEHMSI SHEPTUU)

L L
[ (BE(x.0) - E(x,0)dx = jdt [ (u,t F + Tw_ler)dx +
—-L 0 —L

t t L

+ [(M(L,t) = M(=L,0)dt =y [ dt [ (6,,)dx
0 0 -L

Jokazamenscmeo. DUKcUpyeM TIpou3BOIbHOE BpeMs ¢ > 0. YMHoOXas mepBoe ypaBHe-

Hue (2.1) B obsmactu nuddepeHIupyeMoCcT! Ha u,,, @ BTOPOe ypaBHEHUE Ha 00, moce psna
SKBUBAJICHTHBIX ITPe0Opa3oBaHuii, TTOJyYMM PABEHCTBA:

pc2u,, Usyx = Us Usyy — YUy e;x + pFluat =0=>
= ax (H,, (pC2Ll,x - Ye)) - Osat {(u’t)z + pcz (u5x)2} + Yu’tx e + u’t pFi = O
06, — K '00, — MOu,,, + 0F =0 =
1. -14 42 2 _
= —11719,07 + 0., (60..) ~M6u, — (8.,)° + 65 = 0

CxuagpiBast "X, UMEEM

Oy (1 (pett = ¥0) + 006, ) = 0.50, {p (11, )" + ¥ (1,)” + ax ™07} — 01(6,,)” +
+0u,, (y—oan) +u, pF +00F =0

B pesynbrare moayaum:
A EM,1) =M,y + My (0,)" = u, i + MY 05, (4.1)

IMpounrerpupyem (4.1) mo D ¢ ydeToMm pAejiieHUs] 00JaCTU MHTErpMpoBaHUsl (DPOHTAMU
yIOapHbIX BOJH Fy(x,?), Ha nonoOnacTtu, rae pemenue nuddepeHumpyemo. B pesynabrare,
WCTTOIB3Ys TeopeMy OcTporpanckoro—Ilaycca, moixyduM cliiefaylolnee MHTeTpaibHOE paBeH-
CTBO:

L t L
[ (B0 - E(x,0)dx + af dt [ (6,,)dx =
t - t LO -
= [(M(L,1) = M(=L,0)dt + [ dt | (u, pF, + 0BF,)dx +
0 0 -L
+ { [ S vaM .0 - v,Ex.n], dS(Fp} (4.2)
F Kk

3mech VvV — HOpMAaJIb K XapaKTepUCTUIECKOI MOBEPXHOCTU B R: ||v|| = 1. U3 (3.3) cnenyer:

V= (vev,)=(0,-c)Vl+c.

ITokaxeMm, 4TO B CUJTy YCJIIOBUI1 Ha (hpOHTAX yaapHbIX BOJH (3.5)—(3.6), ckauku B IIpaBoit
YacTH 3TOTO paBEHCTBA paBHBI HYJIO. [1JIs 3TOTO cesiaeM psin peoOpa3oBaHuUii:

[M(X,t)]Fk = [uat G]F,( + (x[ee’x]pk = u_?t [G]Fk + 6+ [Ll,,] + OLe[e’x]pk =

Fy

= (G+ —peu ,+ 79) [uat]Fk =pc (CU’; - ”_at)[”’t]pk
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(3mech 3HAKM B BEPXHEM MHIEKCE O3HAYalOT 3HAYEHUsI COOTBETCTBYIOIIMX (DYHKIIMI C TIpa-
BOI WJIM JIEBOI CTOPOHBI (ppoHTa BOJIHEI). CliemoBaTeIbHO,

VL& [VeM(x,0) = VE, D], = [M(x,0) + cE(x D], =

= pC(CLl,; - Ll,,_) [uv]pk —pc [u’t]pk (CLI,; - LI,:—) =pc [cu’x + Ll,,] [u’t]pk =0

T.K. [cu,x+ u,,] = 0 B cuiy BToporo paBeHcTBa (3.6). CnenoBatenbHO, U3 (4.2) MOTYyIUM
dbopmyny Teopembl. Teopema nokaszaHa.
Teopema 2. PellieHue TTOCTaBICHHBIX HaYaJIbHO-KPaeBbIX 3a7a4 eAUHCTBEHHO.
HokazarenbcTBo. [TycTh CylIECTBYIOT IBa peLIEHUsI pacCMaTpUBaeMOil KpaeBoil 3aaavyu
M3 TIOCTaBJIeHHBIX. Torma UX pa3HOCTh, B CUJIy JMHEHHOCTU, TOXe OynmeT pemeHueM (2.1)
npu F; =0, j=1,2,mn OyHeT yIOBIETBOPSTh HYJIEBBIM HaYaJlbHBIM Y TPAHUYHBIM YCIOBU-
sIM. 3amuIiueM JUIsl TAKOTO pelIeHUsI 3aKOH coxpaHeHust sHepruu. CornacHo teopeme 1:

L t L t
J’ E(x,0dx +y 1+ c*z)j dzj (6,,)°dx = j (M(L,1) — M(~L,1))dt
“L 0 -L 0

t

[ ML, dr = j(u,, (+L,)0(£L,1) + My 0L, 16, (+L, t))dt =0
0 0

T.K. OJVH U3 COMHOXUTEJICI B KaXKI0M TTOABIHTETPAJIbHOM CJIaraéMOM, B CHJTy HYJIEBBIX Ipa-
HUYHBIX yciioBuit (2.4), paBeH HyJ0. [ToaTomy

L t L
[ EGe.dx +ny ' [t [ (8.,)dx =0
-L 0 -L
B cuny HyJiIeBbIX HauyaJbHBIX YCJIOBUIA U TTOJOXUTEIbHOM OINMPENeIEeHHOCTU TMOABIHTETPaIb-
HbIX (pyHKUMA, monyuyuM u = 0, 0 = 0. T.e. peuieHus coBrnanaioT. Teopema 1oka3aHa.

5. Pemenne HaYaIbHO-KpaeBoii 3agaun. Meton 0000meHHbIX (hyHKmmii. /1151 onpeneneHus
pellleHrs 3aJayy MOCTaBUM KpaeBylo 3alady B MPOCTPAHCTBE NBYXMEPHBIX 00O0OIIIEHHBIX
BEKTOP-(QYHKIMI, KOMIOHEHTBI KOTOPBIX SIBISIIOTCSI 0000IIEHHBIMU (PYHKIIMSIMU MEIJIeH-
HOTO pocTa:

'vp2 5 2 5 2 - v p2
SR ={f = (hxn, AxD); (x)e R, feSE®))
Jl1st 3TOTO BBeAEeM 000OIIEHHYIO BEKTOP-(GYHKIINIO (TToMed4aeM MX KPBIIIKOit):
(d,4y) = {2,8} = {u(x,nNH (x)H(t),0(x,NH (x)H(t)},
rae u, ® — pelieHue paccMaTpuBaeMoil KpaeBoit 3anauu, H(x) — dbyHkuus XeBucaiina,

O603Haunm U/ (x,1) (j = 1,2) — marpuily GyHIaMEHTAIBHBIX peleHuit. D1o peeHue (2.1)
MpY AEHACTBUM UMITYJILCHBIX COCPEIOTOYEHHBIX NICTOYHUKOB BUJIA:

(F. B) = {8(8(x)8(1).8(8(x)3(1)}:  j =1.2

3nech §(t) — nenpra-dyHKuus Iupaka, 8{ — cumBoJl Kponekepa.

B SQ'(Rz) pelieHre ¢ yuyeToM TpaBwi nuddepeHMpoBaHus pa3pbiBHbIX GyHKIMMN [13]
YIOBJIETBOPSET CIEAYIONIECH CUCTEME YPABHEHUIA:

Clllge — fy — VO, + F = —{tig(0)3(1) + up(x)8' (1)} H(L — |x]) +
+ et HO{(p1() = ¥0,())8(x+ L)—(pa(r) — 10,(1)) S(x— L)} +
+ el HO ()3 (x + L) — up(1)8'(x — L)}
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N

B, — K 0, — Nl + F =
= H(t)8(L + x)(qi(t) —muy(t)) — H (1) 8 (L — x) (q2(t) — Mitp (1)) +
+ (él(t)H( ) §'(L+x))— (6,(00H (1) (L — x)) = x"'0y(x)3(¢) H (L - |x]) -
—N8(¢) H (L — |x|) 9 ctip(x) = Mgy (0)3 (1) 8 (L + x) + Mup(0)3(¢) 8 (L — x) (5.1)
Peurenue aToro ypaBHeHUs B Sz(R ) Ha3bIBACTCS 0000UIeHHBIM DelleHUeM.

. Ny

HWcnione3yst cBoiCTBO Marpuiibl (hyHIaAMEHTaIbHbIX peteHuit U (x,¢) cuctems (2.1), 0606-
ImeHHoe pemieHue (5.1) MOXHO MPEICTaBUTh B BUIE CIICAYIONIEH TeH30pHO-(YHKIIMOHAIBHO
CBEPTKU:

u(x,t)H (1) H (L - |x|) = £0} + BO} +
+ czé D {(pka) — V0 ())} Ui (x + L,1) + (07 Uy (x + L, r)} +
(1) ,i D (@) =i ) UF (x = <D*L) +
+ 0, (VH (1)UL (x + L) - {uo(x);‘;(}} + uo(x))ﬁl}},,} H(L —|x]) -
— MO (L + x,1) + (O} (x = L,1) —
— K '0(0)H (L = |x|)* U} =H (L —|x]) 4dig(x)5U;] (5.2)
O(xr)H () H (L~ |x|) = B0, + BUS +
+ PH (L - |x) Z( D H (6) (pi®) = W0, 00)} Us (x = (1) Lot) +
+ ¢’H (L ~|x]) z< DH (g (1)) Un (x = (1) Lot) +
L -[x) Z( DMH (1) (g0 = i ) U3 (x = (=) Lt) +
~|x)) z< DH (00 (1)} Uz (x = (-1) Lot) -

- {ao (x) H (L = |x|)* Us(x, ) + u (x) H (L = |x|)* U3, (x, z)} -
— My (0)Us (L + x,1) + My (0) U5 (x — L 1) —

— K6 (x) H (L = |x|)* U3 (x,1) =M H (L = |x|)dy (x)* U3 . (x,7) (5.3)
I/IHTCFpaﬂbHaﬂ 3aImcCh 3TUX CBCPTOK UMEECT BUI:

u(x,t)H(x - L)H (1) = £0! + B0 +
+ CHWOH(L - |x|)2< ! J {(P® =) Ulx = D L1 =7+

+ u, (U, (x — (DL - r)} dt +
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2 t
+ H () HL =D D [{(a® =i @)U (x = D Lt - 1) +
=1 0

+ 0, (U (x = (-1 Lyt - r)} dt—
L

= [ {1 =y a0y -
L

— MO (L + x,1) + MOV, (x — L, 1) —
L
- [ {0 = 7,080 = UL, (x = 3,009,110 ()dy

-L

0(x,1)H (t)H (L - |x|) = E*U, + BU; +
P t
+ H (L =) X ) [{(pe0 = 00) U (x = (-1) L1 1) +
k=1 0

+ Wy (x = (-1) Lt = 7)} dT+
t(2
+ H(1)H (L~ le)f{z D (g (D) = Miy () U3 (x = (<D Lt — 1) +
0 k=1

+ 0DV (x = (1) L1 - ’c)} dt -
L
— [{aoU3x = y.0) + w3, (x = y,0) +
L
+ My (O3 (L + x — y,1) + M, (O3 (x — y — L,t)} dy —
L

- [{K000U3(x = .0 =MU3 ,(x = . Diig(3)}dy
-L

151 peryJsipHbIX ﬁ/ CBEpTKa UMEET BUI:
FU! = H@t)H (x| - L)j j Fi(», 00U} (x — y,t — D)dydt
0-L

i CUHTYIAPHBIX £, XapaKkTEPHBIX 11l GU3MIECKUX PUIOKEHUH, CIIENYET MCTIONb30BATh
omnpenelieHe CBEPTKHU 0000IIeHHBIX yHKIIMiA [13].

Ecnu mo HayaJlbHOTO MOMEHTA BPEMEHM CTEPXKEeHb MOKOWJICS, U TeMIepaTypa Obljia mo-
CTOSIHHA, TOT/Ia HayaJIbHbIE YCJIOBUSI HYJIEBbIE U (POPMYJIBI YIIPOILIAIOTCS.

u(x,))H (X - LYH (1) = 0} + BU] +
2 t
+ CHOH (L =) Y. D [{(pe@ = 0, @) Ui (x = (D)Lt — 1) +
k=1 0

+ ue (DU (x = (1 L1 - r)} dt +
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1) H(L - le>é (—l)k“i{(qk (D) - M (@)U (x = (<D L1 - 1) +
+ 0 (VUL (x = (~DF L1 — 1)} dr (5.4)
0(x,1)H (t)H (L - |x|) = £*U, + BU; +
+¢H (L~ ) g (—D"“l{(pk(r) ~ WD) Us (x = (=1) Lyt =) +

+ U (W (x = (-1)" L1 = 1)} T+

t(2
+ H(t)H (L - |x|)j{kzl D (@e(® =M () U3 (x = D Lt 1) +
Ar=

+ 0 (D3, (x = (1) Lot = 1)} dr (5.5)

®opmyibl (5.4) u (5.5) onpeaensiioT nepeMelleHre U TeMIepaTypy BHYTPU CTEPXKHSI MO
U3BECTHBIM TEPEMELIECHUSAM, HAIPSKEHUSAM, TEMIIEpAType U TEIUIOBBIM IMOTOKAM Ha €ro
KOHIIaX.

Jltst BBIYUCIeHUs TpebyeTcss MaTpulia (pyHIaMeHTaTbHBIX PEIICHUIA.

6. Marpuna gyHaaMeHTAJIbHBIX pelieHuii U ee npeodpasosanus Pypse u Jlamnaca no Bpe-

MeHHM. AHAJIMTUYECKW MaTpully (pyHAaMEHTaJbHBIX pellIeHUM U,ﬁ(x, f) B UCXOOHOM IpO-
CTPAHCTBE-BPEMEHMU yIAETCsl MOCTPOUTH TOJBKO JJIs1 YpaBHEHU HECBSI3aHHOI TEPMOYTIpY-
rocty (cM. [14]), 4To B HallleM ciaydae COOTBeTCTBYeT N = 0.

st ypaBHEHU# CBSA3aHHOUW TEPMOYIIPYTrOCTH TaKyl0 MaTPUILy MOXHO MOCTPOUTH TOJIBKO
B IIPOCTpaHCTBe NpeobpasoBaHuiit Mypwe mim npeodpaszoBanuit Pypre—Jlamnaca. Tak mist
pelieHus 3aaad cCTallMOHAapHBIX KoJiebaHUil ¢ GUKCUPOBAHHON 4acTOTOU ( HaMU B pa-
6ote [15] mocTpoeHo nmpeobpazoBanue Myphbe IO BpeMEHU 3TOI MaTPUIBI, KOTOPOE UMEET
CJIEAYIOIIUA BU:

7i _ 8fsgn(x) [ ifsinxyh, sinxyA
Ui (x,0) = —2(k1 _}Q){z(m( ( \/_ \/_ (\/_sm x\/7 fsm xr)

sg (x;(cosx\/_ —cos x\/j) j=12

20”‘ (6.1)
U3 (x,0) = _sen(x) _ {I(DT]SJ (cos xyJA; — cos x\/7) o’ [sm x/hy _sin x\/»] & +
20 = 2y) I A,
+ (msmxm_msmxm)sg}; j=12
3nech A, () — KOPHU XapaKTePUCTUUECKOTO ypaBHEHUs cucTeMbl (2.1),
AGw)=0 (6.2)

6I/IKBaZ[paTHO]"O OTHOCUTECIIbBHO & NMCIOT BUM:

AG o) = (8 - ik o) (% - o) - imElo = ¢ (&7 = 1) (&" — 1)
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OHM 3aBUCST TOJIBKO OT TpEX mepModuHaMWecxux napamempog Cpeanl: ¢, O, BZ

A o) = —{w +i(o+P)* \/(m +i(o-B)) - 40CB}

2c

AE @) = (gz - ik*lw) (02§2 - coz) —im&w =’ (8 - xl)(gz - xz) (6.3)

AMa(w) == % {m+z(oc+|3 +\/m+z(0c B)) —40c|3}

~ 2, -1
roe o =yn, B = ¢ k . X acuMnOToTHKa I10 9acTOTe (M ciaenyrouias:

2 .
a) TIPH @ —> . A; ~ 60_2’ Ay ~ @ (6.4)
C C
6) mpm @ — 0: 4, ~ 22O FB) o+ p) (6.5)

2 2
2c 2c
3aMeTnM, 4YTO pYMaHOBa MTOBEPXHOCTH MATPHIILI ITO (0 OMHOJIMCTHAS, T.K. 3HAYEHUST KOM-

noHeHT U} He 3aBUCAT OT BHIGOPA 3HAKA PALUKAIIOB /A ().

KoMmnioneHTs! U} ABISIOTCS pEryIapHbIMUA 0600LIEHHBIMU (PYHKIUAMM U HETIPEPHIBHBL B
Touke x = (:

U{0,0) = U{(0,0) = 0; k,j=12, (6.6)
a e€ TIPOU3BOJHBIE
. A — iK™
0.U{ (x,w) = ( ; ) (cos xy/A; — cos x\/7) +cosxyA, sgn(x) & -
M = 21y)
20» (\/_ sin|x|yA; — /A, sin [x| \/_) A
1
300 = -5 zo)n (\/_ sin |x| Ay — y/A, sin || \/_) 67
2(M = 2y)
— & —
5 sgn(x) {2(7»1 xz)(cos x\/_ cos x\/_) ¢ cos x\/—}
. . . 2
U @0,0) =18/, 0], (20,0) = +€-8]

B 9TOi1 TOUKE TEPIISIT pa3pblB MEPBOTO poja (BEpXHEMY 3HAKy COOTBETCTBYET JIEBBII TTpees
B HyJIe, HIDKHEMY — TIpaBbIii).

JIist pellieHusT HecTallMOHAPHBIX KpaeBbIX 3a/1au CieayeT UCIIOJb30BaTh Mpeodpa3oBaHNe

Jlarutaca dpyHIaMeHTaTbHOW MaTpHLb U 1’ (x, p), KOTOpPOE MOJyYUM, UCTIOJIb3YSI CBSI3b MEXIY
npeobpazoBaHreM Pypbe U nMpeodpazoBaHueM Jlaruiaca mo BpeMeHu (p <> —i®, ® <> ip) [13]:

01y = 800 [ (sl sl (i - Vs -
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Sgn(x)(cos x\/7 — cos x\/72) j=12

2(7b1 A2)

Ui (x,p) = 2(§im(x73 ){ no&f (cosx\/_ - cos x\/7) 2[s1n\/x_\/71 sm\/x_f] & +
1= A

+ cz(\/flsinx\/l_l—\/ZSinx\/fz)Sé}; j=12,

(6.8)

e Ay (p) = _Z_i)z{p +o+p+ \/(p + (o — B))2 + 40([3}.

7. IIpeodpasopanue Jlamjiaca no BpeMeHH pelieHHs] HAYAIbHO-KPAaeBbIX 3a7a4. 3/1eCh pac-
CMOTpPUM HavyajibHO KPaeBYlo 3aauy C HYJeBbIMU HayaJIbHbIMU YCIOBUSIMU, pellIeHUE KOTO-
poii mmeet Bun (5.4)—(5.5). Ero tpancdopmanTa Jlamiaca 1o BpeMeHH UMeeT BUI:

i (x,p) H (x| = L) = F(x, py*U\(x, p) + Fa(x, py*T; (x, p) +

2
+ Y (B8 T (x = CDF L p)+ B (O, (x = <DV L )} +
k=1
2
+ 3 0@ =) OF (x = DL p) + 807 (x = <D L, p)} (7.1)

k=1

0 (x, p)H —|x) = F(x, p)*Us(x, p) + F(x, p)*T5 (x, p) +

+e Z( DB = ¥96) Uax + L, p) + B,y (x + L, p)} +

{Z( D (@ — ) U3 (x = (<DL, p) + 803, (x + L, p)} (7.2)

37eCh YePTOYKOM Haa (pyHKIIMEeil 0003HAUYeHO ero Impeodpa3oBanue Jlamaca.

Hcnonb3yst acuMnToTHYeCKMEe CBOCTBA (hyHIAMEHTAIILHO MaTpULIbI 17} B HyJe (6.7), B

pabore [16] mosrydeHa cucTeMa M3 YEThIpEX JIMHEMHBIX YPABHEHWI B TPAHUYHBIX TOYKAX JIJIsT
omnpenaeneHust TpancopmaHT Dypbe MO BpeMEHU HEM3BECTHBIX TPAHUYHBIX (DYHKIIMI, CO-
OTBETCTBEHHO pellaeMoii KpaeBoii 3agadye. OHa coBnagaeT ¢ TpaHchopmaHToit Dypre Mo

BpeMeHU peleHuii (5.7), (5.8) B IPEeANONIOXEHUM, YTO B TouKe paspbiBa H (0) = 1/2.
B npocTtpaHcTBe npeobdpa3zoBaHuii Jlamaaca 1o BpeMeHU OHa MpeodpasyeTcsl K BULY:

Ya(-Lp) = (RO + B) +
x=L

2
+ Y D H(Bep) = 18p) T (~L = (<DL, p) + B(p)T} o (~L = (<1 L, p)} +
k=1
2
+ 2D {@(p) + iom@(p) TF (-L = <" L, p) + BT} (-L = D' L, p)}  (7.3)

_‘”(L p)= (Ejﬁll + Etﬁlz) , +
Y=

+e z< (Pt - vek(p))ul( = (=L p) + BT} (L= DL, p)} +

+ kZl 1! {(CYk(P) — (@) U} (L — (=)L, p) + BT, (L 1L p)} (7.4)
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W0(-Lp) = (RO +FRT) +
2 - _ x=—L .
N D (Bu(p) = Y01 (1)) U0, p) + B () 0, p)} +
2

+> l)k“ (@(p) ~ PP T3 (~L = (=" L, p) + B(@)T3., (0, p) (7.5)
k=l

1 +

2 x=L

+ Y D H(Bep) = VL) DAL, p) + (D), 2L, p)} +
o k=l

+ 3 D @) - M) T3 (L = (<DL, p) + B(p)T3 . (2L, p) (7.6)
k=1

8(L.0) = (R0 + 03

M3 3T0it cucTeMBbI MOXXHO IMOJIYYUTh pa3pelialoliie ypaBHeHUs IJIsI JII0OOI U3 YeThIpeX Io-
CTaBJICHHBIX 3a7a4.

8. Pa3pemaromue ypaBHeHHS1 HAYAIbHO-KPAEBbIX 3a/1a4 B NMPOCTPAHCTBE Npeodpa3oBanmii Jla-
miaca. Paspelnaionnyio cUCTeMy JIMHENHBIX alredbpandyeckux ypaBHeHuit (7.3)—(7.6) npen-
CTaBMM B MAaTpUYHOM BUJIE:

2 i
(A x 2y raz | 2L o p 8.1)
6, 6,
qQ )
i 6osiee TOUYHO
0.5 0 0 0
2771 2 2771 = 2771 72 =
o (0=t ~COiaLp (W0 -0, ~OF(2L.p)
0 0 0.5 0
2771 72 2571 2771 72 72
(i =T3) 0L p) (w0~ T3.) -3 (2L.p)
2571 r72 2571 = 2771 772 72
(CTw-mT?) _,, UL (10 -T1) T (-2Lp)
0.5 0 0 0
A= (T3 = U3) 0y (2L, p) = (ve’03 - U3, ) U; (-2L, p)
2,x —PMU; (X:—ZL)’ 2 s P Y 2 25x (x=—2L) 2 s P
0 0 0.5 0
FU' + BT |
¥ 2¥1 1-L
| FO+ B,

RO, + B0y,

Int a3 k72
Fol+ B0,
3[[60]) B HUKHEM HMHIECKCE B CKOOKax CTOST 3HAYEHUS X, IIPpU KOTOPbIX BBIYUCIIAIOTCA
(DYHKIIMY B KOMIIOHEHTAX MaTPHII.
M3 3T0it CUCTEMBI HYKHO CTPOUTD JIMHEMHYIO CUCTEMY aJlreOpandecKux YpaBHEHUI IS

00601 13 PacCMOTPEHHbBIX KpaeBbIX 3a/1a4, OCTABJISIS B JIEBOU YACTU ClaraéMble C HEU3BECT-
HbIMHM Kpa€BbIMU 3HAYCHUAMUN MCKOMBIX (byHKLU/II‘/JI 1 IMEPEHOCA B IIpaByIO 4aCThb C U3BECT-
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HbIMU. J1J151 HECOOCTBEHHBIX KOJIeOaHU pellieHe CUCTEMbI ETMHCTBEHHO U €T0 OIpeacssieM
metonoMm Kpamepa.

Ilocne ompeneneHUsT HEOOCTAIOIIMX T'paHUYHBIX QYHKIUi 1m0 ¢dopmynam (7.1), (7.2),
orpejesisieM NepeMelleHus], TEMIIepaTypy B cTepxHe. JlJisl onpeneneHust TepMOyNpyrux Ha-
NpsKeHUI ToACTaBUMM pellieHue B 3akoH [lioamensi—Heiimana (2.3), roe Bce BXoasiue
¢dyHKUMKM onpeneeHbl Bbile. [TooydeHHBbIE pelieHus! TTO3BOJISIIOT OMNpeaesaTh TepMOHa-
MPSDKEHHOE COCTOSTHUE CTEPXKHEBBIX KOHCTPYKIMN MPU Pa3HOOOPAa3HBIX TeOMETPUYECKUX
pa3Mmepax M TepMoyINpyrux napamerpax. [Ipy 3ToM MOXHO ucclienoBaTh BO3AEHCTBUE Ha
HUX COCPEIOTOUYEHHBIX TEIJIOBBIX U CUJIOBBIX UCTOUHUKOB, OMUCHIBAEMbBIX CUHTYJISIPHBIMU
0000I1IeHHBIMU (PYHKITUSIMHU.

9. IMoyoOpaTHbie U 0OpaTHBIE KpaeBble 3ana4n. PaccMOTpeHHbBIe BbIllle KpaeBble 3a1a4u C
JITOOBIM U3 KPaeBbIX YCIIOBUI HA JIEBOM U MPABOM KOHIIAX CTEPXKHS HA3bIBAIOT NPSAMbIMU 34 -
dauamu. B aTOM cllydyae Ha KaXXI0M KOHIIE 3a[al0TCsl ABA U3 MPUBEASHHBIX KPAEBBIX yCIIO-
BUii. byneM Ha3bIBaTh KpaeBbl€ YCIOBUSI CUMMEMPUHHbIMU, €CTU OHU OJTHOTO TUIIa Ha KOH-
ax crepxHs. Hanmpumep, Ha KOHLIaX CTEPXKHS 3a1aHbl epeMelieHns 1 temmeparypa (1).

K mpsiMbIM 33mauaM OTHOCSTCS TakKXkKe 3a1a4l C HeCUMMEMPUYHbIMY KPAEBBIMU YCIIOBUSIMU.
Hamnpumep, Ha JieBOM KOHIIE IBa YCIOBUSI OMHOW KpaeBoii 3a1auu, a Ha MPaBoOM — JPYTOii.

Bce npyrue criocoObl 3a1aHus 4-X KpaeBbIX YCJIOBU ONPEAEISIIOT KJIacC 0OpaTHBIX 3a1a4,
KOTOPBIi TOXXKe MHOrooOpaszeH. Hanmpumep, Ha 0fHOM KOHIIE MOXHO 3a7aBaTh TOJIBKO TeIl-
JIOBbIE XapaKTepPUCTUKH, a Ha IPYTOM TOJILKO yTipyrue. JIpyrue 3agaun, B KOTOPbIX 3a0al0TCsI
4 KJ1acCUYECKUX KpaeBbIX YCIOBUS U3 § BO3MOXHBIX OyJeM Ha3bIBaTh MOJIyOOpPaTHBIMU U 00-
paTHBIMU, KOTAAa BCE U3BECTHO JIUIIb HA OAHOM KoHIE. [{Jis1 11000 U3 HUX CIeAyeT YICHBI,
comepxalliuve 4 HeM3BeCTHbIE TPaHUYHbIE (DYHKIIMU OCTaBUTh B JIEBOW YaCTU ypaBHEHUM, a
MU3BECTHBIC ITIEPEHECTH B MX IpaBylo 4YacTh. Jlajiee pelleHUe YpaBHEHUM CUCTEMBbI
4 TUHEHHBIX aJireOpandecKux omnpenensieTcs npasuioM Kpamepa.

J1J151 MOCTpOEeHMST OPUTHMHAJIOB CJIEAYyeT UCIOJIb30BaTh 00OpaTHOe Ipeodopa3oBaHue Jlamia-
ca 110 BpeMeHHM, T.e. 00paTHOro npeodpaszoBaHus Jlannaca y ¢pyHIaMeHTaJbHbBIX pelleHui
He cyuiectByeT. [Ipu 1 = 0 (HecBg3aHHasg TEpMOYNPYrocTs) obpaTHOe peobdpa3osBaHue Jla-
miaca y GyHIaMEHTaIbHBIX pellieHuii cyiiecTByeT (cM. [14]) 1 BO3MOXHO oOpallieHUe mpe-
obpasoBaHusi JIamaca Ha OCHOBE UYMCJIEHHBIX METOOB U, COOTBETCTBEHHO, OCTPOECHUE pe-
IIEHUN 3TUX KPaeBbIX 3a/1au B TIPOCTPAHCTBE OpUTUHAIOB. OMHAKO TIOJyYeHHBIE pelIeHUs
TMO3BOJISIOT pellaTh 3adayv KojJeOaHWil CTepXKHell ¢ y4eTOM B3aUMOBIIMSTHUS CUJIOBBIX U
TETUIOBBIX MOJIEH.

10. O6paTHas KpaeBas 3aJa4a u ee pemieHne. PaccMoTpuM 31ech 00paTHYIO 3a7a4y cTaiu-
OHApHBIX KOJIEOAHUI CTEPXKHSI, ¥ KOTOPOTO M3BECTHBI BCE KpaeBble 3HAYEHUS] Ha JIEBOM
KOHIIE:

(xl,tt)) = wi(w)exp (—iwr), 6(x;,7) = 6;(w)exp (—iwr) (10.1)

u
6 (x,1) = pl(@)exp (—ior), q(x;,1) = g(w)exp (—iwr)
CucreMa ypaBHEHMH 151 OIIPeAeICHUSI aMIUIMTYI KOJIeOaHUI B 3TOM cIydae UMeeT IIpo-
CTOI BUI:
_ — 2
u (xlsw) = W]((D), G(Xl,(l)) = pC pl(w)
0(x, 0) = 0;(®), 6, (x,0) = g (w)

Il.]'[ﬂ OoNnpeacjICHUsA KpacBbIX YCJ'[OBI/Iﬁ Ha r1paBOM KOHIIC HaJ10 pCIIUTb CUCTEMY ypaBHeHI/II‘/JIZ

(10.2)

U 7
. D . . D
A2(—im) X 5 = b(—iw) — Al(—i®) X 5[ (10.3)

2 1

5] q



[MTPOCTPAHCTBEHHO-OAHOMEPHBLIE KPAEBBIE 3AJJAYUN 77

IIe rpaBasi YaCTh U3BECTHA, a HEIOCTAlOIIMe KpaeBble 3HAYCHMSI OTIPEICIISITCS ee PEeIeHU-
eM, KoTopoe cTpouTcst o ripasuity Kpamepa.

11. CoOcTBenHble Kosie0anusi TepMoynpyroro crepxkug. OnHoit U3 HauboJsiee BaKHbIX UH-
JKEHEPHBIX 33/1a4 SIBJISIETCS OTPeie/IeHUe CIIeKTpa COOCTBEHHbBIX KOJIEOAHUT TEPMOYIIPYTroro
CTepXHs1 (pezoHancHbix yacmom). Kak M3BeCTHO, BHELIHUE BO3/ICUCTBUsI HA PE3OHAHCHBIX
YacTOTax 4acTO MPUBOASIT K Pa3pyLINTEIbHBIM MMOCIENCTBUSIM JIs1 KOHCTPYKIIMIA, COepKa-
IIIUX TAKWE SJICMEHTHI.

st onpenesieHUsT CIIEKTpa TEPMOYNPYTUX KOJeOaHUIT CTEpXKHSI CIeAyeT MCCIeI0BaTh
ONpEJIEUTENb Pa3PELIAIOLIEH MATPULIBI A; . A UMEHHO PE3OHAHCHDIE YaCTOTHI IOJKHbI Y0~
BJIETBOPSITh XapaKTePUCTUIECKOMY YPABHEHUIO

det{A;(L,0)} =0, k=12,..,

KOTOpPO€ UMEET BUJ TPAHCLEHAEHTHOTO YpaBHEHUsI, TTOCKOJIbKY KOMITOHEHTHI (hyHIaMeH-
TaJIbHOW MaTPUIIbl BbIpaXaloTCsl Uepe3 TPUroHoMeTpruueckue GyHKIUU OT CJIIOKHOTO apry-
MeHTa. Ero KopHu 1 ux noBeneHue MOXHO OMNpPEeIUTh TOJbKO YUCIEHHO C MOMOLIbIO pa3-
JIMYHBIX CTAaHIAPTHBIX ITporpamMM. B ciyyae HyseBoro onpeneanTesisi CyllecTBOBaHUE pellie-
HUSI Ha 9TOM YacTOTe OMpEeNessieTCs PAaHTOM PACIIMPEHHONH MaTpUIlbl CUCTEMBI, KOTOPBIA
3aBUCUT OT JEUCTBYIOIIMX UCTOYHNKOB BO3MYILICHUIA.

3akmouenne. [To TepmMoanHaMUKe CTEP>KHEBBIX KOHCTPYKIIUIT O4eHb Majo paboT. B oc-
HOBHOM OHM CBSI3aHBI C Pa3pabOTKOM YMCIIEHHBIX METOAOB pacuyeTa UX TePMOHAIIPSIKEHHO-
0O COCTOSIHUSI, KOTOPbIE TAKMX BO3MOXKHOCTEN He AaloT. OTMETUM B 3TOM HallpaBJIeHUU pa-
o6otel KynaiikynoBa A. u ero yueHUKoB [17], [18], B KOTOpbIX pa3pabaThIBAIOTCSI YMCIEHHbBIE
MeTonbl Ha ocHoBe MKD mist pacyera TepMOAMHAMUKM OIHOPOMHBIX W HEOTHOPOIHBIX
CTEpXXHEN U CTep>XHEl MEPeMEeHHOr0 CEYEeHMUSI.

B HacTos11eli paboTe padpaboTaHa METOAMKA U TIOCTPOEHA CUCTEMA pa3pellaloluX ypaB-
HEHUI 11l peteHus: 35 MpsIMbIX U MOJIYyOOpaTHBIX KPaeBbIX 3a/1au CBSI3aHHOI TepMOAMHA-
MUKHM yIIPYTOTo cTepKHs. [1ojlyueHHbIe pelieHUs TI03BOJISIIOT ONMPENeIsTh TEPMOHAMPSIKEeH-
HOE COCTOSTHUE CTEPXKHEBBIX KOHCTPYKIIMI MTPU pa3HOOOPA3HBIX TEOMETPUYECKUX pa3Mepax
U TEPMOYIIPYIUX mapamMeTpax. [1pr aToM MOXHO MCCIeq0BaTh BO3AECTBME HA HUX COCPENO-
TOYEHHBIX TEIIJIOBBIX M CUJIOBBIX UICTOUHUKOB, OIMMCHIBAEMbIX CUHTYJIIPHBIMU 0000IIIEeHHBI-
MU PYHKUIUSIMU.

®opmynel (5.4) u (5.5) onpenensioT nepeMelleHre U TeEMIEPaTypy BHYTPU CTEPXKHSI O
U3BECTHBIM TEPEMEIICHUSAM, HaMNpsXKeHUsSM, TeMIlepaType M TETUIOBbIM TOTOKaM Ha ero
koHuax. [locnenHee oyeHb BaXKHO JJI1 MHXKEHEPHBIX MPUIOXEHUI, T.K. BCE IPAaHUYHBIE
(yHKIIMM Ha KOHIIAX MOXKHO MPOCTO U3MepsAThb. KpoMe TOro, oHM MO3BOJISIIOT UCCAEN0BaTh
BJIMSTHUE KaXXKIOro KpaeBOTO YCJIOBUSI B OTIEIbHOCTU Ha TEPMOMWHAMUKY CTEPXKHSI, YTO
OYEeHb BaXXHO TIPU TMPOEKTUPOBAHUU KOHCTPYKIMM, T.K. OOBIYHO HCCIIENyeTCs TMHAMUKa
KOHCTPYKLIMII IpH OMpeIeIecHHOM IMara3oHe BHEIIHMX Bo3dciicTBuii. Hukaxoit mpyroit
METO/I TIOCTPOEHUS PEIIEHUI TaKMX KPaeBbIX 3a[1a4 TAKON BO3MOXHOCTU HE JIaeT.

PazpaGoraHHas MeTonuKa MO3BOJISIET TAKXKe pelllaTh KpaeBble 3aauM MPU CBSI3aHHBIX
KpaeBbIX YyCJIOBUSIX Ha JIEBOM M IIPAaBOM KOHLaxX cTepxHs. Ecau cucremy us 4-x ypaBHe-
Huii (8.1) TOMOJIHUTB YETHIPHMSI JIMHEMHBIMU ajJire0pandyecKrMU ypaBHEHUSIMU, CBA3bIBAIO-
UMM 8 HEM3BECTHBIX TPAHUYHBIX 3HAYEHU I MCKOMBIX (DYHKIIUI, TO MOJIYYUM 3aMKHYTYIO
CUCTEMY U3 8-MU JIMHEWHBIX YPABHEHUI OTHOCUTEIbHO 3TUX (DYHKUMIi, pa3peliass KOTO-
py10, HaliileM uX 3HaUYEeHMUSI.

PaszpaboTraHHbIii aITOPUTM ClIeAyET UCTIOIb30BaTh MIPY pacueTe TEPMOHATIPSIKEHHOTO CO-
CTOSIHUSI CTEP>KHEBBIX KOHCTPYKLIMI MPU MEPUOIUYECKUX BHEIIHUX BO3AEUCTBUSIX, KOTO-
pbIe Tak paclnpocTpaHeHbl Ha mpakTuke. Pasnaras ux B psabl ®ypbe, MONYYHUM PEIICHHYIO
3/1eCh 3a7a4y CTallMOHAPHBIX KOJIeOaHWit ISl Kaxaoi rapMOHUKY psiia. CymMMma 3TUX pellie-
HUI 1aeT pelleHue nepuoandeckoit 3agauyn. MoxXHO TakKe UCCIeA0BaTh Pe30HAHCHBIE SIB-
JIEHUSI B CTEP>KHEBBIX KOHCTPYKIMSIX, CBSI3aHHbBIE C TOBBIIIIEHNEM aMIUTUTYIbl KojeOaHuit
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Ha ONnpeacJICHHBIX YacToTaX, YTO MOXET NMPUBECTU K IMOTEPC IMPOYHOCTU U PaA3PYLICHUIO
KOHCprKL{Hﬁ, cocCpKallnX TaKUE CTCP>KHEBBIC 2JICMCHTHI.

Pa3p360TaHHa$[ METOAUKA JOJKHA HAMTU MHOTO MOJIE3HBIX MH>XCHCPHBIX HpHJ’[O)KCHI/Iﬁ.

B YaCTHOCTU OJIs UCCIIEAOBAHUA TCPMOHAIIPAKEHHOI0O COCTOAHUA KOJIOHH, CTCHOK U OIIOp
3MaHUNA IIpru OOJHOOCHOM paCHIMPCHHUU M CXKATHUU U HpI/I6JII/I)KCHHbIX K HUM COCTOSIHUIA.
Ha ee ocHOBe MOXHO co31aBaTh l/lHq)OpMaLll/IOHHbIC TEXHOJIOTUUM IJIsA UCCIICAOBaAHUA CETC-
BbIX CUCTEM, MOICIIUPYAI UX CUCTEMOM TCPMOYIIPYTUX Fpad)OB pPa3jIMYHOTIO CTPOCHMUS.

PaGota BeImosiHEeHa Tipu (hMHaHCOBOM noanepxke Komurera Hayku MuHuUCTEpCTBa 00-

pasoBanust u Hayku Pecn. Kazaxcrtan ( rpantel APO5132272, AP09261033).
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One-Dimensional Spatial Boundary Value Problems of the Connected Thermoelasticity.
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Problems of definition of thermotension of a thermoelastic core with use of model of the
connected thermoelasticity are considered. In this case in the equation of heat conductivity
there is the divergence of speed of the movement of material points of the rod, and the elas-
ticity equations contains the temperature gradient. On the basis of generalized functions
method the generalized solutions of non-stationary and stationary boundary value problems
have been solved at action of the power and thermal sources of various type including ones
described singular generalized functions, under various boundary conditions on the ends of
a core. Thermoshock waves which arise in such designs at action of impact loads and heat
fluxes are considered, conditions on their fronts are received. The uniqueness of the set
boundary tasks, including taking into account shock waves has been proved. Regular integral
representation of the generalized solutions are given, which give the analytical solution of the
tasks. Numerical implementation of solutions of a number of direct, return and semi-return
boundary value problems of stationary fluctuations is carried out and results of computer ex-
periments are presented

Keywords: coupled thermoelasticity, thermoelastic rod, boundary value problems, funda-
mental and generalized solution, Laplace transform, stationary oscillations
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